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Abstract: In this paper, we apply theextended (%)
expansion methodfor solving the Burger's equation,
the Korteweg-de Vries-Burgers (KdV) equation and
the Lax' fifth-order (Lax5)equation. With the aid of
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1. Introduction

Mathematical modeling of many real phenomena
leads to a non-linear ordinary or partial differential
equations in various fields of physics and
engineering. There are some methods to obtain
approximate or exact solutions of these kinds of
equations, such as:ithe extended tanh-function
method[1-4],the sub-equation method [5,6], the
Béacklund transform method [7], the Exp-function
method [8-17], the simple equation method[18-19],
the extended multiple Riccati equation [20],,the
Jacobi elliptic function expansion method [21-25],
the modified extended tanh with fractional Riccati
equation[26-32],the Fractional sub-equation
method[33-36], the sine-cosine method [37-39], the

(%’)—expansion method[40-44],the (%’,é)—expansion
method [45-47],the modified simple equation method
[48-50],the Kudryashov method [51-53],and so on.

In this paper we have considered the
followingNPDEs

(ID- Burger's equation
U — Uy —auug = 0. (1.2)

(ID)- Generalized Burgers-Kdv Equation

Up + pu™uy + qugg — Mgy = 0. (1.2)

(I)- Lax' Fifth-Order (Lax5) Equation
Up + Uggxxx + 10Uk + 20uyuy, + 30u?u, = 0.(1.3)
This paper is arranged as follows: In Section 2, we
give the description for main steps of the extended

(%’)—expansion method. In Section 3, we apply this

method to finding exact solutions for the

equationswhich we stated above.

2. Description Of Extended (%)-Expansion
Method

Consider the following nonlinear evolution equation,
say in the two independent variables x, t

P(u, Dy, Dy, D2y, D3y, ...) = 0.(2.1)

Where Pis a polynomial in u(x,t) and its partial
derivatives in which the highest order derivatives and
nonlinear terms are involved. In the following, we
give the main steps of this method: [40-44]

Stepl. Using the wave transformation
ux,t) =u®), E=kx+ct, (2.2)

where cis a constant to be determined later. Then
equation (2.1) becomes a nonlinear ordinary
differential equation

Q(uu’,u”,u",..)=0, (2.3)

whereQis a polynomial of u and its derivatives and
the superscripts indicate the ordinary derivatives with
respect to & If possible, we should integrate  Eq.
(2.3) term by term one or more times.

Step2. Suppose the solutions of Eq. (2.3) can be
expressed as a polynomial of (%) in the form

W@ =31 e (9), @4

where a;(i = 0, 1...,M) in Eq. (2.4) are constants to
be determined later. The positive integer M in Eq.
(2.4) can be determined by considering the
homogeneous balance between the highest-order
derivatives and nonlinear terms appearing in
Eq. (2.3). More precisely, we define the degree of
u(€) as D[u(€)] = M which gives rise to the degree
of other expressions as follows:
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D[%]:M

{D [up (%S)S] = Mp +s(q+ M).

Therefore can get the value of M in Eq. (2.4)

(2.5)

If M is equal to a fractional or negative number we
can take the following transformations: [54]

1- When M = %(where M= % is a fraction in lowest
terms), we let

w® = v,  (26)

Substituting Eg. (2.6) into Eg. (2.3) and then
determine the value of M in new Eg. (2.3).

2- When M is a negative integer, we let

u(®) = v"(). (2.7)

Substituting Eq. (2.7) into Eq. (2.3) and return to
determine the value of M once again.

The function G = G(§) in Eq. (2.4) satisfies the
following second order linear ODE:

G"(®) +AG'(®) + uG(®) =0, (2.8)
where A and p are real constants to be determined.

Step3. Substituting Eq. (2.4) along with Eq. (2.8),
into Eq. (2.3), collecting all terms with the same

order of (%’) together, and then equating each

coefficient of the resulting polynomial to zero, we
obtain a set of algebraic equations for a;,c,u, AK.
Then, we solve the system with the aid of a computer
algebra system, such as Maple, to determine these
constants. On the other hand, depending on the sign
of the discriminant(Q = A2 — 4p), the general
solutions of Eq. (2.8) are as follows:

ﬁ clsinh(%)ﬂrzcosh( a E) _ E,Q S 0’
2 clcosh(%§)+czsinh o E) 2

(%) = ﬁ(Clsin(?§)+c2cos<\i—aZ)> B K’ Q<o (29)
2

— A=
2 cy cos(%§)+czsm<%z)

[=

R

c, A? _
ci+8c, 2 A =0,

wherec;; c,are arbitrary constants. Then substituting
a;, ¢, W, A, and k along with  Eq. (2.9) into Eq. (2.4),
we get the solutions of Eq. (2.1).

3. Applications

3.1-Exact solutions of the Burger's equation

du 9%u ou __
S —aus-=0. (3.1)

In [55], the author solved Eq. (3.1) by the tanh- coth
method and established some exact solutions for it.

