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1  Introduction 

 

Let f  be a 2  periodic function and let ][0,2pLf   for 1.p  Let the Fourier series of f  at x  

is given by  
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 Let )(xsn  denote the nth partial sums of (1.1). We know ([10],p.50)that  
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Let A  denote the sequence of matrices ))((= iaA nk

i
 of complex numbers C  and for a sequence 

)(= kxx  we write  
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k

i
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if it exists for each n  and 0i . We write xA  for 


0=,))(( ni

i

n xA . 
i

nA  is called the generalized matrix mean. 
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The sequence x  is said to be summable to the value s  by the generalized matrix method ( A ) if  

 inuniformlyisxAi

n
n

  ,=)(lim  

and in the case we write  

 ).(Asx   

In the case  

                       










otherwise

niki
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 ( A ) reduces to the method f . If )(== ,knaAA , then we obtain the usual summability method )(A . It is 

significant to note that there does not exist any regular method )(A  equivalent to the method f  (see Lorentz [5] 

Theorems 11 and 12). In this case  

 nk
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 =1)(
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then ( A ) reduces to the almost summability method introduced by King [4]. Thus the method ( A ) provides a 

comprehensive generalized summability method. 

 

 

The method ( A ) is called conservative if  

 )(Asxsx   

and is called regular if  

 .= ss   

The following characterisation of conservative matrices is due to Stieglitz [7].  

 

The method ( A ) is conservative if and only if the following conditions hold:  

                 iandnallforiank

k

    |<)(|   

 (summation without limits is from 0  to  ) and there exists an integer m  such that  
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 (1.6) 

 there exists Cka  such that  
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n

  =)(lim  (1.7) 

 there exists Ca  such that  

 inuniformlyiaiank

kn

  =)(lim  (1.8) 

 The method ( A ) is regular, if further, 1=0,= aak . We write  

 .=)(
0=

k

k

aaA 


  

The method ( A ) is called conull if 0=)(A ; otherwise co-regular.  

 

Compare the following two sets of conditions: (Das [1]) 

There exists a constant 0>K  such that  

 )  ,  (|)(| iallnallforKiank   (1.9) 

 There exists a constant 0>K  such that for each i  
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                            nforallKiank
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and for each n .  
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 (1.10) 

 uniformly in i . 

It may be remarked that since )(iank  is an arbitrary function of three parameters ikn ,,  then neither of 

(1.9) and (1.10) would imply the other. For example if  
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 then (1.9) holds and (1.10) does not hold. But if 
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 then (1.10) holds but (1.9) fails to hold. 

So in what follows we shall write  

                         ||<|=||)(|sup
,
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 to mean that (1.9) holds and the series  
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k

  

converges uniformly in i  for each n . 

 

2  Definitions and Notations 

Modulus of Continuity: 

Let RbaRRA  ],[,=  or T  (which usually taken to be R  with identification of points modulo 

2 ). 

The modulus of continuity )(=),( twtfw  of a function f  on A  can be defined as  
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Modulus of Smoothness: 

The 
thk  order modulus of smoothness [3] of a function RAf :  is defined by 
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 For ),(1,= 1 tfwk  is called the modulus of continuity of f . The function w  is continuous at 0=t  if and 

only if f is uniformly continuous on A, that is )(~ Acf  . The 
thk  order modulus of smoothness of 

 <<),0( pALf p  or of  =),(~ ifpAcf  is defined by  

             0,||),(||sup=),(
<0
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h
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 (2.3) 

 if 1=1,kp  , then pp tfwtfw ),(=),(1  is a modulus of continuity (or integral modulus of continuity). If 
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1=,= kp   and f  is continuous then 
pk tfw ),(  reduces to modulus of continuity ),(1 tfw  or ),( tfw . 

Lipschitz Space: 

If )(~ Acf   and  

                        1<),0(=),( tOtfw                                      (2.4) 

 then we write Lipf  . If )(=),( tOtfw  as  0t  (in particular (1.9) holds for 1> ) then f  

reduces to a constant. 

