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Abstract

The aim of the present paper is to evaluate firstly the six finite integrals involving Jacobi polynomials, the Aleph-function of one variable, a class of
polynomials of several variables and the generalized multivariable Aleph-function. Then we derive six expansions formulae for Jacobi polynomials,
the Aleph-function of one variable, a class of polynomials of several variables and the generalized multivariable Aleph-function.
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1.Introduction and preliminaries.

In this document, we will evaluate firstly the six finite integrals involving Jacobi polynomials, the Aleph-function of
one variable, a class of polynomials of several variables and the generalized multivariable Aleph-function. Then we will
derive six expansions formulae for Jacobi polynomials, the Aleph-function of one variable, a class of polynomials of
several variables and the generalized multivariable Aleph-function. The generalized Aleph-function of several variables
generalize the multivariable I-function defined by H.M. Sharma and Ahmad [3], itself is an a generalisation of G and
H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in this paper will be referred to as the
multivariables Aleph-function throughout our present study and will be defined and represented as follows.The
generalized Aleph-function of several variables is defined as following.
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The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The multivariable Aleph-function write :
Z1
v . A:C
N(z1,- 5 2r) =N . (1.11)
B:D

Zy

The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

A1 [ei(aly, AL IN+1,p
N(z) =rMN (2, 7 T
( ) Pinhci»r ( b’J,B/) [ (b;Z,B )]M+1 szr/
1 M,N —s
:% L QPininHT”(S)Z ds (12

for all z different to 0 and

M N
QB0 cn(5) = [=: Ib; + Bjs) [1;=1 (A — aj — 4s)

P;,Qi,ciir'\S) T = P; (1.13)
o Die1 Ci Hj:N+1 F(%z‘ + AI s) HJ M1 NG b",z - B;’is)
With :
jargz| < 5mQ Where Q=3 Bi+ Y Aj—ci( Y Bj+ » Ap)>0 wini=1,.-

j=1 j=1 j=M+1 J=N+1

For convergence conditions and other details of Aleph-function , see Siidland et al [7]. The serie representation of
Aleph-function is given by Chaurasia et al [1].

QM,N (8) .
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by + g

With s = 116,y = 2, Py < Qs 2] < Land Q"5 ..../(8) is given in (1.2) (1.15)
G

The generalized polynomials defined by Srivastava [8], is given in the following manner :

[N1/Mi]  [Ns/M;]
M M, N1 MlKl (=Ns)m, k.
Ny, N, [yla"'ays - Z Z K.
Ks=0 s
K K,
ANy, Ky;- -+ s Ng, Ky -y, (1.16)
Where M7, -+, My are arbitrary positive integers and the coefficients A[N 1, K15+ s Ng, K 5] are arbitrary

constants, real or complex. In the present paper, we use the following notations.

a = ENwr (SN,
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2.Required formulas
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See respectively ([2] ,p.254(eq.2),p.255(eq.8), p.254(eq.1),p.254(eq.3),
p.255(eq.7), p.255(eq.9)).

Throughout this paper, we will use the notations.

o b dY by dn v

_ ~ i 85 ) p - i % - J

A 1< <m<i<m, Z FORIFCH A 1< <mI<i<m, Z (T)+ GH A 1<J<HMB/
—1[3 51 J=1 ﬁj 5)

3. Integral formulas
In this section, we will evaluate six finite integrals involving Jacobi polynomials, the Aleph-function of one variable, a

class of polynomials of several variables and the generalized multivariable Aleph-function. See the end of this paper (*)
concerning the additionnel validity conditions. For the validity conditions, j = 1,--- ,r
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: 1
Provided that : Re(1 + o + Z ki P; + dp) > 0 and largz| < §A£k)7T , where AE’“) is defined by (1.4)
i=1

Re(1—B+k+o+ Y kPj+1+dp)>0,Re(p+1+> hiPj+cp)>0,Re(1+a)>0and
i=1 i=1

1 x(L—z) (14 x)h
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1
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2tk 2
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(n-p =327 6K ang,hl,- ), (-1-B—n—k—0 =37 diK; —dng g; ki, k),

