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Fourier expansion of generalized prolate spheroidal wave function concerning
generalized polynomials ,Aleph-function and multivariable Aleph-function
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ABSTRACT

The object of the paper is to establish an integral formula involving the generalized prolate spheroidal wave function, generalized hypergeometric
function, generalized polynomials, Aleph-function of one variable and multivariable Aleph-function. This integral formula has been employed to
obtain an expansion formula for multivariable Aleph-function, generalized hypergeometric function, a class of polynomial and Aleph-function in
terms of generalized prolate spheroidal wave function.This expansion formula being of very general nature can be transformed to provide many new
results involving various commonly used special functions occuring in applied mathematics, mathematics physics and mchanics. During the course of
finding, we establish several particular cases.
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1. Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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for all z different to 0 and
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For convergence conditions and other details of Aleph-function , see Siidland et al [10].
Serie representation of Aleph-function is given by Chaurasia et al [2].
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With s = g4 = "B P; < Q;, |2| < 1and QPi’,Qi,CiW'(S) is given in (1.2) (1.4)

The generalized polynomials of multivariables defined by Srivastava [9], is given in the following manner :
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K1=0 K,=0 s
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ANy, K-+ Ng, Kglyg ' -+ yg (1.5)
where M7, - - - , M are arbitrary positive integers and the coefficients are A[N1, K7; -+ ; Ny, K] arbitrary

constants, real or complex.
The generalized hypergeometric function serie is defined as follows :

p’Fq’(y)ZZ_:O [[((ZZ%?JSI (1.6)

Here [(ap )]s = (a1)s - (ap)s 5 [(bg )]s = (b1)sr - -+ (bg ) 5.
The serie (1.7) converge if p’ < ¢’and |y| < 1.

(=N)mk,  (=No)m,
K;! K,!

In the document , we note : a1 =

bA[vaKla NS,KS] (1-7)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [3] ,
itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in
this paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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L Ly k=1
with w = /—1

For more details, see Ayant [1]. The reals numbers 7; are positives for ¢ = 1, - - , R, T, (k) are positives for

ik — 1,--- R(k) . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

n qi D;(k)
k k k k
AP =3 - Za() -7y 65 Z mmw D e
j=1 j=n+l1 =1 j=nr+1
q, (k)
+Z5”—m> S oW >0 wn k=1 =1 R ,i®=1.. . R® g
Jj=mp+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
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conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -+, 20) = 0( 21| .. |20]*) ,maz(|21]. .. |20] ) = O
N(zg, - ,2r)=0( |zl|ﬁ1 . |zr|'3T) ,min( |z .. |zr| ) = 00

where, withk = 1,--- [ r:ap = min[Re(dS-k)/d](.k))],j =1,---,myand

B = maz[Re((c]” = 1)/7")].j = 1. mu
We will use these following notations in this paper
U=pi g 1;R; V=mini - mp,n, (1.10)
W= ). qin, Ty RY i, g, i s R (1.11)
A={(aj; el o) e el ol D)) (1.12)
B ={ri(bj: B B 1., } (1.13)

(1 1 1 T T T T
C = {( i 7’YJ ))1n1} -<1)(Cg-i?l);’Y;i()l))n1+1,p1(1)}, e ,{( ¢ )»VJ( ))l,nr}vTiW (Cg-l«)r)?’Y](-ﬁ)r))nwl,pi(r)} (1.14)

(1. s(1) (1) r r T r
D = (45756 Dimi }> T “)(dn(l)’ Jm))m1+1 a, (1)} {(dg ),55 ))177—”7‘}77-2'(7‘) (dg'i()ﬂ;53('i()7‘))mr+1’q¢(7")} (1.15)

The multivariable Aleph-function write :
Z1
—_ . A:C
N(zi, - z) =R | - | .. (1.16)
B:D

Zo

2. Generalized prolate spheroidal wave function

The generalized prolate spheroidal wave functions has been recently defined by Gupta [4] as the solution of the
differential equation

(1 =2)y" +[8—a—(a+B+2)zly +[((c) - 2y =0 1)

in the form of an infinite sum :
¢(an3) (¢, x) Zd(a ,B) PT(L?_J/B)( ) 22)

where ( (c) being separation constants for every value of constant parameter ¢ and the coefficients dg-an’ﬁ) (C) can be

determined by a five term recursion formula in a manner quite parallel to prolate spheroidal wave functions. More
recently, Sharma [8] has developed multiple generalized prolate spheroidal wave transforms by using the orthogonality
property given by Gupta [4].