Now we will apply the extended (%I)-Expansion

Method to Eq. (3.1). To begin with, suppose the
u(x,t) = u(®),E =x—ctwherec is an arbitrary
constant to be determined later, to convert the Eq.
(3.1) into the following nonlinear (ODE)

2
Cd_“+d—u+auj—:=0, 0<a<1.32)

Integrating (3.2) once with respect to and neglecting
the constant of integration, we have

du u?
cutgtas = 0. (3.3)

Balancing ( ‘;—‘E‘ ) with (u?), we obtain (M = 1). Thus
Eqg. (3.3) becomes
N1 '
u® =a_ (%) +ag+a, (%)(34)

Using Eq. (3.4) along with Eq. (2.8), we derive:

du G’ ‘ZH G\~
a ~ H1\G -1

o (& (€)' 2 (5 609

Substituting Eq. (3.4) and Eqg. (3.5) into Eqg. (3.3),
collecting the coefficients of powers of (%) and

setting them to zero, we obtain the following system
of algebraic equations involving the parameters
a;, i = 0,1),A, pand c as follows:

G\* 1,
< :Eaao+ pa_; =0,

G\
<E> 1ca_q +Aa_q +aaga_q
¢\’ 1
(E) taa;a_q +a_q +cag—pa; + Eaa% =0,

G\'
(E) 1aaga; —Aa; +ca; =0,

G'\? 1
T :—al+§aa1=0.

Solving this system by Maple, we have the following
two sets solutions

A+ /R — 4 2
Sl: a—lzo'aoz lalzg

_ _er _
S, = 3—1—?,30— ,a; =
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Substituting the solution set S; along with Eq. (2.9)
into Eq. (3.4), we have the solutions of Eq. (3.1) as
follows:
WhenQ = A2 — 4p > 0, we obtain the hyperbolic
function travelling wave solutions:

u, (x,t) =

+- =)
a a 2<c1cosh< (x— ct)>+czsmh< (x— ct))) z
In particular, by setting c, = 0,A=0andc; # 0in
Eqg. (3.6), we get

ug G 0) = £ 258 4 2R pan (V=iiGx - e0),(3.7)
while, if we setting ¢, = 0,A andc, # 0 in Eq. (3.6),
we get

uy2(00) = + 28 4 258 coth (y=(x — ¢).(3.8)
WhenQ = A2 — 4p < 0, we obtain the
trigonometric function travelling wave solutions:
u,(x,t) =

. [V=a V=a
A+va 2 \/ﬁ(—clsm(T(x—ct)>+c2cos<7(x—ct)))
a a 2((:1cos(v?(x—ct)>+czsin(@(x—ct)))

In particular, by setting c, = 0,A=0andc; # 0in
Eq. (3.9), we get

Uy (5, 8) = £ 258 - 2R pan (V= — e)),(3.10)
while, if we setting c; = 0,A = 0 andc, # 0 in Eq.
(3.9), we get

U206 ) = £ 2 4 B or (=G — ).(3.10)
Similarly, For S,:
WhenA? — 4p > O,we obtain  the
function travelling wave solutions:
u(x,t) =

Va (clsmh <‘/— x- ct)) + c,cosh (‘/— x- ct)>>

(3.6)

-213.9)

hyperbolic

£ 2
2 (clcosh (? x- ct)) + c,sinh <\/2—ﬁ x- ct)))
\/ﬁ(clsinh(v2 §)+c2cosh (x—ct) )
— ( ) -21612)
2<c1cosh< (x— ct))+czsmh( (x— ct)))
In particular, by settingc, =0,A=0,u <
O0and c, # 0 in Eq (3 12) we get
u1(x,t) = tanh (1/ u(x — ct))
¥coth(\/——(x—ct)), (3.13)
WhenA? — 4p < 0, we obtain the trigonometric
functions travelling wave solutions:
u(x,t) =
4/—u

a
V=0 (—clsin (@ x- ct)) + c,cos <? x- ct)))

2
2 (clcos (@ x- ct)) + c,sin <? x- ct)))

’

m(—clsin<ﬂ(x—ct))+czcos(ﬂ(x—ct)>>
2 2 2

2<c1cos<@(x—ct))+czsin(@(x—ct)))

¢ =0A=0pu>

(3.14)
In particular, by setting
0 andc, # 0 in Eq. (3.14), we get
U, (x,t) =
+ 47‘/_” — 2T\/_utan(ﬁ(x — ct)) + 2T‘/_“cot(ﬂ(x — ct)).
(3.15)
3.2-Exact Solutions of the Generalized Burgers-
Kdv Equation

U + pu™uy + qugg — Mg, = 0. (3.16)
where p, q and r are real constants, while m €
Q.This  equation incorporates  the KdVv
equation(m = 1,q = 0), Modified KdV equation

(m = 2, = 0), generalized KdV equation
(g = 0), Burgers equation (m = 1,r = 0),
modified Burgers equation (m = 2,r = 0),
generalized Burgers equation (r = 0),and the

modified Burgers-KdV equation (m = 2), which
are integrable. These equations are widely used in
such fields as solid-states physics, plasma physics,
fluid physics and quantum field theory. In [56], the
authors solved Eq. (3.16) by extended tanh method
and established some exact solutions for it. Now we

will apply the extended ( ) Expansion Method to

solve Eq. (3.16). To begin with, suppose that

u(x,t) = u(®),& =x—ct,(3.17)
where cis an arbitrary constant to be determined
later, the equations above converted into the
following ODE

—cug + pumuE + qUgg — Iugge = 0(318)

By Integrating Eq. (3.18) and setting constant
integration to zero, we get

_ P m+1 I
cu+——u™" +qu’ —ru” =0. (3.19)

1
Balancing u’’ with u™*! gives M = %.To obtain a

closed form analytic solution, the parameter M
should be an integer. To achieve this goal we use a

transformation formulau(E)zv%(E). This Eq.