(co—k—n=Y" | diK;—dngg ki, - k), (a—k—p=>"_ &K, —enggihi, - ,hy),A: C
('1'k'p — 0= Zf:l(ci + di)Ki - (C‘I' d)nG,g;hl + kl? T ahr + kr)vB :D
Provided that : Re(1 + p + Z hiPj +cp) > 0,Re(1 4+ 3) > 0,Re(1 4+ 0 + Z ki P; + dp) >0

Re(l—a+k+p+ZCin+cp)>0
i=1

1 1
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1 (I—2)2(1+a)
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(B—k—0o—3_ dili —dng,giki, - k), (=B —p—n+k—3_ K —cnggihy, - he)
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C (3.5)
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1 1
Provided that : |argzg| < iAgk)W where Agk) is defined by (1.4) and |argz| < §7TQ

Re(l1+n+p+Y hPj+1+cp)>0,Re(c+1+ Y kiPj+dp)>0,Re(l+a+p)>0
i=1 i=1

Re(—1+k—p—0—2(hi+ki)Pj—(c+d)p) > 0,Re(—a— 3 —2n) >0

i=1

Re(1—5+k+a—2k‘in—dp)>O,Re(—p—n—p—Zhin—cp)>0

=1

1, 1 iVs
-1

x1(1—2) (14 z)%
f)/1 (1-2)(1 +w>"P£“’5’(fE>5ffl’-?"§4S( Yo ) R0y e (2(1 = 2) (14 2)7)
xs(1 — )% (1 + x)%

= Z Z Z Z ZQZf 1 Ki(eitdi)+(ct+d)na, g
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N dx
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(6 —k—0o— Zle dez - dnG,g;k17 e 7k7’)7 <_B —p— n+ k— 2521 CiKi - C”?G,g;hflv' o

(I4+p+o—n+3_ (ci+di)Ki+ (c+d)na,g; by + ki, s he + k)

(l-p—o—=>7 (ci+d)K; — (c+d)ng,gih1 + k1, he + k), A: C

(-In-p—o =37 (ci +di) Ky — (¢ +d)ng,g;ha + k1, -+ he + k), B2 D

1 1
Provided that |argzy| < §A§k)7r where A" is defined by (1.4) and |argz| < 5T
T

r

Re(l+n+o+) kiPj+1+dp)>0,Re(p+1+Y hiP;+cp) >0, Re(l+a+p) >0
=1 =1

T

Re(-1+k—p—0—Y (hi+k)P;— (c+d)p) > 0,Re(—~a— B —2n) > 0, Re(—a — B —n+ k)

i=1

Re(l—ﬁ+k+p—2hin—cp) >O,Re(—a—n—2k¢Pj—dp) >0

Proof of (3.1)

7hr)

(3.6)

>0

To establish the finite integral (3.1), express the generalized class of polynomials occuring on the L.H.S in the series
form given by (1.16), the Aleph-function of one variable in serie form given by (1.14) and the generalized multivariable
Aleph-function involving there in terms of Mellin-Barnes contour integral by (1.1). We interchange the order of
summation and integration (which is permissible under the conditions stated). Now evaluating the x-integral by using
the formula (2.1), after simplifications and on reinterpreting the Mellin-Barnes contour integral, we get the desired
result. To prove the integrals (3.2) to (3.6), we use the similar method with the help of results (2.2) to (2.6) respectively.

4. Expansion formula

2071+ a+p+2n)l+a+B8+n)I(1+a+k+n)

/
T+ a+ )T+ B+ n)k! A

Let A1 =

y _29+0(1+a+ﬁ+2n)F(1+a+ﬁ+”)F( a—ﬁ+k—?’b)A/ d
2= IF(1+a+n)(1+3+n)k! "

)
Lo YA tat B+l tatfinl(tatftk—mn)
8 T(1+a+n)(1+ 5+ n)k!

For the validity conditions, 7 = 1,--- , T, we have the following expansions.

