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ABSTRACT
The object of this paper is to evaluate an integral involving the Laguerre polynomial and an integral function of two complex variables of order P,
based on the properties of the Aleph-function, general class of polynomials and multivariable Aleph-function. Further we establish some special cases.
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1.Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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For convergence conditions and other details of Aleph-function , see Siidland et al [10]. The serie representation of
Aleph-function is given by Chaurasia et al [2].
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The generalized polynomials defined by Srivastava [9], is given in the following manner :
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Where M7, -+ , My are arbitrary positive integers and the coefficients A[Ny, K1;- -+ ; Ng, K] are arbitrary
constants, real or complex. In the present paper, we use the following notation

(_Nl)M1K1 (_N)
K, K,!

a1 = SA[vaKla ;NsaKS] (16)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [6] ,
itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in
this paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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For more details, see Ayant [1]. The reals numbers 7; are positives for i1=1,--- R, T,(k) are positives for
ik — 1,--- R(k) . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

largz| < A(k) , where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -+, 20) =0( |21 ... |2|*) ,mazx( |z1]... |2 ) = O

N(zg, -+, 20) = 0(|2o)? . 2| ) s min( |z . |20 ) = o0

where, withk = 1,--- ,r:ay = min[Re(d;k)/(sj(k))],j =1,---,myand
B = maz[Re((cf” = 1) /)] 5 =1,

We will use these following notations in this paper
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The multivariable Aleph-function write :
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(1.9)
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be an integral function of two complex variables /1 and Z5. Denote by
Mp(r) = maz(|Z1] + | Z2|) = r|F(Z1, Z)], (Z1, Z3).
Following Dzrbasjan [4], the integral function F'(Z1, Z2) is said to be of finite order p if
) loglogMp(r
nh—{%o sup {T() =p (0<p< ) (1.17)
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aymin{a,b;,n;} >0,i=1,--- ,8;5=1,---,r

d(l)
b) Re[y+1+a min —+ E 7711<m1n 6(1 ]>0
<gsm;
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Proof

Expressing the Aleph-function of one variable in series with the help of equation (1.3), the general class of polynomials
of several variables in series with the help of equation (1.5), and the Aleph-function of r variables in Mellin-Barnes
contour integral with the help of equation (1.7), changing the order of integration ans summation (which is easily seen
to be justified due to the absolute convergence of the integral and the summations involved in the process) and then
evaluating the inner integral by using a result given by Gradshteyn L.S and Ryzhik I ([5], eq.11,page 1244). Finally
interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

3. Main integral
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two complex variables Z7 and Zs of order p (0 < p < 00). Then for arg(¢y1) = arg((z),
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(c=y—(ni+na+1)/p—angg— > iy Kibiym, -+ ,n),A: C
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B:D
with U1 = p; + 2:¢; + 15735 R
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d)|a7“gw| < 7TQ where {2 = ZBJ —I—ZOCJ _Cz Z ﬁﬂﬁ— Z Oéﬂ
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Proof of (3.1)
Consider the following integral
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where 7); are positive numbers and 0 < n;, % = 1, 2 are integers. Changing the variables
1 =t(1—u),xze =tu,0 <u < 1;0 <t < 400, we have
N yi (7)™ 71 (7)™
b= [ [ et i@esi L e
0 J0O ys(tp)bs Zr(tp)m
0(x1,x2)
M,N 1,72
NPq;,Qi,Ci;T" (tap) (1 — u)nl un2 Wdtd“; (33)
- yi(tP)™ z1 (7)™
—t° My, --, 0O,n:V M,N a
/ /t””‘nﬁ'w’ ¢ L 7 (tp)S ! C. NU:nW .. N, Py Qi (at?)
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(1 —w)™tu" dtdu (3.4)

Evaluating u-integral with the help of the Eulerian integral of the first kind ([3], Copson, 1961 page 212), we obtain
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Now evaluating the x-integral with the help of Lemme ( 2.1), we have
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F(tl, tg)dtldtg 3.7)

Now changing the order of integration ans summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process) , we have

oo

Ay s (C1,G) = ) nf,ln?/ / 1ty (G + 12C) P reap{—(t1G1 + 12(2)"}
ni,me=0

. Y (t1¢1 + tal)Pt
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. z1(t1¢1 + t2C2)P™
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1 o ) My M, Y1( 1 2)
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v Zl(l’l + x2)p771
N%nw ce . dl‘ld.I‘Q = Z Cnl C:;hm Ip (3.8)

nq!ng!
ZT(ZI/'l —I—Ig)pnT ni,no=0 1:0%2¢

Now we use the equation (3.6) , we obtain the desired result.

4. Multivariable I-function

If 75, T;1)," -+, T;(-) — 1, the Aleph-function of several variables degenere to the I-function of several variables.
The formula have been derived in this section for multivariable I-functions defined by Sharma et al [6].

