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1 Introduction

Let f bea 27 periodicfunctionand let f €L [0,27] for p>1. Letthe Fourier seriesof f at X
is given by

1 a,+ i(an cosnx+ b, sin nx) (1.2)
n=1
Let S,(X) denote the nth partial sums of (1.1). We know ([10],p.50)that
1 ¢r
5,(0)— () == '4,(u)D, (u)du (12)
T
where
o (U)=f(x+u)+ f(x—u)-2f(x) (1.3)
L sin(k + 5)u
D,(u) ==+ cosku= ——2— (1.4)
2 i 2sin ~
2
Ko (u) = D8, ()Dy (u) (15)
k=0

Let A denote the sequence of matrices A' = (a, (i)) of complex numbers C and for a sequence

X =(X,) we write

A= Y%

o0

if it exists for each N and 1 >0.We write AX for (Ai](x))i’n:0 . Al is called the generalized matrix mean.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 42



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) - Volume 36 Number 1- August 2016

The sequence X is said to be summable to the value S by the generalized matrix method (A ) if
lim A (x) = s, uniformlyin i
n

and in the case we write

X —s(A).
In the case
. —— (igk<i+n
a‘nk(l): n+1 ( )
0 otherwise

(A) reduces to the method f . If A=A=(a,,), then we obtain the usual summability method (A). It is

significant to note that there does not exist any regular method (A) equivalent to the method f (see Lorentz [5]

Theorems 11 and 12). In this case
n+i

1
Ak (I) - m;ank

then (A) reduces to the almost summability method introduced by King [4]. Thus the method ( A ) provides a
comprehensive generalized summability method.

The method (A ) is called conservative if
X—>Ss=>Xx—>5'(A)
and is called regular if
s=¢g
The following characterisation of conservative matrices is due to Stieglitz [7].

The method ( A ) is conservative if and only if the following conditions hold:

D lay(i)l< o forall nand i
k

(summation without limits is from 0 to o) and there exists an integer M such that

sup | a, (i) < o (1.6)

i20,n>m

there exists @, € C such that
lim &, (i) = a, uniformlyini (1.7)
n
there exists @ € C such that
lim D 2, (i) = auniformlyin i (1.8)
nok

The method (A ) is regular, if further, a, =0,a=1. We write

S(A)=a->a,.
k=0
The method (A ) is called conull if &(A) = 0; otherwise co-regular.

Compare the following two sets of conditions: (Das [1])
There exists a constant K >0 such that

Z|ank(i) |< K( for all n, all i) (1.9

There exists a constant K > 0 such that for each i
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D la, (i) <K forall n
k

and for each N.

D lay ()< o (1.10)
k=0
uniformly in i.

It may be remarked that since ank(i) is an arbitrary function of three parameters Nn,K,i then neither of
(1.9) and (1.10) would imply the other. For example if

) 1 (k =i, forall n)
a‘nk (I) = .
0 (k=i, forall n)
then (1.9) holds and (1.10) does not hold. But if

.|t (k=0, forall n)
(1) = {o (k >0, forall n)
then (1.10) holds but (1.9) fails to hold.
So in what follows we shall write
sup > | ay (i) [Fll All< o (21)
to mean that (1.9) holds and the series o

212y ()]

converges uniformly in i foreach n.

2 Definitions and Notations
Modulus of Continuity:

Let A=R,R+[a,b]=R or T (which usually taken to be R with identification of points modulo
27).
The modulus of continuity W( f,t) = w(t) ofafunction f on A can be defined as
w(t) =w(f,t)= sup | f(x)— f(y)|,t=>0.

[x=yl<t,
X,yeA

Modulus of Smoothness:

The k™ order modulus of smoothness [3] of a function f : A— R is defined by

w, (f,t) =sup{sup|AS(f,x)|:x,x+khe A}, t>0 (2.1)
O<h<
where t
K (k
Akh(f,x):Z(—l)k"[Jf(xHh),keN. 22)
i=0

For kK =1,w,(f,t) is called the modulus of continuity of f . The function W is continuous at t =0 if and

only if f is uniformly continuous on A, that is f e C(A). The k™ order modulus of smoothness of
fel,(A),0<p<o orof feC(A),ifp=0co isdefined by
w, (f,t), = sup | AL(F,),,t=0 (2.3)
O<h<t

if p>1,k=1, then w(f,t), =w(f,t), is a modulus of continuity (or integral modulus of continuity). If
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p=oc,k=1and f iscontinuousthen W, (f,t)  reducesto modulus of continuity W;(f,t) or w(f,t).