(X1(1 —z) (14 x)dl)

a)(1—2)P(1+ )7 Syt RES. o (2(1—2)°(1 +2)%)

xs(1— x)CS(l + )%

(].-X)hl(]_ + a:)klzl M oo [Ni/Mi] [Ns/Ms] oo
N( ) 3~

(1-x)" (1 4 2)Fr 2, G=1g=0 K;=0 K.=0 k,n=0
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2h1 +k1 21

M,N
()25 e (8) K, e nG a2 8V

L Lg Usa: W
Bgg! pal

ohr+kr 2

(—Oé — P 2321 il — NG, g; h17 T 7h1")7 (_U - B -—n- Zf:l di K; — dnG,g; klv e 7k7')7

(‘U —n-— Zle d; K; — dTIG,g; klv T 7kr)7 ('a —p—n- Zf:l ciK; — naG.gs h17 T 7hr)7

(nkp—a—=37_aKi—nggihi, - he),(l+a—o+n+k—=3"_ &K, —dngg ki, - k)
(p—o—-1—a—-B-=-3"_(c+d)K;—(c+dngg;h1+ ki, - b, + k)
kB—p—0o—=>7 (i +di)Ki — (c+d)ngg;h1 + ki, by + k), A: C

L @.1)
(ktn-p—0 =377 (ci +di)Ki — (¢ +d)na.g;hi + ki, he + k), B: D

1 1
Provided that : Re(1 + f3) EAEk)W , where Agk) is defined by (1.4) and |argz| < 571’9

Re(l14p+a+» hiPj+cp)>0,Re(c+1+B+n+ Y kiPj+dp) >0, Re(l+a)>0
=1 =1

T

Re(n+k—p—0—Y (hi+k)P;)—(c+d)p>0,Re(~n—o—> kPj—dp)>0Re(f+1)>0

i=1 i=1
x1(1—2) (1 + x)dl)

(1 )(1 )d Nggz cisr ((1—x)c(1+x)d)
Xs(1 = )% (1 4 2)%

b)(1—2)’(1+ w)"S%l,ii?ﬁfS(

(1-x)" (1 + z)kr 24 oo [Ni/Mi]  [No/M] oo
N( RN Z Z Z Z Z 92 i—1 Ki(citdi)+(ct+d)ne, 9 A P(a,ﬂ)( )
(1-x)" (1 + 2)Fr 2, G=1g=0 K;=0 K,=0 k,n=0
2h1+k121

M,N
(_)gQPinhci:T/ (S):EKl .. xK na, gNm+2 n+3:V
Bgg! ! ottt

ohr iy,
(_6 —pP— Zf:l CiKi — NG, g5 h17 e 7h7')7 (_p - o= Z::l CiKi - CUG,ghh e ,h,,»),

(_5 —nN—-0-= Zle d; K; — dnG,g§ kla T 7kr)7(_a —p—n- Z::l il — NG, g; h'17 T 7hr)7

(-n-k-0 —a — Zle ;K —dng gi k1, ky), 1+ —p+n+k— Zle ¢l —eng.gih, - hy)

(p—o—1—a—B—n—Yi (¢ +d)K; — (et dyigghy +ki,- b + k)
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(ka—p—0o—=>_(ci+d)K; = (c+dmeg; b1+ ki, he + k), A C
R (4.2)
(k+n—p — 0= Zf:l(ci + dz)Kz - (C + d)nG,g§ hl + k17 U 7hr + kr)vB : D

1 1
Provided that: Re(1 4 5) > 0, |argzi| < §A§k)ﬂ' , where AZ(-k) is defined by (1.4) and |argz| < §7TQ

Re(l+p+n+a+> hiPj+cp)>0,Re(c+1+B8+> kP;+dp) >0 Re(l+a)>0
i=1 i=1

T

Re(n+k—p—a—2(hi+ki)Pj)—(c+d)p>O,Re(—n—a—p—Zkin —cp) >0

T

Re(1+n+k+a+a+2kin +dp) >0

i=1
N0 *) e 1
Re(1+8) >0, |argz| < §Ai 7, where A"’ is defined by (1.4) and |argz| < EWQ

