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1. Introduction:

Fixed point theory is a central area of functional analysis. L.A Zade In 1965[11]. particularly vigorous
field of research of mappings fulfilling contractive type of common fixed point conditions. The concept of fuzzy
set various authors have obtained fixed point theorems in fuzzy metric space using these compatible ideas.
Then fuzzy metric spaces been introduced by Kramosil and Michalek [13]. George and Veeramani [1] made to
order the notion of fuzzy metric spaces among the help of continuous t-norms. In 1986, G. Jungck [5]
introduced notion of compatible mappings. In 1993 overview of compatible mappings called compatible
mappings of type (A) which is equivalent to the concept of compatible mappings under some conditions by G.
Jungck, P. P. Murthy and Y. J. Cho [6]. Introduced the concept of compatible mappings in fuzzy metric space.
Recently introduced the concept of compatible mappings of type (K) in metric space by , Jha et al. [10]and
shows that the compatible mapping of type (K) is independent with other compatible. Also, Manandhar et al. [9]
introduced compatible mapping of type (K) in fuzzy metric space. Many The reason of this paper is to create a
common fixed point theorem for compatible mappings of type (K) in intuitionistic fuzzy metric spaces with
example.

2. Preliminaries

Definition 2.1. [12] Let X is a any non empty set. A fuzzy set A in X is a function with domain X and values in
[0,1].

Definition 2.2. [1] A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if * is

Satisfying the following conditions:

©) * is commutative and associative;

(b) * IS continuous;

(c) axl=aforall a€[o,1];

(d) a*b<cxdwhenevera<candb<d,anda, b, c,d€ [0, 1].

Definition 2.3. [2] A binary operation ¢:[0, 1] x [0, 1] — [0, 1] is a continuous t-conorm if it
satisfies the following conditions:
©) ¢ is commutative and associative;

(b) ¢ is continuous;
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(c) a ¢ 0 =aforall a€ [0, 1];
(d) a0¢b<cOdwhenevera<candb<d, foreacha, b, ¢, d € [0, 1].
Definition 2.4. [3] A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space
(shortly IFM-Space) if X is an arbitrary set, *is a continuous t-norm ¢ is a continuous t-conorm and M, N are
fuzzy sets on X? x (0, «o) satisfying the following conditions: for all x, y, z €X and s, t>0;

(IFM-2) M(X, y, ) + N (x, y, 1) < 1;

(IFM-2) M(x, y, 0) = 0;

(IFM-3) M(x, y, t) =1l ifand only ifx = y;

(IFM-4) M(x, y, t) = M(y, X, t);

(IFM-5) M(X, ¥, t) * M (y, Z, S) <M(x, 7, t + s);

(IFM-6) M(X, V, . ): [0, 20)—[0, 1] is left continuous;

(IFM-7) lim_, .M (X, y, t) =1

(IFM-8) N(x, y, 0) = 1;

(IFM-9) N(x, y, t) =0 ifand only if x = y;

(IFM-10) N(x, y, t) = N(y, X, t);

(IFM-11) N(X, y, ) ON (Y, 2,8) >N (x, z, t + 8) ;

(IFM-12) N(x, v, .): [0, o0)—][0, 1] is right continuous;

(IFM-13) lim_, N(x, y, 1) =0
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (X, y, t) and N(x, y, t) denote the
degree of closeness and degree of non-nearness between x and y with respect to t, respectively.
remark 2.5.[ 12] Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space if X of the form (X,
M, 1 - M, *, 0) such that t- norm * and t-conorm ¢ are associated, that is, x 0 y =1-((1 - x) * (1 - y)) for any x, y
€X. But the converse is not true.
Example 2.6. [14] Let (X, d) be a metric space. Denote a * b =ab and a ¢ b = min{1, a + b} forall 4, b € [0, 1]
and let My and Ng be fuzzy sets on X2 x (0, 0) defined as follows;

t NG (% y,t)= d(x,y)

t+d(x,y) t+d(x,y)

Then (Mg, Ng) is an intuitionistic fuzzy metric on X. We call this intuitionistic fuzzy metric induced by a metric

Md(xi y,t)z

d the standard intuitionistic fuzzy metric.

Remark 2.7. Note the above example holds even with the t-norm a * b =min {a, b} and the t-conorma ¢ b =
max{a, b} and hence (Mg, Ng) is an intuitionistic fuzzy metric with respect to any continuous t-norm and
continuous t- conorm.

