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Abstract. The aim of this paper is to prove some common fixed point theorems for weakly compatible mappings
in intuitionistic fuzzy metric spaces satisfying an integral type implicit relation using property (E.A) which
generalize results of Aliouche[3],Aliouche and Popa[4],Pathak et al. [11] , Badshah and Pariya [5], Imdad et
al. [7], Manro et al.[9] and references mentioned therein from metric spaces , fuzzy metric spaces to

intuitionistic fuzzy metric spaces.
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1.Introduction. Several authors proved common fixed point theorems for contractive type mappings in recent
years. Branciari [6] gave a fixed point result for a single mapping satisfying Banach's contraction principle for
an integral type inequality. Since proving fixed point theorems using an implicit relation is a good idea because
it covers several contractive conditions rather than one contractive condition, recently, Imdad et al [7], Pathak et
al.[11], Aliouche[3], Aliouche and Popa [4]Badshah and Pariya [5], proved many fixed point theorems

satisfying implicit relation in metric and symmetric spaces.
2.Basic Definitions and Preliminaries.

Definition 2.1[2] A binary operation *:[0,1]x[0,1]-[0,1] is called a t-norm * satisfies the following conditions:
i * is continuous,
ii. * is commutative and associative,
iii. a*l=aforallae[0,1],

iv. a*b<c*dwhenevera<candb<dforalla,b,c,de][01].
Examples of t-norm - a* b =ab and a * b=min{a, b}.

Definition 2.2[2] A binary operation ¢:[0,1]x[0,1]—[0,1] is said to be continuous t-conorm if it satisfied the

following conditions:

i. O is associative and commutative,
ii. a0 0=aforallae€[0,1],
iii. ¢ is continuous,

iv. a0b<c0dwhenevera<candb<dforeacha,b,c,de[0,1]

Examples of t-conorm - a0 b = min(atb, 1) and a 0 b = max(a, b)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 204



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 35 Number 3- July 2016
Remark 2.1 [2] The concept of triangular norms (t-norm) and triangular conorms (t-conorm) are knows as
axiomatic skeletons that we use for characterizing fuzzy intersections and union respectively.

Definition 2.3 [2] A 5- tuple (X, M, N, *, 0) is called intuitionistic fuzzy metric space if X is an arbitrary non
empty set, * is a continuous t-rnorm, ¢ continuous t-conorm and M, N are fuzzy sets on X2 x [0,o0] satisfying
the following conditions:

Foreachx,y, z, eXandt, s>0
(IFM-1) M(x,y,t) +N(X, y,t) <1,
(IFM-2) M(x,y, 0) =0, forall x, y in X,
(IFM-3) M(x, y, t) =1 forall x, y in X and t > 0 if and only if x=y,
(IFM-4) M(x,y,t) = M(y,x,t), forall x, yin Xand t >0,
(IFM-5) M(x,y,t) * M(y,z,5) < M(x,z,t +5),

(IFM-6) M(x,y,.):[0,0] - [0,1] is left continuous,

(IFM-7) lim,,, M(x,y,t) =1,

(IFM-8) N(x,y,0) = 1,forallx,yinX,

(IFM-9) N(x,y,t) = 0,forallx,yinX andt>0ifand only if x =y,
(IFM-10) N(x,y,t) = N(y,x,t),forallx,yinX andt> 0,
(IFM-11)  N(x,y,t) 0 N(y,z,5) = N(x,z,t + s),

(IFM-12)  N(x,y,.):[0,0] = [0,1] is right continuous,

(IFM-13)  lim,,, N(x,y,t) = 0,forallx,yin X and t > 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The function M(x, y, t) and N(x, y, t) denote
the degree of nearness and degree of non nearness between x and y with respect to t, respectively.