1
/ (1—2)%(1+ x)’%,(f"ﬁ)(c, x)qbﬁ,‘f’m (¢, z)dx= Né‘f;;f)dm,n ,where (2.3)
1
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NT(LQT”LB) gatB+1 Z [ a, ﬁ)} Tla+j+DI(B+j+1)

A+atpf+2n+2)T(n+j+ DDA +a+B+n+j) @V

Om,n is the Kronecker symbol.

3.Required integral

We have the following integral ( Erdelyi et al [5], page 284, eq.3)

! 20+ H T (p + DT (0 + 1)
1—2)”(1+ 2)° P (z)dx =
/_1( )P (1+ )7 P, (z)d nT(p+o+2)

sfhl-n,a+B+n+1,p+ La+1,p+0+2 ;1] ,Re(p) > 0,Re(c) >0 (3.1)

4. Main integral

The integral formula to be established here is

| a=orarar ol fe o Y (0 -2 (1 2))

9hi+k1 2

+
Z —n—=pm(a+B+n+p+1)y, NOnH2:V

ml(a+ 1), Uar:W 2h.+.k:.
r TZT

(-m-p—eng,g —€q—> . Kigishy,--+ s he), (=0 — fngg — fla— i Kawisky, - k), A: C W
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where Usy =p; +2,¢; + 1,7, R
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Provided

ayminie, f, ', f' gi,wi, hj kit >0,i=1,-- s;5=1,---,r

(1)
b d;
b)Re[p+elérJu<nMB— +Zh 1<n]ﬂginz (5(2)] > —1
b; ds”
oRelc + f min — + Zk min | > -1

1<<M B; 1<j<m; 5(’6)

d)|argzi| < §A£ I , where AZ(- ) is given in (1.10)

M N Qi P;
1
e) |argt| < §7TQ where {2 = Zﬁj + Zaj — ¢ Z Bji + Z aj;) >0

j=1 j=1 j=M+1 j=N+1

fla>—1,> —landM < N(M = N + land|y| < 1)

1 T
Proof Let M :W/ / P(s1,0 0, 5r) Hek(sk)zkk
L1 Lr k=1

To establish (4.1), express the generalized prolate spheroidal wave function as given in (2.2), the generalized
hypergeometric function in serie with the help of (1.6) ,the Aleph-function of one variable in serie with the help of (1.3),
the general polynomials with the help of (1.5) an and the multivariable Aleph-function in terms of Mellin-Barnes type
contour integral with the help of (1.8), changing the order of integration ans summation (which is easily seen to be
justified due to the absolute convergence of the integral and the summations involved in the process), we obtain

0o M oo [Ni/Mi] [Ns/Ms] gOM,N M
)OI D) I DR Pttt HILLIINN LTINS
p,q=0 G=1 g=0 K;=0 Ks=0 ng. [T;=: (bi)gd!

1
M [/ (1 _ x)p-l-enc,g—i-e/q-i—Zf:l Kigi+>, hisi(l + x)P-l—fUG,g-i-f/q-f—Zf:l Kiwi+> ;1 kis;
—1

P (3) dx ] dsy - - ds, 4.2)

n—+p

Now evaluating the inner z-integral with the help of (3.1). Writing series representation for 3F5, changing the order of
integration and summation involved therein and expressing the multiple contour integral as the multivariable Aleph-
function, we obtain the right hand side of (4.1).

5. Expansion formula

We have the general formula expansion

(1= 2) (14 2)7IREY (B0 = 2)°(1+ 2)T) mFw ((anr); (bx); (1 — )¢ (1 + 7))
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(-l-m-p— o — (e + flng,y — (¢ + [)g = 25y K(gi +wi)sha + ki, he + k), B

3 (c, x) G.1)
Proof
To establish (5.1), let f(z) = NMlg“% (t(l —x)(1+ :U)f)(l —2)P" (1 4 z)° P

, , t1(1 —2)9r (1 4 )™
MFN ((anr); ();y(1 — ) (14 2)7) S0 o
ts(l — x)gs(l + l.)ws

0,n:V (1—:1;) (1+x) - a,B)
N7 C = ZAZ¢1 e, x) (5.2)
2, (1 — )" (1 4 z)kr 1=0

The equation is valid if f(l‘) is continuous and bounded variation in the domain (—1, 1). Multiplying both sides of
(52) by (1 —x)%(1+ x)ﬁgbfla’ﬁ)(c, x),a > —1,6 > —1 and integrating with respect to x: from —1 to 1,
change the order and summation ( which is permissible) on the right, we obtain :