(3.19) becomes
2r

—cv? +— V + —;VV 2r@- m)( N2 =

0.(3.20)

Balancing vv"’ with v* gives M = 1.Consequently,
Eq. (3.20) has the formula solution:

u® = ap+a, (&) +b_, (£)321)

Using Eqg. (3.21) along with Eq. (2.8), we derive:
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0

N2

vmpan () (€ + G mran (€)' -
1 G,Z
) —a (%) 622

11_22 E_3+3}\ E’_2+
U = zap"a_q G pa_q G
G\ 6"\’
(a_1A%2 + 2pa;) 3 + (Aa_; + a;Ap) T

+Qau+an) (£) +3a4 (L) + 20, (€)' 3.23)

Substituting Eqg. (3.21), Eq. (3.22) and Eq. (3.23) into
Eq. (3.20), collecting the coefficients of powers of
I i

(%) and setting them to zero, we obtain the
following system of algebraic equations involving
the parameters a;, b;and ¢ as follows:
72rm2a0a17»;.172r1naoa17\.u72rma n +2rrn2a 1.12
a_, lz +16ra
+2qm2a0a 1 —20m3a1a 1 —2cm2a1a p F2rmTal,

2 3.2 2 4 2.2
—2rma’; —cm a0—4ra1u +pm a;, —cm”a,

2.2
lJr6pm aja’;

2 2

Jr8ral a71u+2qma0a7

—2rma0a

2 2
—1l6rm a, a_lu—4ra_

—2qma0a1;.1—2rm a a_ A —8rm a1a_17\.2
—2qm2a0a]u+12pm2a§ala_]

=0,

—8ra 7\+2qma —2cmaa +4pm aoa

—16rm? aa_ A+ 12pm? aOa]a 1 6rma217»

Jr2qma0a717L+16ra1 7lku74rm a,a 71u72cm2a0
17‘2

L A=0,

a

—4rmaja 1p+2qm2a a_A—2rmaja

72rma }x +2qma +2rma

8ra1a_1u2—6rma0a Ap— 4ra 7\. +2qma 7»—8ra21p

+2qm apa_ 1u— 6rm’ aya_

2,22 32
+6pm ajal; —cnma

2
M.L 4rma’ 7\. —8rma’ u
-‘:—4pmaa3l
(A=0,

l—cma

—8rm? aa 1” +2qmaja_ 1p.L-i-qu a

4pm2a(3)a1 quma?uf4rm2aOalu 2qmaga, A—2cm’ a2,

72rm2a0a1 7b272rmaoa11 2 —16rm? a, a717»+2rm alku
2 2.2
+16raja_ A —4rmaja p—6rmajAp+ 12pm_a aja_,

72qmzafuf8ra??\p,72qm2a0al?»72cm3a0a1 =0,

—8rma%p.—4rma%7»2—2qm2a%7x-‘r4pm2a§a_l —cm3a%
+8ra_;a, —8rm2a Ia] —2qm2a()aI —6rm2aoall—8raf].
—6rma0al —cm’ a —4ra 7» +6pm a a

—2qma%7»:0,

—2qmaga,

-2rm? a ].L —6rma’ 1“’ -‘rpm a —4ra 1“’ =0, 4p1n aoa

—2qma —4rm? aoal a1—8ra17»

2 rm? alk 0,

lOrmalk —4rma,

72qm a1

74rma0a71p2 — IOrma%lkuermza%lku+2qm2a%1u

—4rm2a a_, u2—8ra2_ lu+2qma2_lu+4pm2a0a3_1:0,

2rm’ a —61rma1 —41ra1 +pm a1 0.

Solving thIS system by Maple, we have the following
sets solutions

Sy

= {a_l = 0, dg

_ (qm + ram + 4r)\)\/2pr(m2 +3m+2)

- 2pmr(m + 4) ’

2pr(m?2 + 3m + 2
2y = \2pr( ),A _
pm
_ (@®m® —r’m?A% — 8r’mA* — 16A%*r?)  2(m +2)q”

n= r2(m? + 8m + 16) e= (m + 4)2r

q?my/2pr(m? + 3m + 2)
52 = {3_1 - 16pr2(m? + 8m + 16) ’
(gm + rAm + 4r}\)\/2pr(m2 +3m + 2)
2pmr(m + 4)
J2pr(m? + 3m + 2)
pm '

dg =

»

a; =

(q*m?) 2¢%(m + 2)

A=hp=-—

16r2(m2 + 8m + 16) '
Substituting the solution set S; along with Eqg. (2.9)
into Eq. (3.21), we have the following solutions of
Eqg. (3.16) as follows:

WhenQ = A2 — 4u > 0, we obtain the hyperbolic
function travelling wave solutions:

u; (x,t) =

Jﬁ(clslnh( (x— ct)>+czcosh< (x— ct)))