Definition 2.8. [3] Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space.A sequence {x,} in X is called

(i) cauchy sequence if for each t >0 and P > O, limy_,sM(Xn+p,Xq, t) = 1and lim N (Xn4p, Xn, t) = 0.

(ii) convergent to x €X if lim,_.M (X, X, t) =1 and lim,_.N(x,, X, t) =0 for each t >0.

(iii). complete if every Cauchy sequence is convergent for intuitionistic fuzzy metric space .

Definition 2.9 [4] The self mappings A and S is called weakly compatible mapping if they

commutative in their coincident point.
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Definition 2.10.[10] The self mappings A and S of a fuzzy metric space (X, M, =) are said to be compatible of
type (E) iff lim,_.M(AAX,, ASX,, t) = 1, lim_,M(AAX,, Sx, t) =1, lim,_,M(ASx,, Sx, t) = 1 and
lim,_.,M(SSx,, SAX,, t) =1, lim,_,M(SSx,, Ax,t) =1,
lim,_.M(SSx,, Ax, t)=1.
Definition 2.11.[10] The self mappings A and S of a metric space (X, d) are said to be compatible of type (K) iff
lim,_.,AAX, = Sx and lim ,_,,SSx, = Ax, whenever {x,} is a sequence in X such that lim ,_,Ax, = lim ,_,,,Sx,
= x for some x in X.
Definition 2.12 The self mappings A and S of a intuitionistic fuzzy metric space (X,M,N,*,0) are said to be
compatible of type (K) iff lim _,,M(AAX,, Sx, t) =1 and lim ,_,,M(SSx,, Ax, t) = 1, whenever {x,} is a
sequence in X such that lim,_,,Ax, = lim,_,,,Sx, = x for some x in Xand t > 0.
Lemma 2.13. [8] In an intuitionistic fuzzy metric space X, M(Xx, Y, .) is non-decreasing and N (X,y,.) is non
increasing for all x, y €X.
Lemma 2.14. [16] Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. If there exists a
constant k € (0, 1) such that,
(1) M(Yns2, Yo, Kt) = M(yns1,¥n, 1),
(i) N (Yne2,Yns1.K) <N (Yner, Yo, 1)
for every t >0 and n =1, 2,... then {y,} is a Cauchy sequence in X .

>i).M(x, y, kt) > M (x, y, t), N (%, y, kt) <N (%, y, t),for all x, y EX. Thenx =Y.
Proposition 2.16. If A and S be compatible mappings of type (K) on a intuitionistic fuzzy metric space (X, M,
N, *, 0) and if one of function is continuous .Then, we have
©) A (x) = S(x) where lim ,_,,AX, = x lim,_,.SX,= X, for some point x € X, and sequence {x,},
(b) If these exist u € X such that Au = Su = x then, ASu = SAu.
3.MAIN THEOREM:
Theorem 3.1 : If A, B, S and are self mappings on a complete intuitionistic fuzzy metric space (X, M, N, *, 0)
satisfying the condition :
@  AX)cT(X): B(X)cS(X)
2 There exists g € (0, 1) such that for every x, ye x and t > 0.

M(AX, By, gt) > min {Ty, By, t), M(Sx, Ax, t), M(Sx, Ty, t)}

N(AX, By, qt) <max {Ty, By, t), N(Sx, Ax, t), N(Sx, Ty, t)} (3.1)
?3) B and T weakly compatible mappings if the pair of mappings (A, S) is compatible of type (k) and one
of the mappings continuous then A, B, S and T have a unique common fixed point in X.
Proof : We define a sequence {x,} such that

AXons1 = SXop and AXoy = TXoner, N =1, 2, ...

We shall prove that {Axy.1} is a Cauchy sequence. For this suppose X = Xzn+1 and Y = Xonsz in (3.1), we write

M (AX,,.,,, BXy,,,,qt)
> min{M (TX,, 5, BXy,0 ) M (SXy1s Ay o) M (SXypg, Ty 00}
> min{M (Ax,,.;, BXyp0t) M (AXy, .50 AXyppg, t), M(AXy,, 0 AXyp,y, b))
>min{M (Ax,,, BX,,.;,t/q), M (AX,,.,, AX,,,t/q),M (AX,, ., AX,,,t/q)}
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N (Ax2n+1' Bx2n+2 ’ qt)
< maX{N (Tx2n+2 ! Bx2n+2 't)' N (Sx2n+1' Ax2n+1't)l N (Sx2n+1 'TX2n+2 't)}