Lipschitz Space:
If feC(A) and

w(f,t)=0(t“),0<a<l (2.4)
then we writt f e Lipa . If w(f,t)=0(t) as t >0+ (in particular (1.9) holds for & >1) then f
reduces to a constant.

If fel,(A),0<p<oo and
w(f,t), =0(t“),0<a<l1 (2.5)
then we write f € Lip(e, p),0< p<oo,0<a<1.

The case « >1 is of no interest as the function reduces to a constant, whenever
w(f,t), =0(t)ast >0+ (2.6)

We note thatif p=oo and f €c(A),then Lip(ex, p) classreducesto Lip a class.
Generalized Lipschitz Space:
Let & >0 and suppose that k =[a]+1.For f el (A),0<p<oo,if

w, (f,1) =0(@*),t>0 27)

then we write
f eLip’ (a,p),a>0,0< p<oo (2.8)
and say that f belongs to generalized Lipschitz space. The seminorm is then

1. =supEw(f.1),).

L (aly)  ag
It is known ([3], p-52) that the space Lip (e, L,) contains Lip(c,L,). For 0<a <1 the spaces coincide,
(for p =00, it is necessary to replace L by C of uniformly continuous function on A). For 0 <« <1 and
p=1 thespace Lip (e, L,) coincide with Lipa .
For ¢ =1, p =0, we have
Lip(1,c) = Lip1l (2.9)
but
Lip'(1,6) =z (2.10)
is the Zygmund space [9] which is characterized by (2.5) with K = 2.
Holder (H , ) Space:
For 0<a <1, let
H, ={f eC, :w(f,t)=0(@t")}. (2.11)

It is known [6] that H  isa Banach Space with the norm || - ||, defined by
| f1,=I fll. +supt™®w(t),0<a<l (2.12)
t>0

I llo=l £ [l

and
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H gHﬂgC2”,0<,BSaS1 (2.13)

a

H (@.p) Space:

For 0<a <1, let
H.p = 1f €L,[0,27]:0< p <o,

(ap)

w(f,t), =0(t)] (2.14)
and introduce the norm || - | ,, ,, as follows

| ||(a'p):|| f ||p +stug)t_“w(f ,t)p, O<a<l (2.15)

£ o=l £, -
It is known [2] that H(a,p) is a Banach space for p>1 and a complete p -normed space for 0 < p <1.

Also

H,n<sHgpcl, 0<f<a<l. (2.16)

Note that H,,  is the space H, defined above.

For study of degree of approximation problems the natural way to proceed to consider with some restrictions

on some modulus of smoothness as prescribed in H , and H(a p) SPaces. As we have seen above only a constant

function satisfies Lipschitz condition for o > 1. However for generalized Lipschitz class there is no such restriction

on o« . We required a finer scale of smoothness than is provided by Lipschitz class. For each o >0 Besov
developed a remarkable technique for restricting modulus of smoothness by introducing a third parameter g (in

addition to p on ¢« ) and applying ¢ -Q norms (rather than ¢, o0 norms) to the modulus of smoothness
w, (f,), of f.

Besov space:

Let @ >0 be given and let k =[a]+1. For 0< p,q <o, the Besov space ([3], p-54) By (L) is
defined as follows:

BA(L,)={fel, | fl, =W(f)luq is finitd

Bg(l_p)
where
- dt\q
() € w (f,1))"—)* 0<qg<w
” Wk ( f l.) ”(a,q) = J.O X P t (217)
supt™w, (f,t),, q = oo.
t>0
Itis known ([3], p-55) that || W, (f,-) ||, o) isaseminormif 1< p,q<oo and a quasi-seminorm in other
cases.

The Besov norm for B (L) is

I

Bg‘(Lp):" f "p + [ Wi (F) ”(a,q) (2.18)
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1
It is known ([8], p-237) that for 27 -periodic function f , the integral (I:(t_“wk(f ,t)p)q %)q is
. dt,
replaced by ( jo (Ew (f,1),)° T)q .
We know ([3], p-56, [8], p-236) the following inclusion relations.

For fixed & and p
B¢ (L,) < BY(L,).q <.

For fixed p and (
BY(L,) cB/(L,), A <a.

For fixed & and (
Bgl(l—p) - Bg(Lpl)l pl < p
Special cases of Besov space:

For q=o0,B7(L,),@>0,p=1 is same as Lip (e, L,) the generalized Lipschitz space and the

corresponding norm || .||Ba(L ) is given by
o p

Il = F I, +supt=w, (1), @19)
ot p t>0

forevery & >0 with k =[a]+1.