A
tapta -
2<c1cosh< (x— ct)>+czsmh( n(x—c'c)))
In particular, by setting c, = 0 and ¢; # 0 in Eq.
(3.23), we get

up(x,t) =
q m2+3m+2 "
im “or (1 + tanh( —Zr(m+4-) (x— ct)>>
(3.25)
while, if ¢, = 0and ¢, # 0 in Eq. (3.23), we get
u1,2 (Xl t) =
q m2+3m+2 "
_m T(l +C0th< or ( +4) (X— Ct)))
(3.26)
Where ¢ = 2m+2d”
(m+4)?r
WhenQ = A2 — 4u < 0, we obtain the

trigonometric functions travelling wave solutions:
u; (Xl t) =
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gl

m<—c1sin(@(x—ct)>+czcos<@(x—ct)>>

(3.27)
2<c1cos(@(x—ct))ﬂ:zsin(@(x—ct))) z
For S,:
WhenQ = A% — 4p > 0, we obtain the hyperbolic
function travelling wave solutions:
uz(x, ) =

Va (clsinh <g x- ct)) + c,cosh (? x- ct)>>

A
5|
2 (clcosh (? x- ct)) + c,sinh (i—ﬁ x- ct)))
R
\/5((:1sinh(?(x—ct))+c2cosh<§(x—ct))>
+a_, p -z
2<c1cosh<vz—n(x—ct))+czsinh(g(x—ct))>
(3.28)
In particular, by setting c, = 0 and c¢; # 0 in Eq.
(3.27), we get
(% 0) = +11( 2 + tanh | £ —b (x— ct)
us(x,t) =+ an trm T4 X—C
mq "
+coth <i vy x- ct))) (3.29)
WhenQ = A2 — 4u < 0, we obtain the
trigonometric functions travelling wave solutions
Uy (X’ t) =
V=0 (—clsin <@ x- ct)) + c,cos (@ x- ct)>> A
2
2 (clcos <@ x- ct)) + c,sin <@ x- ct)))
- 1
m(—clsin(@(x—ct))+czcos(%(x—ct)>>
+a_; — -3
2<c1cos<@(x—ct))+czsin(%(x—ct)>>
(3.30)

_q m2+3m+2
Where I1 = — /7&“ .

3.3 -Exact Solutions ofLax" Fifth-Order [(Lax5)
Equation
U + Uggxxx + 10UUgyy + 20U,y + 30u?u, = 0.(3.32)
This equation solved by [57] by Adomian
decomposition method, [58] by extended tanh
method, modified [59] by Hirota’s bilinear method
and established some exact solutions for it. Now we
will apply the extended (%)—Expansion Method to
solve Eq. (3.16). To begin with, suppose that
u(x,t) =u®),&=x—ct
where cis a constant to be determined later.
Substituting Eqg. (3.31), we get the following (ODE)
—cu’ +u”" + 10uu’”’ + 20u’u” + 30u?u’ =
0.(3.33)
Balancing u’"""" with u’u”, in the Eq. (3.33), we have
M = 2. Thus Eq. (3.33) has the formula solution:

u@® =a_, (%’)_2 +a_; (%)_1 +ag+a; (%’) +
N2
2 (%) (3.34)
Using Eq. (3.34) along with Eq. (2.8), we derive:

d
d_ﬁu(é) =—2a2Y3 -|—(—a1 —2a27») Y2+ (—aﬂ»—ZaﬂL)Y-ﬁ-afl

a_ A+2a, 2a_ ,A+a U 2a_,u

_31H+ P
Y Y? Y3

& —6a, Y 2 3 » 22
d—ézu(ﬁ)féaz +(10a,1 +22)) Y + (32,1 + 4a,

+8a2u) Y2 + (alkz+2a1u+6azku)Y+alku+2a2u2
6a72)n+2afl},t+ail?\.2
Y
42,2  +3a Apu+8a,u 2a 1’ +10a,Ap
+ +

+a_ A+2a,+

Y? Y?
2
6a_, W
i 2

I

& 5 2
d_éu(&) =-242,Y* + (-6, — 542,) Y* + (40,11 — 38,1
—lZaIX)Y3+(—8a213—52a2ku—7alk2—8alu)Y2
+ (140,07 —8a Ap—162,1° —a,2°) Y — 62,44
—alkzu-‘ra_lkz—2a1p2+6a_2l+2a_1p
14a72k2+16a72u+a717»3+8a71ku

+ Y
2 2 3
N 8a_ W +7a A u+52a ,Au+8a A
v
2 2 2
12a_ Ap" +38a A u+40a_,pu
+
V3
3 2 3
6a_ W +54a A p N 24a_
v Y
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;—;u(g) = 1208, Y° + (3362,A +242)) Y* + (3302,2°
+240a, 1+ 602, ) Y* + (50,27 + 1302, 2° + 4402, A
+40a, 1) Y? + (2322,° j+ 602, A+ 150, 2° + 162, 1"
+1362,1° ) Y2 + (162, 1 + 222,27 + 2, A" + 1200, 27
+302,0° 1) Y+ 142,71 + 142,07 +a_ 2" +a A0
+16a 0+ 162,10 +8a Ay +8a Ay
. 30a,0° +22a M pta At +16a 1 +120a ,Ap

Y
+ %(15@] W u+232a 270+ 136a 1 +16a 4"

2
+60a_, Ap’)
2 3 3 2 2
440a_,Ap” +40a_,w +130a_,A p+50a_ A p
+ -
. 60a_ A’ +330a 2"’ + 240a 0’
v*
4 3 4
24a_ 1 +336a_,Au 120a_,u
+ . + ,
Y \'&

d—su(é) =-720a, Y + (-24002, — 120a,) Y* + (—1680a2p.