Example 2.1. [10] Let (X, d) be a metric space. Define a * b=ab and a 0 b=min{1, a+b }, for all a, b € [0, 1]
and let M and N be fuzzy sets on X2 x (0, o) defined as follows:

t
t+d(x,y)

ax.y)

M(x, y, 1) = t+d(x,y)

and N(x, y, t) = forall x,y € Xand all t > 0.

then (M, N) is called an intuitionistic fuzzy metric space on X. We call this intuitionistic fuzzy metric induced
by a metric d the standard intuitionistic fuzzy metric.
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Remark 2.3. Note that the above examples holds even with the t- norm a * b = min{a, b} and t- conorm a ¢ b=
max{a, b}and hence (M, N) is an intuitionistic fuzzy metric with respect to any continuous t — norm and

continuous t — conorm.

Lemma 2.1.[12] Let (X, M, N, *, 0) Intuitionistic fuzzy metric space, If there exists k € (0, 1) such that for all
X, YEX, MX,y,kt)>M(x,y,t) and, N(x,y, kt) < N(X,y,t)

forallt>0, thenx = .

Definition 2.4[2].A sequence {x, } in intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be:
(i) Cauchy sequence if for each t > 0,p > 0,
limp, o M(Xp4p Xn, t) = land limg,_ e N(Xpip Xn, t) = 0.

(i) Convergent to a point x € X if forall t >0,
lim,_, M(x,,x,t) = 1andlim,_. N(x,,x,t) = 0.
An Intuitionistic Fuzzy metric space (X, M, N, *, 0) is said to be complete if every Cauchy

sequence in it converges to a point in it.

Definition 2.5.[2] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to
be commuting if M(ASx, SAx,t) = 1 and N(ASx,SAx,t) = 0for all x € X.

Definition 2.6.[2] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to

be weakly commuting if M(ASx,SAx,t) > M(Ax, Sx,t) and N(ASx,SAx,t) < N(Ax,Sx,t)
forallx € Xand t > 0.

Definition 2.7.[1] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to

be compatible if lim,,_,,, M(ASx,, SAx,,t) = 1 and lim,_,,, N(ASx,, SAx,,t) = 0 for all t > 0. Whenever

{x,} is a sequence in X such that lim,,_,,, Ax,, = lim,,_,,, Sx,, = u for some u € X.

Definition 2.8.[12] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *, ¢) is said to

be point wise R-weakly commuting if given x € X, there exists R > 0 such that for allt > 0

M(ASx, SAx,t) = M (Ax, Sx, g) and

t
N(ASx,SAx,t) < N <Ax, Sx, E) .

Clearly every pair of weakly commuting point wise R-weakly commuting with R=1.
Definition 2.9.[9] A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space
(X, M, N, *, 0)is said to satisfy the E.A like property if there exists a sequence {x,, }in

X such that lim,,_,, Ax,, = lim,,_,, Sx,, = z for some z € A(X) or z € S(X) .

Definition 2.9.[9]Two pairs (A, S) and (B, T) of self-mappings of an intuitionistic fuzzy

metric space (X, M, N, *, ®)are said to satisfy the common (E.A) like property if there

exist two sequences {x, }and {y,}in X such thatlim,,_, . Ax,, = lim,,_,,, Sx,, = lim,,_,, By,, = lim,,_,, Ty, =
z for some z € S(X)NT(X) or z € A(XX)NB(X).
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Definition 2.10.[8] A pair (f, g) of self-mappings of a metric space (X, d) is said to be
weakly compatible mappings if the mappings commute at all of their coincidence

points, i.e., fx = gx for some xe X implies fgx = gfx.

Itis also well known that pointwise R-weak commutativity is equivalent to commutativity
at coincidence points and in the setting of metric spaces this notion is equivalent to

weak compatibility.