For the special case when 0 < <1, BOZ (Lp) space reducesto H space due to Das et al. [2] and the

corresponding norm is given by “

| f ”Bg(Lp):” fll =l £, +Stl;I(E)t_aW(f,t)p, O<ac<l. (2.20)
For a =1, the norm is given by

Il f IIBgo(LprI i, +Stl3(|?t’“Wz(f,t)p- (2.21)

Note that || f ”Bl(L) is not same as | f|,, and the space B;(Lp) includes the space
o p

H(1, p), p=1. If we further specialize by taking p = o0, B, 0 <a <1, coincides with H_, space due to
Prossodorf [6] and the norm is given by

IEll ., =l El=lf ol +supt“w(f,t), 0<a <1. (222)
BOO(LOO) t>0
For o =1, p = oo, the norm is given by
| Tl =|| f ||, +supt™w, (f,t),a=1 (223)
t>0

BL(L,)
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which is different from || f ||, and B.(L,) includesthe H, space.

3 Main Result

We prove the following theorem.
Theorem Let the matrix A = (a,(i)) satisfy the following conditions

sup Dl a, (i) [< (3.1)
ni k=0

Sa,. (i) =1, forall nand i (32)

k=0

and
Z (k+1)|a,, (1) = O(,), uniformlyini.  (3.3)
k=,

where (z4,) is a positive non-decreasing sequence with 4 =1. Let

O EETSNEWO BN (2.4

i20 k=p

Let 0<a <2 and 0<p<a.If feBi(L)), p=1and 1<q<co and let t!(X) be the A
-transform of the Fourier series of f, that is,

G =t (f0=a,, ()s,(X)

Then
Case 1(1<q <o)
1
1-=

a |7 q

1-= a1

ITIO 1 +0(y/(n))§n:M uniformlyini.

B (L, )" a-pt — a—ﬂ—%

;un ‘ ﬂk

Q|

Case 2 (g = )

IT Ol = [ﬂl}ﬁ)+0(w(n))i((/‘l;1a—_;‘k)j,uniformlyini.

4 Additional notations and Lemmas
We need the following additional notations

¢(X,t,U) :{¢x+t(u)_¢x(u)a O<a<l
¢x+t (u)+¢x—t (u)_2¢X(U), 1<a<?2
For kK =[a]+1, we have for p>1
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w (f,t),, O0<ac<l
w, (f,t), =
w,(f,t),, l<a<2
Let
T'I(x+t)-T!(x), O<a<1
TI(X)=<T/(X+t)+T/(x-t) 1<a<?2
- 2Tni (X)!
Using above equation and definition of w, (f,t) , we have
w, (T, 0, =1 T GOl
We require the following lemmas for the proof of the theorem.
Lemmal Let 1<p<oo and 0<a<2.if f el [0,27] thenfor 0<t,u<rz

)l ¢, tu) [ < 4w (f,1),
()l ¢C.t,u) ||, < 4w, (f,u),
(il @) I, < 2w, (f,u),,
where k =[a]+1.

Proof: Case 0<a <1.
Clearly kK =[a]+1=1. By virtue of (1.3)

#(x,t,u) =@, (u)— ¢, (u), can be written as
{f(Xx+t+u)— f(x+u)}
+{f(x+t—u)—f(x—-u)}
2f(x+t) - ()} (4.1)
p(x,t,u) =< {f(x+t+u)— f(x+t)}
H{f(x—u+t)— f(x+1)}
—{f(x+u)- ()}
—{f(x=u)-f(x)} (“4.2)
Applying Minkowski’s inequality to (4.1), we get for P >1
FeCtwll, < fe+t+u)=fC+u)ll, + fE+t-u)-F(C-u)l,
+2[ f(+0)-f0Ol,
<4w(f 1), 0<a<l
Similarly applying Minkowski’s inequality to (4.2), we get for p=>1
It u)ll,< 4w (F,u),.