Mo M (1-2)(1+2) M,N d
)1 —2)’(L+z)7Sy" " C. ) Np.' 0, .coir (2(1=2)°(1 + 2)9)
xs(1 — )% (1 + x)%

S Y - Z 3 Xl Kilectd) Hetdna. 4, plef) ()

((1—X)h1(1+x)k121) M oo [Niy/Mi]  [N./M] oo
N

(1—X)h”‘(1.—|.— z)kr 2,

G=19=0 K;=0 K:=0 k,n=0
oh1+k1 21
(228,00 (8)
P;i,Qi,ci,r’ Ky K nGgNmn+4V
' T Ty oz Una W
BGg.
2h’r'+k7'zr

(-o—B—=>0 K, —dnggiki, - ke),(—p—a =30 ;K —enggiha, e, he)

(—1-@ - ﬁ —o0o—n—k— Zle d; K; — dnG,g;kla T 7kT)7
(-n—k—a —p— Zle ¢ K; — NG, gs hl, s ,hr), (—k — 0 — Zle d; K; — dnG,g; klv to 7kr)

(—p —0—n — 25:1 ciK; — CNG,g; hl; T 7h7“)7

LA C
e 4.3)
(lk-a—B—p—0o—3_ (c;+di)K; — (c+d)ng,g;h1 + ki, by + ko), B: D

1
Provided that : Re(1 + ) Zk 7, where Agk) is defined by (1.4) and |argz| < §7TQ
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Re(1+p+a+ Y hiPj+cp) >0,Re(c+1+ B+ kPj;+dp)>0,Re(l+a)>0

=1 =1

Re(1+k+a+2kin+dp) >0,Re(B+1)>0

=1

My, M (1—-z)* (1 +2) M,N
d)(1 —2)’ (1 +2)7Sy" N C NPz‘ZQiyciW"I(Z(]_ —2)°(1+2)%)
xg(1 — )% (1 + x)9

(1-x)" (14 )k 2 oo [Ni/Mi]  [Ni/M.] oo
N( o ZZ o Z 3 oS Kilertd e+ Dncn 4, plasd) (y)
(1-x)" (1 + 2)kr 2, G=1g=0 K;=0 K.=0 k,n=0
2h1+7€121

M,N
(_)gQPini,Ci,T/ (S)$K1 . xKSZn(’ aR n+4:V
BGQ' 1 Uyz:W

2hT+.szr
(-o—B—=0_1dK; —dnggi ki, k), (—=p—a—=3 i K, —cnggihi, - hy)
(-1-0& - /B —p— 0 — k - Zle(c’i + di)Kl - (C+ d)nG,thl + kla e 7h7” + k‘iT')a

(n-k-8 —o =370 diK; —dng g; k1, -+ ,kr), (=k—p—>0i il —cnagsha, -+ hy)

(IIO'—B 27 ldK dnGgakla" 7k7");

LA C
Ce (4.4)
(-lkka— B —n—p— Zle ¢ Ki —eng.gihi, -+ hy),B: D

1 1
§Az(‘k)7r , where Agk) is defined by (1.4) and |argz| < §7TQ

Provided that : Re(1 + f3)

Re(1+p+a+» hiPj+cp)>0,Re(c+1+B+ Y kiPj+dp)>0,Re(l+a)>0

=1 =1

Re(f+1)>0

1— 7§ M. L=o)*(T+a)™\ v e d
e)(1 —a)’(1+ )78y, N, L iy N5 0, (2(1 = 2)°(1+ 7))
Xg(1 —a)% (1 +x)%