If  <<),0( pALf p
 and  

                       1<),0(=),( tOtfw p                             (2.5) 

 then we write ,<<0),,(  ppLipf  1<0  . 

The case 1>  is of no interest as the function reduces to a constant, whenever  

                       0as)(=),( ttOtfw p                             
 (2.6) 

 

We note that if =p  and )(Acf  , then ),( pLip   class reduces to Lip  class. 

Generalized Lipschitz Space: 

Let 0>  and suppose that 1][= k . For  <<0),( pALf p , if  
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                                    (2.7) 

 

then we write  

                         ppLipf <00,>),,(*                    (2.8) 

 and say that f  belongs to generalized Lipschitz space. The seminorm is then  
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It is known ([3], p-52) that the space ),(*

pLLip   contains ),( pLLip  . For 1<<0   the spaces coincide, 

(for =p , it is necessary to replace L  by c~  of uniformly continuous function on A). For 1<<0   and 

1=p  the space ),(*

pLLip   coincide with Lip . 

For =1,= p , we have  

                         1=)~(1, LipcLip
                                     

 (2.9) 

 but  

                         zcLip =)~(1,*
                                             (2.10) 

 is the Zygmund space [9] which is characterized by (2.5) with 2=k . 

Holder (H  ) Space: 

For 1<0  , let  

                       )}.(=),(:{= 2


 tOtfwCfH 

                   
 (2.11) 

 

It is known [6] that H  is a Banach Space with the norm ||||   defined by  

                      1<0),(sup||=||||||
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t
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and  
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                     1<0,2   CHH                        (2.13) 

 

H
),( p  Space: 

For 1<0  , let  

                     ,<0:][0,2=),(  pLfH pp   

                    )(=),( tOtfw p                                         (2.14) 

 and introduce the norm 
),(|||| p  as follows  
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It is known [2] that ),( pH   is a Banach space for 1p  and a complete p -normed space for 1<<0 p . 

Also  

                   1.<,0),(),(   ppp LHH                     (2.16) 

 Note that ),( H  is the space H  defined above. 

 

 

For study of degree of approximation problems the natural way to proceed to consider with some restrictions 

on some modulus of smoothness as prescribed in H  and 
),( pH   spaces. As we have seen above only a constant 

function satisfies Lipschitz condition for 1> . However for generalized Lipschitz class there is no such restriction 

on  . We required a finer scale of smoothness than is provided by Lipschitz class. For each 0>  Besov 

developed a remarkable technique for restricting modulus of smoothness by introducing a third parameter q  (in 

addition to p  on  ) and applying q  norms (rather than ,  norms) to the modulus of smoothness 

pk fw ),(   of f . 

Besov space: 

Let 0>  be given and let 1][= k . For qp,<0 , the Besov space ([3], p-54) )( pq LB
 is 

defined as follows:  
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It is known ([3], p-55) that ),(||),(|| qk fw   is a seminorm if  qp,1  and a quasi-seminorm in other 

cases. 

The Besov norm for )( pq LB
 is  
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It is known ([8], p-237) that for 2 -periodic function f , the integral 
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We know ([3], p-56, [8], p-236) the following inclusion relations. 
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 Special cases of Besov space: 
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 for every 0>  with 1][= k . 

 

 

For the special case when )(1,<<0 pLB   space reduces to ),( pH   space due to Das et al. [2] and the 

corresponding norm is given by  
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 which is different from 1|||| f  and )(1

 LB  includes the 1H  space. 

 

3  Main Result 

 

We prove the following theorem. 

Theorem  Let the matrix ))((= , ia knA  satisfy the following conditions  
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4  Additional notations and Lemmas 

 We need the following additional notations  
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 For 1][= k , we have for 1p  
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 Using above equation and definition of 
pk tfw ),( , we have  
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We require the following lemmas for the proof of the theorem. 