—30002,2” —360a, 1) Y + (~17102,2° — 2402, 1
—3960a, A —390a, °) Y* + ( -480a, Apu — 31042,2%
—422a, %" — 1802, " — 12322,1%) Y + (136, 1’
—32a,8" —292a, 27 p — 314, 1" — 17120, 247
3 2 5 3 3

—8842,° 1) Y2 + (-2, 20 — 520, A’ p — 2720,
— 5842, 1’ " — 62,0 1 — 1362, Ay’ ) Y + 16a_ 1
+a A+ 1208, A0 — 1200 A1 + 220 A0 p — 160,
+30a,0° —a A u— 220717 — 300,07

1 2 2 2 5
+ 5 (584, 7+ 1360 A 272050 +ayk

+62a 3" +52a 27 ) + %(136:1_1;3 +32a,0°

+31a A p+ 17120 000 +202a A0 +884a,2x3u)
+ (4800, A’ + 123201’ + 4220, 0" p
%

+180a_, A’ 1’ +3104a_, 27 1%)
4 3 2 3 2 3
240a_, 1t + 17100, 27 1 +3960a_, Ap’ +390a A7
+
vt
. 1680a_,p* +360a_, Au* +3000a 2"y’
Y5
4 5 5
2400a ,apt +120a 1’ 720 ,u
-
Y® Y

Where Y = (%’)
Substituting the function uand its derivatives into
the Eq. (3.33), setting the coefficients of (%),(i =

0,1,2,3,4) to zero, we obtain the following system
of algebraic equations:

G' -7 5 27 3 3
G :720a_,u +480a”, 1 +60a’,u=0,

G\*® 2 4 2 2
ey :150a_ a’, 1L +2400a_,Ap + 118027, A u

3 3 5
+500a_ja_,u +60a727»+ 120a_,u =0,

-5

G' 3 3 4 2

(E) :240aya_, W +60a’, +1680a_, 1 +150a_, a7,
2 3 2 2 2

+100a”, W +1180a_1a_27\,u +120a”,a_,u+120a,a”, 1

2 3 2 A2 2 2 4
+3000a_,A W + 9408, A"+ 960a°, 1" +360a_, Ay =0,

-4

G 2 2 2 4

(E] : 120a0a727»+ 120a%,a_,A + 1480a, A +240a_,
+890a_a , " +920a_ a1 +60aya i +220a> Ap’
+180aya ,a  u+240a2, 47 +150a_, a®, +3960a , Ay’
+30a> p+ 540858, Al +390a AP + 1710 , 00 W

3 2
+120a;a_ 0 +90a a,u=0,

-3
G' 2 .2 3 2 2
(E] :540a_27» +1232a_,u" +120a”,a_, + 120a,a”, + 30
a%lk+60a0a%1u—2ca72u+80a2a72u3+90a1a%zk
3 4 3 32
+210a_ja_, A" +422a_,A p+20aa_ W +180a_ A" W
2 2 3 22
+400a,a_, W +60a0a72u+480a717»u +3104a_ A W
+60a,a, 1+ 160> 1 + 560>, 1+ 1202 a ,a p
2
+180a0a72a717»+260a1a727»u +1320a_ja_,Ap
+380aya , A i+ 120aya Aw’ + 15022, A =0,

(Q]iz;SZOa a_ MJ.+80a0a7 7»3+180a a_ p.2
G 0d-2 2 18
+1712a_, A1’ +200a2 Ap +430a_a A" —ca p

+80a0a_1u2+20323_1u3+60a§a_2k+30a§a_lu
+292a A1’ +31a A+ 460a a1+ 60aa> A
+30aa> p+60a,a, A +380a>, A+ 136a_, 1 +90a, a2,
—2ca_,h+180aya ya | +884a A p+ 308,
+7Oa0a_1k2u+60a0a_2a1u+60a2a_2a_1u
+4Oala_1ku2+120a_1a_2a17»+160a2a_2?»p2

+170a,a , A 43022, 20 +32a ,1° =0,
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G
5 2 2 2
+a_ A +60a’, u+30aal A+ 14Oa0a72k +260a_a_,}

vyl
(Qj c62a 0" +272a 1’ +60aya’, +60a,a%, +60ala,

+52a A p+584a , 2 n+30a,a 1’ +30aa A
+80a2a_2u2 +120a_ja_,a + 10a0a_1?»3 +20a, a_luz
+160aya_, 1 —ca_ A+ 136a_ Ap’ +50a> 20
+20a,a A’ +80a,a, A u+80a2, +200a,a A