< max{N(AX,, ., BX,,.,,t), N(AXyy ., AXypiyst) N(AX,, 0 A,y )}

< max{N(AX,,, BX,,;,t/q), N(AX,,.;, A%y, t/q), N(AX,,.,, AX,,,t/q)}
Therefore
M (AX,, .1, BXy0,5,Gt) > M (AX,, , AX,, ,,t/q)
N(AX,,,1, BXp,0,Gt) < N(AX,,, AX,, 1,1/ Q)

By induction
M (AX2k+l’ BX2m+2 ' qt) 2 M (AX2m+l’ AXZk ’t/q)

N (AX2k+l’ BX2m+2 ' qt) < N (AX2m+l’ AXZk ’t/q)

For every k and min N. Further if 2m + 1 > 2k, then
M (A%py1 BXomer s Gt) 2 M (AXyy, Ay, 1) M(AX,, AX, .t/ 0%

N (A1, BXoms, Ot < N(AXyye, Aoy /). < N(AX, Ay /9%
3.2)

y BXI,t/q2m+2)

2m+2

N (Ax2k+1' Bx2m+2 ! qt)S N (AXZk ! Bx2m+1't/q) """ <N (Ax2k+1(2m+2)' Bxllt/q2m+2)
(3.3)

If 2k > 2m +1, then
M (Ax2k+1' Bx2m+2 ’ qt)2 M (AXZk ! Bx2m+1't/q) """ M (Ax2k+1(

By simple induction with (3.2) and (3.3) we have
M (AXn+1, an+p,qt)2 M (Axl, Bxp+1,t/q”)
N(AXM, an+p,qt)s N(Axl, Bxp+1,t/q”)

Forn=2k,p=2m+lorn=2k+1, p=2m+1and by (FM-4)
an+p,qt)2 M(Axl,sz,t/2q”)*M(AxZ,Bxp,t/Zq”)

M (AX, .,
N (AXn+1, BX,p qt)s N (Axl, Bx,,t/2q" )* N (sz, Bx, ,t/2q”) (3:4)
Ifn=2k, p=2morn=2k+1, p=2m.
For every positive integer p and n in N, by noting that
M (Axl, Bxp,t/q”)—>1 asn — o
N(Axl, Bxp,t/q”)—>1 asn — oo
Thus {Ax,} is a Cauchy sequence. Since the space x is complete there exists
z= !@o Ax, and z = !ﬂl Xy = IniLQ,TXZn
If follows that Az = Sz = Tz and
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M (Az,B?z,qt)> min{M (TBz, ABz,t), M (Sz, Bz,t), M (Sz, TBz,t)}
N(Az, Bz,qt)< max{N(TBz, ABz,t),N(Sz, Bz,t), N (Sz, TBz,t)}
Therefore
M (Az, A%z,qt)> M (Sz, TAz, t)
> M(Sz, ATz,t)
> M (Az,B?z,t)
> M(Az,B22,t/q")
N(Az, A%z,qt)< N(Sz, TAz,t)
< N(Sz, ATz,t)
< N(Az,B?z,t)
< N(Az,Bzz,t/q”)
since Iim M (Az,B72,t/q" )=1, lim N(Az,B°2,t/q")=1,50 Az = A%2.
Thus z is a common fixed point of A, Sand T.

For uniqueness, let w(w # z) be another common fixed point of S, t and A. By (3.1) we write
M (Az, Aw,qt) > min{M (Tw, Aw,t), M (Sz, Az,t), M (Sz, Tw, t)}
N(Az, Aw, qt) < max{N(Tw, Aw,t), N(Sz, Az,t), N(Sz, Tw, t)}
Which implies that
M (z,w,qt)> M (z,w,t)
N(z,w,qt)< N(z,w,t)

Therefore by lemma 2.12, we write z = w.

This completes the proof of theorem 3.1.

Now we prove theorem 1 for fuzzy 2-metric space. We prove the following :

COROLLARY 3.2: Let (X, M, *) be a complete fuzzy 2-metric space and let S and t be continuous mappings
of X in X, then S and T have a common fixed point in X if there X exists continuous mapping A of X into S(X)

N T(X) which commute with s and T and
M (Ax, Ay, a,qt)> min{M (Ty, Ay, a,t), M(Sx, Ax,a,t), M (Sx, Ty, a,t)}

N(Ax, Ay, a,qt) < max{N(Ty, Ay, a,t), N(Sx, Ax,a,t), N(Sx, Ty, a,t)} (3.1)
Forall x,yu,ain X,t>0and0<q<1,
lim M(X, y,z,t)=1, lim N(X, y,z,t)=1 forall x, y, z in X.

Then S, T and A have a unique common fixed point.
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