Implicit Relation
Let M, denotes the set of all real valued continuous function ¢ and y: [0,1]® — R satisfying the following

conditions:
(A) [2E G(e)de < 0 impliesu > 1
(B) [P y(e)dt < 0 implies u > 1
(©) JPUY o()de < 0 implies u > 1
(D) folIJ(v,O,v,0,0,v) @(t)dt> 0 impliesv <0
(E) fow(v'o'o'v'v'0)<p(t)dt > 0 implies v<0

(F) folp(v,v,(),(),v,v) @(t)dt > 0 impliesv <0
Example2.2[9] — Define ¢, : [0,1]® > Ras ¢ (ty, ty, ts, ty, ts, tg) = t; — ¢y (min{ t,, t5, ty, ts, te}) Where
¢4:1[0,1] - [0,1] is a continuous increasing function such that ¢, (s) > s for all s € (0,1)
and U (tq, ty, t3, ty, ts, tg) = t; — Py (max{ t,, ts, ty, ts, t}) Where Yr;: [0,1] - [0,1] is a continuous decreasing
function such that 5, (k) < k for all k € (0,1)
Clearly ¢ and s satisfy conditions (A) to (F) .Therefore ¢, §y € M.
3. Main Results
Theorem 3.1. Let A, B, S and T be self mappings of a intuitionistic fuzzy metric space (X, M, N, *, 0)
satisfying the following conditions:
AX) cT(X)andB(X) c S(X) (3.1)
¢ (M (Ax,By,t),M(Sx,Ty,t),M(Ax,Sx,t),M(By,Ty,t),M(Sx,By,t),M(Ax,Ty,t))
fo p®)dt =0

and

W(N(Ax,By,t),N(Sx,Ty,t),N(Ax,5x,t),N(By,Ty,t),N(Sx,BY,t),N(Ax,Ty,t))
f p®)dt <0
0

(3.2)
for all x, yin X and ¢,y € M¢,where ¢: Rt —» R™ is a Lebesgue — integrable mapping which is summable,

nonnegative and such that

&
j @(t) >0 foreache > 0.
0
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Suppose that (A,S) or (B,T) satisfies property (E.A) and the pairs (A,S) and (B, T) are weakly compatible. If one
of the A(X), B(X), S (X), and T(X) is closed subset of X, then A, B, S and T have a common unique fixed
point in X.

Proof: Suppose that (B, T) satisfies property (E.A), then there exists a sequence {x,,} in X such that

lim,,_,, Bx, =lim,_, Tx, = z for some z € X, therefore, we have lim,,_,., M(Bx,,

Tx,,t) =1 andlim,_, N(Bx,, Tx,,t) = 0. Since B(X) c S(X), there exists in X a sequence {y, } such that
Bx, = Sy,. Hence lim,,_,,, Sy,, = z.Let us show that lim,,_,., Ay, = z. Indeed, in view of (3.2), we have

¢(M(A.Vn:an:f):M(53’17,rTxnrt)rM(A.ans.ant)rM(anrTxnrt)rM(S:Vanxnrt)'M(AanTxnrt))
f et)dt =0
0

P(t)dt >0

J- ¢(M(Ayn,an,t),M(an,Txn,t),M (Ayn,Bxn,t),M(an,Txn,t),l,M(Ayn,Txn.t))
0

Suppose that lim,,_, ,sup M(Ay,, Bx,,t) = l. Taking limit n - co we get
J«0¢(l,1,l,l,l,l) (p(t)dt >0

a contradiction of (A). So 1=1
and

W(N(Ayn,Bxn, ), N(Syn,Txn,t),N(AVn,Syn,t),N(Bxn,Txn,t),N(Syn,Bxn,t),N(Ayn,Txn,t))
| Pyt
0

() dt <0

fqJ(N(Ayn,Bxn,t),N(Bxn,Txn,t),N(Ayn,Bxn,t),N(Bxn,Txn,t),O,N(Ayn,Txn,t))
0

Suppose that lim,,_,, inf N(Ay,,, Bx,,, t) = u. Taking limit n —» co we get
follJ(u,O,u,O,O,u) (p(t)dt <0
a contradiction of (D). Sou=0i.e. lim,_, Ay, = z

Suppose S(X) is a closed subspace of X. then then z = Su for someu € X. If z # Au

Using (3.2) we obtain

& (M(Au,Boxn,t),M(SU,Txn,t),M(AU,SU,t),M(Bxy,Txn,t),M(Su,Bxn,t),M(AUTxp,t))
f pt)dt=0
0