+80a,a_ Ap+60a,a a2 A +60a,a ,a A+20a aflkzu
—20a72:0,

G' 0 4 2 2 2

(E) ra_y A +30a a7, fIOaOalk W+30aja_ +40a_a_,
—30a,a_ A u+40a apu— 1202, hn’ —20220° A
—all4u+calu+2237]k2u+120a72ku—22a1k2u2
—40a2a_1u2+30a1a_2k2—30a2k3u2—60a0a2ku2
+60a2a72a7]—60a2a72a]u—30a?a7|u+60a0a72a1—30

ala p+16a 1 +30a 1’ +10aja 2> —20a,a, 1

+20aa_ 1w+ 60a5a,h —40a, 1’ a, — 6038 a b +20

a%lkfca71716a1u3=0,

G
2 3 2
—20a,a_,A+caA—20aa ;A" —52a A pu—136a Ay
2 2 2
—30aja_ A —60aja ,u—60a,au+2ca,pn—20aa N

Y
(i) -a A0 — 8022’ —272a, 1’ — 6242 1 —80aya_, 27

~30a2a, A —80a,a ,u—60aa,u— 50222’ — 103,81’
—30a2a717»3 — 160aoa2u2 —60a2a72a17»—584a2)»2u2
—60a’ —60aya,a A — 140a,a, A" it — 808 a, A}t
—260a, a, A1’ —200a,a A — 1208, a2 u=0,

(%)3 :-260a,a A —90a3a A —20aa  —1320aa, A}
—180aya,a, A —802a,a_, — 60a5a, —60aja_, —30a A
— 16082 1 — 31042, 2" i — 180a, . — 15022 2° — 56082 1
—422a%" + 2ca, — 604, — 12320, 1" — 38042, 17
— 120ay a2 pt — 4808, A — 1208, A — 54023 A"

2 3 _
—400a;a, L — 120a7a, 1 — 2102, a, A" — 1202, a,a_; =0,

G' 4~ 2 2 2
(E) :-3960a, A — 120a,a; L — 1480 a5 A — 120a7 a, A

3 3 2
—920a, 2, — 18032, 8, — 1710a2?» —30a; — 1502, a5 1
—90a2a  —120a,a | —60a,a —890a, a, 1" — 5403 a, A
2 3
—390a, A~ — 2402, L — 2207 A — 2403 X" =0,

G' 5. 2,2 2 2
(E) :-940a; " — 11802, a, L — 120, a; — 30002, A
2 3 2
—360a, A —240a,a, — 120a;a, —60a,u — 150a, a5 A
— 16802, — 96023 L — 100 =0,
G \° 3 2 2
— | :-60a;% —2400a, A — 1502, a; — 1180a;A — 1203,

G
—500;11 a2=O,

G
Solving this system by Maple, we have the following
sets solutions

Sl = {a_z = 0,a_1 = O,ao =

Gl 7 3 2
(—j :—60a2 —72()a2 —48032:0.

AZ
-———4
2 25

a; = _6}\, dp, = —6
7%
c=56u2 +T_ 2822, = A

)

SZ = {a_z = 0, a_l = 0,

do
1 4
=)=
G'\2 ) 6 3l1
[F) :-30a]a_, —520a,a, A\ — 4302, 8, A" — 1202, aya_ A N /4022 — 802 — 5A* + 30c
— 180 —30a2a, — 60 —170a,a_ A> - 30 '
ot i o > 3«0323-_12 28 alz—Z)\,azz—Z,czc,uz u,x:)\}
—160a,a_, A —1712a,Au" —292a A’ p —60a,a_,a
+2cayh —90a2a 1 — 804, b —460a, a1’ — 380a Ay’ 2
S; =1a_, = —6p%a_,; = —6AW,ay = —— — 44,
— 8842, A 1 —200a2 Ay — 30 p — 30221 — 708 a, A7 I " a Hdo 2 H
_ 5_ _ 3 602 ah — 2 7%
32a§7» 40a,a_ | A —80aya, A" —60a;a, A 602;0a1k 31=0,a2=0,c=56u2+7—287\2u,
—60aja_, A +ca —180a,a  n—20aa,—3la A .
2 w= H;)\
—136a, 1" =0, 2)\}
S4— - {3—2 = _ZUZ; a_, = _2}\”'
A2 41
=———+-—/0
2 =5 ~3%35V0
a; = OlaZ = O;C: CUu= H;)\ZA},
Where
© = —5A* + 40022 + 1600 — 16802
—360A2p
+30c
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Substituting the solution set S; along with Eq. (2.9) where A — 4p > O,we obtain the hyperbolic
into Eq. (3.34), we have the solutions following of function travelling wave solutions:
Eqg. (3.31) u,(x,t) = a