Case 1< <?2.
Clearly K =[ax]+1= 2. By virtue of (1.3)

p(x,t,u) =@, (U)+¢, ,(u)—24,(u), can be written as
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{f(x+t+u)+ f(x+t—-u)—2f(x+t)}
+{f(x—-t+u)+ f(x—t—u)—2f(x-1t)}
“2{f(x+u)+ f(x-u)-2f(x)} (4.3)
{f(x+t+u)+ f(x-t+u)—2f(x+u)}
+{f(x+t—-u)+ f(x—t—u)—2f(x-u)}
“2{f(x+t)+ f(x-t)-2f(x)} (4.4)
Applying Minkowski’s inequality to (4.3), we obtain for p>1
| oG tull, <l fFE+t+u)+ FC+t—u)=2F(+1)],
+[| Fe—t+u)+ f(—t-u)-2f(-1)|,
+2| fC+u)+f(-u)-2f0) |,
<4w,(f,u),

Using (4.4) and proceeeding as above, we get

¢C.tu) [l < 4w, (F,1),
this completes the proof of part (i) and (ii). We omit the proof of (iii) as it is trivial.
Lemma2 Let 0<a <2.Supposethat 0< f<e.If feB/(L,),p=1,1<q<oo,then

o(x,t,u) =

1

o[ 1K )|(j TORSTs o gy _0(1){1 (e 1K} () [ ‘1du}q

-t
q

t

i [ 1K )I{j W(t%)”dt du =0(1) jo”[u“mqlK;(u)qu_ du

where K!(u) is defined as in (1.5).
Proof: Applying Lemma 1(i), we have

[ )|(j g ’u)”pdt]
=0} 1K (u )I(I (Wk(tf t) oo J

—O(l)I|K(u)|u(“ﬁ)d U TR

=0(1) jo | K (u)|u“?du

by Second Mean Value theorem and by the definition of Besov space.
Applying Holders inequality

=0(1){j(||< y|ue?) —1du} (j 19du )
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= o(1){ INESOITSE s du} K

For the second part, applying Lemma 1(ii), we get
lgC.tu)lly )
j|K()|dU — et

=0 1K@l (f 0,0 [ 5|

= O() [ 1KA () | (F,u),udu

w, (f,u B
_0(1)j Mu K/ (u)|du
u "
Applying Holder’s inequality
1 o -y
w, (f,u VW oo apes
_0(1){I (Mj d_u} J' u 9K (U)|] du
u“ u 0
1
q

=0(1) jo”[u“‘ 4K (u)|} 1olu

by definition of Besov space.
Lemma3 Let 0<a <2 Supposethat 0< S <a.If feBy(L,), p>1 and q=co,then
sup t7 || ¢(.t,u) [|,= Ou™7)
O<t,usrz
Proof: For 0 <t <u <7, applying Lemma 1(i), we have
sup T “llgC,tu)ll,= sup t* P oGt ull,)
0<t<u<7r 0<t<u<7r

<4u“’ sup (t*w, (f,1),)
t

=0(u“”), by the hypothesis.
Next for O <u <t <7, applying Lemma 1(ii), we get
sup t 7| gt u) ||, < 4w, (F,u), sup t”
O<u<t<7[ 0<u<t<7r

<4u“”’ sup (U, (f,u),)

=0(u“”), by the hypothesis
and this completes the proof.
Lemma (4.1).
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1. Letthematrix A=a,, (i) andthekernel K| (U) be defined asin (1.5). Let there exist a positive
non-decreasing sequence (g,) with g4 =1, thenfor O<u<rz

K! (u) = O(z, ), uniformlyini.

2. Let w(n)=supy . [a,, (i)=a,,,, (). Thenfor O<u<r,

K!(u) = O(u 4w (n)), uniformlyini.

Proof. (a)From (1.4), we have
1 Kk
| D, (u) || ot > cosvu|
v=0

<k+1 (4.1)
Then

Ki@E Y [2, ()D, ()]

<312, 1 (+1)+ 3 a,, @) (k+1)( by using (4.1)

k=yn

< O(yn)supﬁl a,, ()] + i la,, (1) | (k+1)(Since i |a, (1) | (k+1) = O(u,), uniformlyini)

k=yn k=yn

=0(u )+O(n, )
=0(u,), uniformlyini.
(b)Applying Abel’s transformation, we have

kZi‘;an,k(i)sin(k +%)u

= O(Ul)i | anyk (I) - an,k+1(i) |

= O(u 'y (n)), uniformlyini.
from which it follows that

K} (u) = O(u %y (n)), uniformlyini.

5 Proof of Theorem
Casel (1<q<m)

Since t' (X) denote the transformations of the Fourier series f , we have

600 = Y, (s, (9 6

= S, 2 [4,0)D,@du+ 19 Gy (1.2)
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= 3, ([ 4.0)D, @)du+ Ta,, () (0

h\

(Zank(')D (U)j¢ (u)du + f(X)Zank(l)

I
é\ll—\

Now,
(5.2)

T00 = [ WK W

where we write
(5.3)

Ta () =1, (x) = f (x).