Letting limit n — co we have

o (M(Aw,z,t),1,M(Au,z,t),1,1,M(Au,z,t))
f PO dt =0
0

which is contradiction of (A) and
W(N(Aw,Bxp,t),N(SW,Txn,t),N(AW,SU,t),N (Bxn,Txn,t),N(Su,Bxy,t),N(Au,Txn,t))
f p)dt <0
0
Letting limit n — oo we have
W(N(Au,z,t),0,N(Auz,t),0,0,N(Auzt))
f e(t)dt <0
0

which is contradiction of (D) . Hence z = Au = Su.
Since A(X) c T(X), there exists v € X such that z = Au = Tv.If z # Bv
Using (3.2) we obtain
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& (M(Aw,Bv,t),M(Su,Tv,t),M(Au,Su,t),M(Bv,Tv,t),M (Su,Bv,t),M(AWTv,t))
j p)dt =
0

@(t)dt >0

¢ (M(z,Bv,t),1,1,M(z,Bv,t),M(Au,zt),1)
)

which is contradiction of (B) and

p(t)dt =

W(M(Au,Bv,t),M(Su,Tv,t),M(Aw,Su,t),M(Bv,Tv,t),M (Sw,Bv,t),M(AWTv,t))
)

Y(M(z,Bv,t),0,0,M(z,Bv,t),M(Au,z,t),0)
f p(t)dt <0
0

which is contradiction of (E). and therefore Au = Su = z = Bv = Tv.
Since the pair (A,S) is weakly compatible , we have ASu = SAui.e. Az = Sz.
If Az # z, using (3.2) we obtain

¢ (M(Az,Bv,t),M(Sz,Tv,t),M(Az,Sz,t),M(Bv,Tv,t),M(Sz,Bv,t),M(Az,Tv,t))
| p(t)dt =
0

@(t)dt >0

¢ (M(Az,z,t),M(Az,2,t),1,1,M(Az,2,t),M(Az,z,t))
)

which is contradiction of (C) and

W(N(Az,Bv,t),N(Sz,Tv,t),N(Az,Sz,t),N(Bv,Tv,t),N(Sz,Bv,t),N(Az,Tv,t))
f e(t)dt =
0

P(t)dt <0

W(N(Az,2,t),N(Az,2,t),1,1,N(Az,z,t),N(Azzt))
)

which is contradiction of (F). Then Az = Sz = z.
Since (B,T) is weakly compatible we have BTv = TBvi.e.Bz = Tz.
If Bz # z, using (3.2) we obtain

¢ (M(Az,Bz,t),M(Sz,Tz,t),M(Az,Sz,t),M(Bz,Tz,t),M(Sz,Bz,t),M(Az,Tz,t))
| ot dt =
0

p(t)dt >0

f¢(M (z,Bz,t),M(z,Bz,t),1,1,M(z,Bz,t),M(z,Bz,t))
0

which is contradiction of (C) and

W(N(Az,Bz,t),N(5z,Tz,t),N(Az,Sz,t),N(Bz,Tz.t),N(Sz,Bz,t),N(Az,Tzt))
| p(t)dt =
0

W(N(z,Bz,t),N(z,Bz,t),0,0,N(z,Bz,t),N(z,Bzt))
f P(D)dt <0
0

which is contradiction of (F). Then z = Bz =Tz = Az = Sz.

Therefore z is a common fixed point of A, B, Sand T.

To prove uniqueness of z let w be another common fixed point of A, B, Sand T then
using (3.2) we obtain

¢ (M(Az,Bw,t),M(Sz,Tw,t),M(Az,5z2,6),M(Bw,Tw,t),M(Sz,Bw,t),M(Az,Tw,t))
| p()dt =
0
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O (M(zw,t)M(zw,t),1,1,M(zw,t),M(zw,t))
j o(t)dt >0
0

which is contradiction of (C) and

W(N(Az,Bw,t),N(Sz,Tw,t),N(Az,Sz,t),N(Bw,Tw,t),N(Sz,Bw,t),N(Az,Tw,t))
f p(t)dt =
0

W(N(Zw,t),N(zw,t),0,0,N(zw.t)Nzwt))
J. e(t)dt <0
0

which is contradiction of (F). Then z = w.