(1-x)"1 (1 4 x)k1 2 oo [Ni/Mi]  [Ns/Ms] oo
N . = Z Z Z Z Z 92 ins Ki(eitdi)+(etd)na.o 4, p(ai) ()
(1-x)hr (1 4 x)Fr 2, G=1g=0 K,=0 K.=0 k,n=0
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2h1+klzl
M,N
(— )QQP "Qi.cir (s) K, K..ne. gNm+2 n+3:V
BGq! xl ...x 2 UssiW
ohrte
('n'a_P_ZfﬂCiKi_CUG,géhlf" 7h7')7 (U_ﬁ Zz 1dK dnGgakla" 7k7“)7

(1‘1‘04 +n—k—o— Zle d;i K; — dnG,g; ki,- - 7kr);('a —p—n- Zle CiKi - CnG,g;hb T 7h7“)a

(koo =30 il —dng,gi k1, k), (—a—B—p—n+k—3" K, —cengg;ihi, -+ hy)

(—1+k—0¢ —B—p—0— Zle(ci + di)Ki — (C+ d)ngyg; hi+ ki, hy + k?r)

(la—B—p—0—> (c;+d)K; — (c+dncgih1 + ki, he + k), A C

C (4.5)

(—1—n—p — 0 = Zf:l(ci + dz)Kz - (C + d)nG,g§ hi+ki,---  he + kr)» B:D

Provided that : Re(—1+ o0 +k + Z d;P; —dp) > 0,Re(1+ [+ 0+ Z k;P; + dp) >0
r i=1 r i=1
Re(1+n+p+a+2hin +cp) > O,Re(—p—a—n—Zhin —cp) >0
=1 =1
Re(—l+k—a—a—p—ﬂ—2(hi+k’i)Pj)—(c+d)p>O,Re(—a—B—n+k’) >0
i=1
1
Re(l1+a+ 5 +n) Zk 7, where Aq(:k) is defined by (1.4) and |argz| < §7TQ
e x1(1—2) (14 z)h VN
) (1 —2)’(L+2)7Sy N C ) Np. 0, comr (2(1 = 2)°(1+2)9)
xg(1 — x)% (1 + x)%

(1-x)" (1 + z)k1 24 oo [Ni/Mi]  [Ns/M] oo
N( L Z SOy Z 2Ty Kileotd et Do 4 ples) ()

(1-x)"r (1 4 2)Fr 2, G=1g=0 K;=0 K.=0 k,n=0

2h1+k1zl
noM,N
( )g+ QP ,Qi,ci, r’(s) K, . .TL‘KSZ”G gNm+2 n+3:V
Bgyg! ! sl
Qhrthe
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(o —p= il —enggihy, s hy), (o= B—n= 30 dil —dng.g ks k),

(—Oé -—n—0- Zle d; K — dnG,g; kla T 7kr)>(1+6 +n—p-— k — Zle i K — CT/G,g;hlv T 7h7‘)7

B-a—p=2i cKi—ciggh ), (2= B—0—n+k=37 diK;—dnggky, - k),
(la—k—=F-n—p—0-=3._(ci+d)K; — (c+dng,g;h1 + k1, -, hy + k),

(la=B+k—p—o—37 (e +d)K; — (c+dngg hi+ ki, hy + k), A: C
C (4.6)
((lra=B—p—0—230_ (ci+d)Ki — (c+d)ngg; b1 + ki, he + k), B: D

Providedthat:Re(—U—Oé—n—Zkipj—dp) >0,Re(1—,3+a+k+p+2hin +ed) >0
. i=1 . i=1
Re(l+a+p+ Y hiPj+cp)>0,Re(c+1+n+8+Y kP;+dp) >0
=1 =1
Re(—l—k—i—oc—ﬁ—p—a—Z(hi—Fki)Pj—(c+d)p) >0,Re(—a—p—n+k)>0
i=1

1 1
Re(l1+a+pB+n)>0,largzi| < §A§k)ﬂ' , where Af:k) is defined by (1.4) and |argz| < §7TQ

Proof of (4.1)