/_1(1—x) (14 z)7¢>? {e, a;}N “Q“C“ (1 —2)¢(1+2)7)

) / tl(l — x)gl(l + :E)un
aF N ((an); (0 )iy (1 — 2)° (L4 2)!") Sy vl .
ts(l — x)gs(l + x)ws

z1(1 —z)M (1 +2)k
Ny o da: = ZA, / (1—2)*(1+ 2)%¢@® {c, 2} ¢\P) (c, x)dx (53)
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Using the orthogonality property of the generalized prolate spheroidal wave function (2.3) on the right hand side and
the result (4.1) on the left hand side of (5.3), we obtain

i~ oo | [Ny /M,] (=) M,N

M N1 /M| M a
\ ' ay P;,Qi,ci,r’ (TIG79) HZ 1(a2)q tnG 9 K . th/UqDZ() nﬁ) (C)
By T (0:)d! Ny

p,g=0 G=1g=0 K ;=

. ohi1+k1 21
n+p
2(ﬂG,g(E‘l'f)‘HI(e/‘f'fl)"‘Zf:o Ki(gi+wi)) Z (_n - p>m(a +B+n+p+ 1) NO n+2:V
m!(a+ 1), Uar:W Ce
m=0 2hr+krzT

(mp—engy—€q—3i 1 Kigi;h, - ), (=0 — fngg — fla— > i Kjwiski, -+ k), A: C 54)

(-Llm-p—o — (e + flne,y — (¢ + f)a— 2oy K(gi +wi);ha + k- by + ki), B D
on subtituting the value of A; from (5.4) in (5.2) and using the lemma([4],page 57, eq.2), we obtain the desired result.

6. Multivariable I-function

If 7, T;1), " -+ , T;¢~) — L, the Aleph-function of several variables degenere to the I-function of several variables. in
this section we have the following expansion formulae with the multivariable I-function defined by Sharma et al [5].

(1—2)P (A +2)7 IRy Lt = 2)°(1 +2)) pFw ((ann); (n)iy(1 — 2)¢ (1 + 2)7)

y t1(1 —2)9 (1 4 )™ oy z1(1 — )" (1 4 2)ks © M oo
e M e
N v ’» Iyw - =2 2>
ts(1 — )9 (14 x)*s 7z, (1 — 2)r (1 4 x)kr 1,p,g=0 G=1g=0
[N1/My]  [Ns/M,] M,N o,
Z 1 Z )gQPi’Qi’ci’rl (77G,g) H 1( )q the, q;pKl .. .tKSyq ngynﬂ) (c)
K;=0 BG'g' Hz 1( )QQ' Nl(:llﬁ)
. 2h1+k1 2
o (160 () +a(e! +1)+3ig Kilgitw)) Z (—n—plmla+f+n+p+1m Jont2:V
m!(a+ 1), Ua1:W C
m=0 2hr+krzr

(_m_p —€ng,g — elq - Zf:l Klgmhlv T 7h7")7 (_0 - fnG,g - f/q - Z?:l szM kl? e 7]{77")"’4 :C
('Lm‘p_U_(€+f)77G,g_(el—l'f/)q_z;?:lK(gi+wi);h1+k17"' :hr+k7")ﬂB:D
& (e, x) 6.1)
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with the same notations and conditions that (4.1) with 7, T;(1), " ** , Tj(r) — 1

7. Aleph-function of two variables

If » = 2, we obtain the Aleph-function of two variables defined by K.Sharma [7], and we have the two following
results.

(1—2)P =1+ 2)7 ARG (41— 2)°(1 + 2)F) aFn ((anr); (bn)iy(1 — ) (1 + 2)")

t1(1—z)9 (1 + )™ z1(1 — 2)" (1 + 2)k o M oo
SJWL'“ ;M s o NO’.n:V o _
N N o | NoW o . 2 2_: Z
ts(1 —x)9 (1 + x) z2(1 — )" (1 + z) 1,p,g=0 G=1g=0
[N1/M;] [Ns/M;) M,N 7
122 1] Z )gQP“Q“C“ (nG,g) Hizl(ai)q tUG,ng1 N thUq Dz()(,lnlg) (C)
1 s ¢
K1=0 Beyg! HZ’:1 (bi)qq! Nl(,(llﬁ)
9h1+ky 21
! 4 s + 6 +n+ p =+ 1) 0n42:V
o (6.9 e+ N tale’ + 1)+ 55y Kilgitws)) (a QOun
mzj m!(a+ 1), Ua1:W C
2h2+k2zr