We have the following result

corollary 1

o0
T A
Let ’Cl’ # 0, \GTQCH < 2_/)’ (l = 172) ; F(Zla ZZ) = Z n;lnzz ZmZ be an integral function of
nl,nQ:O

two complex variables Z7 and Zs of order p (0 < p < 00). Then for arg((y1) = arg((z),

Anyny (C15C2) = /Om/ooo(tlﬁ + t2C2) " reap{—(t1¢1 + t2G2)P LT ({ (8161 + t2(2)?)

VN T y1(t1¢ + talo)P™ - 21 (t1C1 + t2C2)P™
NPz‘:QmCi;T ( (tICI + t2§2)ap) 11,7 ~,Nss ot IU?R/.V SR
ys(t1C1 + t22)P 2 (t1C1 + t2C2)PMr

F(ty,ty)dt dty
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e M oo [N1/M N, /M, M,N
_ (—)* Z Z Z[ 1/Mi] - [Ns/ }al(_)gQPi’Qi7Ci’T/ (nc.g) Apy oy G
k! ni,m2=0G=1¢9=0 K;=0 Ks=0 BGg! (nl +ng + 1)!<?1+1C32+1
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K K. 10nt2:V (-y—=(ni+no+1)/p—angg — > iy Kibismi, -+ ,n),
yl ! ys ° IU’21 W

o=y +Ek—(ni4ne+1)/p—angg— > i Kibisn, - ),

T

(U—’Y— (nl +ﬂ2+1)//’—0ﬂ7G,g—ZleKz'bi;m,“' anr)aA:C
(4.1)
B:D

with the same notation and conditions that (3.1)

5. Aleph-function of two variables

If = 2, we obtain the Aleph-function of two variables defined by K.Sharma [8], and we have the two following result

corollary 2

o0
s An n
Let |G| # 0, ]argQ| < 2_[), (I= 172); F(Zy,Z) = § nl;l;, Z1" 757 e an integral function of
n1,m2=0 e

two complex variables Z7 and Z9 of order 0 < p < o00). Then forarg((y) = arg((s),
p P P g g

Ay iy (C1,G2) = /000/000(751(1 + t2C2) " teap{—(t1¢1 + t2G2) LT ({ (8161 + t2(2)?)

. [ yi(t1¢1 + ta)P™ . 71(t1C1 + tala)P™m
N5 O erar (T (E1CL + t2G2) ) ST o Ny co
ys(t1C1 + t22)Ps 72(t1C1 + t2C2)P"?

F(ty, ty)dtydty

00 M N /M Ny /Mg M,N
_ (_)k Z Z i[ K . M }al(_)gQPhQi»Ci’r, (nG,g) Anlﬂw 21G9
- 1 1
k! ni1,n2=0G=19¢=0 K;=0 K,=0 BGq' (nl +ng+ 1)'C1n1+ CSZ—'—
Al

(‘7 - (”1 + ng + 1)/,0 —ang,g — Zle Kibi;m, 772),

o=y +k—(n+n2+1)/p—ang,y — > Kibi;mi,m2),
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(c—v—(n1+na+1)/p— ang,g — Zle K;bi;m,m2),A:C
. (5.1)
B:D

with the same notation and conditions that (3.1) and r = 2

6. I-function of two variables

If 75, Ti/ , Ti// — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [7] and we obtain the same formulas with the I-function of two variables.

corollary 2

o0
Anl7n2

T
Let |Cl|7£07‘a’/rgCl|<%7“:172); F(ZDZQ): Z

n1,n2=0

ni zn2 . .
1| 21" Z3” bean integral function of
ni:Ma.

two complex variables Z7 and Zo of order p (0 < p < 00). Then for arg((y) = arg((z),

Apyno (€1, G2) = /ooo/ooo(t1C1 +t2G2) " teap{—(t1¢1 + t2G2)P YL ({(t1Ch + t2(2)?)

U M y1(t1¢ + talo)P™ i z1(t1C1 + taCo)P™
) PR s ,n:
NPian’,Ci;"'/ (w(tlcl + tQCZ)ap)SN:,“' ,Ns o IU:W s

Vs(t1Ci + taCa)PPs z2(t1C1 + t2(2)P™

F(ty,ty)dt,dts

o0 M N1 /M N, /M, M,N
B I S S S e . PP R PV
k! ni,n2=0G=19g=0 K;=0 Ks=0 BGQ' (n1+n2+1)!<—{l1+1(;2+1
A

(-y—(n14+n2a+1)/p—angg — > i i Kibi;ni,m2),
K K. 70n42:V
Yi Yy IU21:W

(c—v+k—(ni+ne+1)/p—angg— > i i Kibi;ni,m2),

72

(c—v—(mi+ne+1)/p—angg— > ;_ Kibiym,n2),A: C
L (6.1)
B:D

with the same notation and conditions that (3.1), 7 = 2

7. Conclusion

In this paper we have evaluated a simple integral involving the multivariable Aleph-function, a class of polynomials of
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several variables, a Aleph-function of one variable and a integral function of two complex variables. The integral
established in this paper is of very general nature as it contains Multivariable Aleph-function, which is a general
function of several variables studied so far. Thus, the integral established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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