7Ms(x1(1 —z) (14 x)dl) §

To establish (4.1), let f () =(1 — 2)?(1 + )7 Sy .
Xs(1 — )% (1 + )%

(1-x)"1 (1 + z)k1 24 00
NS (21— 2)° (1 +2)%) N( ) = erPy () 4.7)
R=0

(1) (14 2)rz,

The equation (4.7) is valid since f(x) is continuous and of bounded variation in the open interval (—1,1),
multiplying both the sides of (4.7) by (1 — x)*(1 4+ w)ﬁ Pyga’ﬁ ) (x) and integrate with respect to x between the
limits —1 to 1, and use the orthogonal property of Jacobi polynomial and the integral (3.1), with substitution we get :

oo [N1/Miq] [Ns/M;] oo

M
Cn=)_ Yooy 222;1Ki(ci+di)+(c+d)na,gA1X

=19g=0 K;=0 Ks=0 k=0
2h1+k1 21
M,N
—\9 )
( ) QP’L»QhCiy'f'/(S) K, K, na.gam+2,n+3:V
BGg' 1 e xS 2 ’QNU54:W
hr+k,
2 rt TZT’

(—(l —pP— Zj:l C’iKi — CNG,g; h17 e 7h7“)7 (_0 - B —n—- Zf:l d’LK’L - dnG,g;kla e 7kr)7

(‘U -—n— Zle dez - dnG,g; kl? T ,kT), (—Oé —p—n-— Zf:l CiKi — aaG,gs hl: e 7hr)7
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(—n—k—p— o — E::l CiKi — C??G7g;h1,' . ,hr), (1 +a—oc+n+k-— 25:1 dez — dT/G,g;kly' .o ,k‘?«>

(_p_g_1_a_ﬂ_Zf:1(Ci+di)Ki_<C+d)77G,g;h1+kla"' 7hr+kr)

kB—p—0o—=>7 (ci+d)K; — (c+d)ng,g;h1 + k1, hp+ k), A: C
C (4.8)
(ktn-p—o =377 (ci + di) Ki — (c+ d)nag;hy + k1, -+ he + k), B: D

Substituting the value (', in (4.7), we get the desired result (4.1).

Remarks: We have the same expansion series with the generalized multivariable I-function, the generalized Aleph-
function of two variables, the multivariable I-function defined by Sharma et al [3], the Aleph-function defined by
Sharma [5] and the I-function of two variables defined by Sharma et al [4].

*Throughout this document, we suppose that : min(c, d, ¢;,d;, hj, k;j) >0,i=1,--- ,s;5=1,---,r

5. Conclusion

In this paper, we have established six general Fourier-Jacobi expansions formulas involving the generalized
multivariable Aleph-function, the Aleph-function of one variable and a class of multivariable polynomials. Due to
general nature of the generalized multivariable aleph-function involving here, our formulas are capable to be reduced
into many known and news expansion formulas involving the special functions of one and several variables.

REFERENCES

[1] Chaurasia V.B.L and Singh Y. New generalization of integral equations of fredholm type using the Aleph-
function. Int. J. of Modern Math. Sci. 9(3), 2014, p 208-220

[2] Rainville E.D. Special functions. MacMillan, New-York (1960).

[3] Sharma C.K.and Ahmad S.S.: On the multivariable I-function. Acta ciencia Indica Math , 1994 vol 20,n02, p 113-
116.

[4] C.K. Sharma and P.L. mishra : On the I-function of two variables and its properties. Acta Ciencia Indica Math , 1991
Vol 17 page 667-672.

[5] Sharma K. On the integral representation and applications of the generalized function of two variables , International
Journal of Mathematical Engineering and Sciences , Vol 3, issuel (2014 ), pagel-13.

[6] Stdland, N.; Baumann, B. and Nonnenmacher,T.F., Open problem : who knows about the Aleph-functions?
Fract.Calc. Appl. Anal., 1(4) (1998): 401-402

Personal adress : 411 Avenue Joseph Raynaud
Le parc Fleuri , Bat B

83140, Six-Fours les plages

Tel : 06-83-12-49-68

Department : VAR

Country : FRANCE

ISSN: 2231-5373 http://www.ijmttjournal.org Page 41



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 36 Number 1- August 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                    http://www.ijmttjournal.org                                      Page 41