We first consider the case 1< < .
We have for p>1 and 0< 8 < < 2, by use of Besov norm defined in (2.18)for Bf(Lp) is

I f IIBg(LprI flly +lw(f)leq 64
ITaON s =T Ol + 1w (T3 ) (5.5)
By (Lp)
Applying Lemma 1(iii) in equation (5.2), we have
i 1 i
1T () II,JS;I0 ¢ Ul Ky (u)|du
1 4 i
S;L 2w, (f,u), | Ki(u)|du
2 T i
=;L|Kn(u)|wk(f,u)pdu

Applying H O lder’s inequality, we have

L 1
q q
i 2 e i (“é ﬁ = W (f,u) q
IT Ol S [ K@ e | dup [ ==—=2 1 d
u ¢
By definition of Besov Space, we have

1
1-=
q q

1T, 1,<O0() L”@ K (u)] uquq- "

1
1-=
q a q

= 0(1) Ij{|K;(u)|ua+qu_ldu + j’;[m;(u)w“*qJ du

Hn

=0[1+J] (say) 56)
By using Lemma 4(a) in | of (5.6), we have

Page 53
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| :{Ifnq K;(u)|u“*“>“du} q

T

1
T (ael) L “a
=0(u,) Lﬂnu 9 du

1
L2 %(aﬁ—l)—l “a
=0(u,) Iﬂnuq du

0

= O[ia] uniformlyin i.

(5.7)
Applying Lemma 4(b) in J of (5.6), we have

J= ﬁ{l Ki (W) u“”}“du}
=O(w(n)\ J‘Z[Umqjq_ du}

- o) [ [u] du

n

— O(lﬂ(n)) Z (/uk+l — /uk)

1
k=1 (a*a)

Hy

, uniformlyin i.

Using (5.7)and (5.8) and we have from (5.6),
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|
o

IO, = O[ﬂi] Lol m) Y] Pea =t

k=1 (a*a)

Hy

By using Besov space, we have

W (T2 l5.0= {Lﬂ(t'ﬂ w, (T, t) p)q %}

1
_(" Wk(Tni’t)p th !
2 s

From definition of W, (T,',t) o We have

Q|-

w, (T, 1), = T GO,

ANTIGON, Y dt |
< f[t—ﬂJ T
- {[|T(xt)|def gtl]

By repeated application of generalized Minkowski’s inequality, we have

Il w, (rn') ”ﬂ,pS% _[:{L”U:W(X’LU) I°| K;(U) K dx)de}

)

éill—\

LI c@nsctn, of

t

Lo o IS dt |
-2 o[ 50

) H ol ‘15(“'U)KL(U)du‘pdx}”tg'TE1

dt
ﬂq+l

L AP )
<] |Kn<u>|du(jo T—J

g

q-1

t
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Lo NI dt I #C.tw) I dt
s;]omn(undu{joT } j|K<)|d{Jt—t}

1
a \'q

=0(1) { [y ue )qqldu} o L(' K ()| uaﬂ+‘l‘Jq_ldu
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Applying Lemma 4(a) in 1,", we have
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Applying Lemma 4(b) in |,", we have
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Let h(u) = (U*”*)%" and H(u) be aprimitive of h(u), then
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From (5.13), (5.12) and (5.11), we have
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Applying Lemma 4(a) in Jll, we have
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Applying Lemma 4(b) in J ; we have
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Proceeding asin I, we have

1,1 gq-1
n _ q
AE=0pmyy. % ,uniformlyin . (5.17)
k=1 a=P=y
o
From (5.15), (5.16), (5.17), we have
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From (5.5),(5.9) and (5.19), we have
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This complete the proof of Case 1.
Case 2 (g = 0)
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Now, we consider the case ( = oo

ITe Ol s, FNTI O, + W (T3 .0 (5.21)

B
B (Lp)

We know T/ (X) = 1 [ "6, (U)K (u)du.
T 90
Applying Lemma 1(iii), we have
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Applying Lemma 4(b) in J", we have
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Proceeding asin 1", we have
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From (5.22), (5.23) and (5.24), we have
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Again,
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Applying generalised Minkowski’s inequality, we have
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Using Lemma 3, we have
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From (5.28), (5.29) and (5.27), we have
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From (5.21),(5.25) and (5.30), we have
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This completes the Case 2.

Combining the Case 1 and Case 2, we obtain the proof of the theorem.
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