2 . .
When =22 — 4 > 0, we obtain the hyperbolic \/ﬁ(Clslnh <J‘ — Ct)) + ¢,cosh (r (e Ct)>)

function travelling wave solutions: 2
(=2 4 - "2
===
X 2 K 2 (clcosh <§ (x— ct)> + c,sinh (? (x— ct)))
Va (clsmh <«/— x- ct)) + c,cosh (‘F x- ct)>> 2
oy _& \/ﬁ<clsmh< (x— ct))+czcosh( (x— ct)))
& & 2 -2 -2 .(3.43)
2| c,cosh <7 x— ct)) + c,sinh (7 x- ct)> 2<c1cosh( (x— ct))+czsmh( (x— ct)))
2 In particular, by setting c, = 0andc; # 0 in Eqg.
m<clsinh(§(x—ct)>+czcosh(g(x—ct)» N (3_43)' we get
- N —80u? + 40A%p — 52* + 30
2(01cosh(§§)+czsinh<§(x—co)) 2 Uy, (xt) =+ ‘/ [ 3011 c
(3.35) -2 2(¥a,
In particular, by setting c, = 0 and ¢; # 0 in Eq. T |1 ssech® (T G-a0 ) (3.44)
(3.35), we get while, if ¢; = 0,c, # 0 in Eq. (3.43), we get
22 _ 2 20 — 4
uy 1 (x, 1) ®(1 — 3sech? <§ (x— Ct))).(3.36) U,(x,0) = + \/ 80p? + 40A%*p — 5A* + 30c
e - 30
while, if ¢; = 0,¢c, # 0in Eqg. (3.35), we get 2z
! (2 ) 9. (3:35) \/—g +w<1 + 3csch? (? x- ct))),(3.45)
4u A2 2 [ VQ
t) = 1+ 3csch*|—(x—ct) ] |.
Uy 2 (%, 1) = ( cse ( 7 (x—c ))> WhenA2 — 4p < 0, we obtain the trigonometric
(3.37) function travelling wave solutions:
When A2 —4pu < O,we obtain the trigonometric us(x,t) = ap
function travelling wave solutions: - -
22 g \/ﬁ(-Clsin (? x- ct)) + c,cos (? (x— ct)))
wu(x ) =——-—4u
2 —2) —3
o) (—clsin <@ (x-— ct)) + c,cos <@ x-— ct)>> A 2 <c1cos (@ (x— ct)) + c,sin (? x- ct)))
—6A -5 )
2 <c1cos <@ (x— ct)) + c,sin <@ (x— ct))) m(‘““”(@("_“))”ZC“(@(X‘Ct)»
_2 - = ,
2 Jv=a . (V=a 2
\/—_n<—c1sin(@(x—ct))ﬂzcos(@(x—ct))) N 2<C1COS<T(X_Ct))+czsm(T(X_Ct)>)
-6 -3 ] (3.38) (3.46)
2<c1cos<—(x Ct))+'325m< ~(x— ct)>> In particular, by setting c, = 0andc; # 0 in Eqg.
In particular, by setting ¢, = 0 and ¢, # 0 in Eq. (3.46), we get

(3.38), we get /—80p2 + 40A%p — 51* + 30c

2 uS,l(XJ t) = i
Uz (x,t) = (4“2;}‘)<1 — 3sec? (@ (x— ct)>>. (3.39) 2 30 -
I . IS R P iy —
while, if c; = 0,c, # 0in Eq. (3.39), we get 6 2
Uy, (x,t) = (4“2;}‘2)<1 — 3csc? <? (x— ct))).(3.40) ct,(3.47)
2 _ =
When 4 2 0, we have while, if ¢c; = 0,c, # 0in Eg. (3.46), we get
A c A 1 2 q g
- 4y-erf[—2
035, ) =~ 2~ 4u m(cl Fo corrir ) et | /80w + 2022 = 52* + 30c
& ) ST 30
—6 (m - 5) ' (3'41) (ap-22) v=a
In particular, by setting ¢c; =0andc, # 0 in Eq. |1~ 3csc? T(X —ct) | ),
(3.41), we get (3.48)
A2 1 A .
uza(x,8) = —— —4u - 67\((X D 5) WhenA? — 4p = 0, we have the S(})\Iutions:
_ C; _&2 ug(x,t) = ap — 22 S B
6 ((x — 2) (c1 + (x — ct)cy 2) .
2 _ 2 2
-6 ((xi_zct) — %) (342) 2 (cl+(x—ct)c2 2) (349)

For S,:
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In particular, by setting ¢; =0andc, # 0 in Eq. -1
V=0 (V=0 1
(3.49), we get —6AU > tan| — (x—ct) |- 57\
Ug 1 (x,t) = 3052 —— (1022 (x — ct)? — 40p(x — ct)?
-2
2 4 I 2_ —_
60 + SEITHIEATI) (3 60) ~(E e (Fa-w)-12) @5
Where ag = — 2 — X 4 J-80WCH101u- 5114 30c while, if ¢, = 0, ¢,  01in Eq. (3.54), we get

For Ss:

A
WhenA? — 4p > 0, we obtain the hyperbolic Ug2(x,t) = _?_%

function travelling wave solutions: J=a —q
A? — R _
u, (x,t) = -5 - m 6AU > cot 3 (x—ct)
-1
-1
N (Clslnh <\/_ x- ct)) + c,cosh (r x- ct))) A 1
—6Ap -3 B E}\
2 (clcosh <§ x- ct)) + c,sinh (? x- ct)>> 2
-2 - (—“}‘2_4“ cot (E x - ct)) - 11) .
\/ﬁ(Clsinh( (x— ct))+czcosh( (x— ct))) 2 2 2
—6p? -2 | (351) (3.56)
2<c1cosh< (x— ct))+c251nh( (x— ct))) WhenA? — 4}1 = 0, we have the solutions:
2 -1
In particular, by setting c; =0andc, #0 in Eq. (x ¢ = I 4y — 67\u< C2 _ &)
(3.51), we get . 2 g+ E—ct)e, 2
)\2 _An2 C2 — &
u7,1(X, t) = - ? —4u o (cl+(x—ct)c2 2) ’(3'57)
-1 In particular, by setting c;, = 0 and ¢, # 0 in Eq.
Va Va 1 3.57), we get
—6Au| —tanh| —(x —ct) | —=A (3:57) g 2 -1
2 2 2 u (xt)=—)\——4 — 6A ( ! —§>
_3 LA 2 " H (x—ct) 2
_(a va o _1 2(_1 A
( . tanh( 2 (x Ct)) ZA) (3.52) —6u% - >) "(358)
For S,:
while, if ¢, = 0,c, # 0 in Eq. (3.51), we get Whend? — 4p > Owe obtain the hyperbolic
22 function travelling wave solutions:
u7(x,t) = — 2 4u u(x,t) = a
- . (va Ja
A Ja N Ja 1 N VO | ¢;sinh — (x—ct) | + cocosh | == (x = ct)
—6An TCOt T(X_Ct) —E —2 -3
Vva Va
2 2 (clcosh < x- ct)) + c,sinh < x—- ct)))
/22 —
— (M coth (ﬁ x-— ct)) -1 ) . (3.53) 4
2 2 2
. i i JAn— Az<c151nh< (x— ct)>+czcosh< (x— ct)))
WhenA? — 4p < 0, we obtain the trigonometric 22 S
function travelling wave solutions: 2<Clcosh( (e ct)>+czsmh< (- ct))) 2
}\2
ug(x,t) = —— —4p (3.59)
2 1 In particular, by setting c, =0andc; # 0 in Eq.
J=0 <—clsin (@ (x— ct)) + c,cos <? (x— ct))) N (3.59), we get ,
—6Apn -3 ulo'l(x, t)=— ? —4p
2 <c1cos <@ x- ct)) + c,sin <? x- ct))) -1
6\ mt h \/ﬁ( t) ! A
-2 —6Ap| —tanh| — (x—ct) | —=
\/—_Q<—c15in(@(x—ct)>+czcos(@(x—ct))) A 2 2 2
—6u? -2 > -2
v=a (@ 2
2(clcos(Tﬂ(x—ct))+czsm(Tﬂ(x—ct)>) — (? tanh (? (X — Ct)) - %)\) ,(360)
(3:54) while, if c; = 0,¢c, # 0in Eq. (3.59), we get
In particular, by setting ¢, = 0andc, # 0 in Eq. Na=5h q.)(kzl ) we g
(3.54), we get Upo2(x, 1) = -5 4y
2

A
ug,(x,t) = -z - 4u
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Vva Va
—6Au 7coth - (x —ct)

1?\
2

— <g coth <g (x— ct)) —
12A—2.(3.61)

WhenA? — 4p < Owe obtain the trigonometric
function travelling wave solutions:

uy;(x,0) = ag

V=0 (—clsin <@ (x— ct)) + c,cos <@ x- ct)))

-1

2
2 (clcos <@ x—- ct)) + c,sin (@ x- ct)))
x/—_.Q<—clsin(@(x—ct)>+c2cos(@(x—ct)))

2(clcos(@(x—ct)>+czsin(@(x—ct)))
(3.62)

In particular, by setting c, =0andc; # 0 in Eq.
(3.62), we get

2

—2u

)

2

A
Uy, (x,0) = 5T 4p

—6Au — tan >

(x—ct)
-1
! A
2
- (? tan <@ x- ct)) —
122—2,(3.63)

while, if ¢, = 0,c, # 0in Eq. (3.62), we get
2

Uy (%) = 5 4u
-1
oo =2 cot [ 2 9 |- 1a
M — co > (x—ct) >
-2

(3.64)
WhenA? — 4p = 0, we have

(o 13\7!
ulz(x, t) =adg — 2)\[1 (m - E?\)
2 Cy 1 -2
—2u (c1+cz(x—ct) _E}\) ’ (365)
In particular, by setting c; = 0 and ¢, # 0 in Eq.
(2.65), we get

1 1
u12,1(X’ t) = ao —_ 2)\“_ <m — E}\>

-1

—2u2 ((X_lct) - %)\)_2. (3.66)

5. Conclusions

In this paper, we successfully use the extended (%)

Expansion Methodto solve some non-linear partial

differential equations. This method is reliable and

efficient. By comparing the results of subsection

(3.1) with the results of [55], we conclude that the

results: (3.7),(3.8) and (3.13) are in agreement whit

the results: (71), (72) and (73) of [55], respectively,
2

when p = % this shows that our results are more

general. Comparing the results of subsection (3.2)
with the results of [56],we conclude that the results:
(3.24),(3.25) and (3.28) are agreement with the
results of [56].This shows that our results are more
general. The solutions obtained in subsection (3.3)
have not been reported in the literature so far.
According theresultsof sub-sec. (3.1) and sub-sec.

(3.2), we conclude that the(%)—Expansion Method is

more effective and general than of extended tanh
method.
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