Lemma 1  Let  p1  and 2<<0  . If ][0,2pLf  , then for ut,<0  
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)()(=),,( uuutx xtx   , can be written as  

 































(4.2))}()({

)}()({

)}()({

)}()({

(4.1))}()(2{

)}()({

)}()({

=),,(

xfuxf

xfuxf

txftuxf

txfutxf

xftxf

uxfutxf

uxfutxf

utx

 

 

 Applying Minkowski’s inequality to (4.1), we get for 1p  
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 Similarly applying Minkowski’s inequality to (4.2), we get for 1p  
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Case 2<1  . 

Clearly 2=1][= k . By virtue of (1.3) 
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 Applying Minkowski’s inequality to (4.3), we obtain for 1p  
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this completes the proof of part (i) and (ii). We omit the proof of (iii) as it is trivial. 
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by Second Mean Value theorem and by the definition of Besov space. 

Applying Holders inequality  
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 Applying Holder’s inequality 
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 by definition of Besov space. 

Lemma 3  Let 2<<0  . Suppose that  <0  . If 1),(  pLBf pq


 and =q , then  

 )(=||),,(||sup
,<0





 



 uOutt p
ut

 

 Proof: For  ut<0 , applying Lemma 1(i), we have  

 )||),,(||(sup=||),,(||sup

<0
,

<0
,

p

ut
t

p

ut
t

utttutt  







 







 

                          )),((sup4 pk
t

tfwtu    

                          .    ),(= hypothesisthebyuO 
 

 Next for  tu<0 , applying Lemma 1(ii), we get  

 








 







 tufwutt

tu
t

pkp

tu
t

sup),(4||),,(||sup

<0
,

<0
,

 

                           )),((sup4 pk
u

ufwuu    

                           hypothesisthebyuO      ),(= 
 

 and this completes the proof. 

Lemma (4.1). 
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    1.  Let the matrix )(= , iaA kn
 and the kernel )(uK i
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 be defined as in (1.5). Let there exist a positive 

non-decreasing sequence )( n  with 1=1 , then for u<0  
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5  Proof of Theorem  

 Case 1 )<<(1 q  
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We first consider the case <<1 q . 

We have for 1p  and 2<<0  , by use of Besov norm defined in (2.18)for )( pq LB
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Applying Lemma 1(iii) in equation (5.2), we have  
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 By definition of Besov Space, we have  
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 By using Lemma 4(a) in I of (5.6), we have  
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 Applying Lemma 4(b) in J of (5.6), we have 
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 Using (5.7)and (5.8) and we have from (5.6),  
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 By using Besov space, we have  
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 By repeated application of generalized Minkowski’s inequality, we have  
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Applying Lemma 4(a) in '1I , we have  
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Applying Lemma 4(b) in '2I , we have  
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From (5.13), (5.12) and (5.11), we have  
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 Applying Lemma 4(a) in 
1

1J , we have  
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 Applying Lemma 4(b) in 
1

2J , we have 
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 Proceeding as in 
1

2I , we have  
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 From (5.15), (5.16), (5.17), we have  
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From (5.10), (5.14) and (5.18), we have  
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 From (5.5),(5.9) and (5.19), we have  
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 This complete the proof of Case 1. 

Case 2 ( =q ) 
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Now, we consider the case =q  
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Applying Lemma 1(iii), we have  
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 Applying Lemma 4(a) in 
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 Applying Lemma 4(b) in 
IIJ , we have  
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 Proceeding as in '2I , we have  
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From (5.22), (5.23) and (5.24), we have  

   .  ,)(
1

=||)(|| 1

1=

inuniformlyinOOT
k

kk
n

kn

p

i

n 








 










   





 (5.25) 

 Again,  
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 Applying generalised Minkowski’s inequality, we have  
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 Using Lemma 3, we have  
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 Using Lemma 4(a) in 
IIII , we have  
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 Using Lemma 4(b) in 
IIIJ , we have  
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 From (5.28), (5.29) and (5.27), we have  
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 (5.30) 

 From (5.21),(5.25) and (5.30), we have  
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 This completes the Case 2. 

Combining the Case 1 and Case 2, we obtain the proof of the theorem.  
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