(-m-p —eng,g —€'q— 3 i1 Kigi; 1, ha), (=0 — [ng,g — ['a — 22—y Kiwiski, k), A: C

(-lm-p—0—(e+ fing,g — (' + f)g = >y K(gi +wi)iha + ki, ha + ko), B : D

& (e, x) (7.1)

with the same notations and validity conditions of (4.1) and r = 2

8. I-function of two variables

If 75, TZ-/ , 7‘1-/ " — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [6] and we obtain :

(1—2) (L + )7 PR (11— ) (L + 2)F) b ((anr)s () (1 — 2)° (1 + 2))

. t1(1 — )9 (14 2)™ - z1(1 — z)" (1 4 z)k f: % i
AS’]\]l7 ’]V ... I[]’t;/v . e —
' S\t (1 — @)% (1 4 2)s 7o(1 — x)"2 (1 4 z)k2 1,p,g=0 G=1g=0
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N1 /M N, /M,] M.,N
AN N ( g P’Lan»Ci,T/(nG’g) Hi:1(ai)q nG,g K1 K qD(aﬁ)( )
Z Z “ Brq! 't Gyt ty T (aB)
K1=0 K.=0 Gy ITi=: (bi)gd! Ny,
2h1+k‘121
n-+p
o (116, (et +ale' +1)+3050 Kilgitws)) S (—n—plpla+f+n+p+1n [or2v
m!(a+ 1), 21 Ce
m=0 ( ) 2h2+k22’7«

(—m—p —€enGg,g — elq - 25:1 K;gi; ha, h2), (—U - f77G,g —flq— 2521 Kwi; kq, k2), A:C

(-l-m-p—o —(e+ fng,y — (€' + f)g— 2i_; K(gi +wi)iha + ki, ha + ko), B: D

& (e, x) @.1)

with the same notations and validity conditions of (4.1) and 7 = 2 and 73, 7/, 7, — 1

9. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.

REFERENCES

[1] Ayant F.Y. An integral associated with the Aleph-functions of several variables. International Journal of
Mathematics Trends and Technology (IMTT). 2016 Vol 31 (3), page 142-154.

[2] Chaurasia V.B.L and Singh Y. New generalization of integral equations of fredholm type using Aleph-function
Int. J. of Modern Math. Sci. 9(3), 2014, p 208-220.

[3] Erdelyi A. et al Tables of integral transforms, Vol II. Mc. Graw-Hill, New York (1954).
[4] Gupta R.K. Generalized prolate spheroidal wave functions. Proc. India. Acad. Sci 85A (2), (1977),page 104-114.

[5] Sharma C.K.and Ahmad S.S.: On the multivariable I-function. Acta ciencia Indica Math , 1994 vol 20,n02, p 113-
116.

[6] Sharma C.K. and Mishra P.L.: On the I-function of two variables and its properties. Acta Ciencia Indica Math ,
1991, Vol 17 page 667-672.

[7] Sharma K. On the integral representation and applications of the generalized function of two wvariables ,
International Journal of Mathematical Engineering and Sciences , Vol 3, issuel ( 2014 ), pagel-13.

[8] Sharma S.D. Multiple generalized prolate spheroidal wave transforms and its applications . Kyungpook
Mathematical Journal, Vol 20 (1) ,( 1980), page 121-127.

[9] Srivastava H.M. A multilinear generating function for the Konhauser set of biorthogonal polynomials suggested by
Laguerre polynomial, Pacific. J. Math. 177(1985), page183-191.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 9



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 36 Number 1- August 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                    http://www.ijmttjournal.org                                      Page 9



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 36 Number 1- August 2016

[10] Siidland N.; Baumann, B. and Nonnenmacher T.F. , Open problem : who knows about the Aleph-functions?
Fract. Calc. Appl. Anal., 1(4) (1998): 401-402.

Personal adress : 411 Avenue Joseph Raynaud
Le parc Fleuri , Bat B

83140, Six-Fours les plages

Tel : 06-83-12-49-68

Department : VAR

Country : FRANCE

ISSN: 2231-5373 http://www.ijmttjournal.org Page 10



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 36 Number 1- August 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                    http://www.ijmttjournal.org                                      Page 10