Hence z is common fixed point of A, B, Sand T.

Corollary 3.1. Let A, B, Sand T be self mappings of a intuitionistic fuzzy metric space (X, M, N, *, 0)
satisfying the following conditions:
A(X) c T(X)andB(X) c S(X) 3.1

¢(M(Ax, By, t),M(Sx,Ty,t), M(Ax,Sx,t), M(By, Ty, t), M(Sx, By,t), M(Ax,Ty,t)) = 0
and

Y(N(Ax, By,t),N(Sx, Ty, t), N(Ax, Sx,t), N(By, Ty, t), N(Sx, By, t), N(Ax,Ty,t)) < 0

(3.2)

for all x, yin X and ¢,y € M. Suppose that (A,S) or (B, T) satisfies property (E.A) and the pairs (A,S) and
(B,T) are weakly compatible. If one of the A(X), B(X), S (X), and T(X) is closed subset of X, then A, B, S and
T have a common unique fixed point in X.
Proof. If we put ¢(t) =1 in theorem 3.1, the result follows.
Remark. Our main result in theorem 3.1 , improve and generalization of several known results of Aliouche [3],
Aliouche and Popa[4],Pathak et al [10] , Badshah and pariya [5], Imdad et al [7], Manro et al[8] and references

mentioned therein from metric spaces , fuzzy metric spaces to intuitionistic fuzzy metric spaces.

References

1. C. Alaca, I. Altun and D.Turkoglu, On compatible mapping of type (I) and (11) in intuitionistic fuzzy metric spaces, Communications
of the korean, Mathematical sociaty, (2008)Vol. 23 No. 3,427-446.

2. C. Alaca, D. Turkoglu and C. Yildiz, , Fixed points in Intuitionistic fuzzy metric space, Smallerit Chaos, soliton & Fractals,
29(5)(2006), 1073-1078.

3. A. Aliouche,Common fixed point theorems via an implicit relation and new properties, Soochow Journal of Mathematics,(2007) vol.
33 No. 4, 593-601.

4. A Aliouche and Popa, Common fixed point theorems for occasionally weakly compatible mappings via implicit
relatins,filomat(2008),22.2,99-107.

5. V.H. Badshah, and A. Pariya, Varahmihir Journal of Mathematical Science, (2009),Vol. 9, 125 — 134.

6. A. Branciari, A fixed point theorem for mappings satisfying a general contractive condition of integral type, Int. J. Math. Sci. 29
(2002), 531-536.

7. M. Imdad, Ali,J. and L. Khan, Coincidence and fixed point in symmetric spaces under strict contraction , J. Math. Anal.
Appl.(2006),Vol. 320,No.1, 352-360.

8.  G.Jungck and B.E. Rhoades, Fixed point for set valued functions without continuity, 1. J. Pure Appl. Math.,29(3)(1998), 227-238.

9. S. Manro, S.S. Bhatia, and S. Kumar, Common fixed point theorems for weakly compatible maps satisfying common (E.A) property
in intuitionistic fuzzy metric spaces using implicit relation, Journal of Advanced Studies in Topology (Egypt)3(2)(2012), 38-44.

10. J.H. Park, Intuitionistic fuzzy metric space, Chaos, Solitions & Fractals, 22(2004), 1039-1046.

11. H.K. Pathak, R.Tiwari, and M.S. Khan, A common fixed point theorem satisfying integral type implicit relation. Applied Mathematics
E-notes,(2007).7,222-228.

12. D.Turkoglu, C. Alaca., Y. J. Cho, and C. Yildiz, : Common fixed point theorems in Intuitionistic Fuzzy metric spaces. J. Appl. Math.
and Computing, 22(2006), pp. 411 -424.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 210



http://www.ijmttjournal.org/

