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Abstract

In this paper, we have calculated the degree distance of Standard graphs.
1. Introduction:

Throughout this paper, by a graph, we mean a non- empty, finite, connected and simple one.

For standard notation, terminology and definitions, we refer Bondy and Murthy [1].

A graph invariant is a mapping on the concerned graph that does not depend on the labeling of its vertices.
Such quantities are also known as topological indices. The Wiener Index [ 5] and the Zagreb index [4 ] are of that
type.

Let G be a graph; V(G) and E(G) represent its vertex set and edge set respectively. For any v € V(G),
degg(v) denotes the degree of v in G.
When there is only one graph under consideration, we omit the subscript ‘G’ anddenote V(G), E(G) etc. by V,E etc.
82. Preliminaries
Dobrynin and Kocdetova [2] introduced a new graph invariant namely, ‘degree distance’, defined as follows:

Definition 2.1:Let G be a graph with vertex set V.

(i) The degree distance of a vertex u of the graph G, denoted by D' (u), is defined as

D' = D(u) deg(u), where
Du) = > d(u,v).
veV

(i) The degree distance of G, denoted by D’ (G), is defined as

D' (G) = > D'
ueV
= > D(u)deg(u
ueV
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> {Z d(u,v) {deg(u)}

ueV(G) lveV

. % 3, d(u)deg(u) +deg(v)}

When we denote V(G) = {vy, Vy, ..., s}, then

D'(©) = 3, d(v,,v;){deg(v,) +deg(v,)}.

1<i<j<n
In this paper, we mainly concentrate on the calculation of the degree distance of standard graphs.
For elegance, we use the following definition and result.
Definition 2.2 [ 5]: The Wiener index of a graph G, denoted by W(G), with the vertex set

V={vy, Vs, ..., Vp} is defined as

we) = Y d(v,v)).

1<i<j<n
This number is widely used in computational chemistry to measure some topological concepts and in the study of
quantitative structure property relations.
Result 2.3[3]
(a) For the complete graph K,, W(K,) = n(n-1)/2.
(b) For the cycle C,

n3

W(C,) =
C) =1 1wy itnisodd,

if n is even,

83. Main Results
Theorem 3.1 For the complete graph K,
(@) D’ (v) = (n-1)for any vertex v of K,
and
(b) D' (K,) = n(n-1)%
Proof. Ifn=1, then the result is trivial, since K is an empty graph.
Let n be any integer > 2 and V(K,) ={vi, Va, ..., Vo}.

Clearly, deg (vi) = (n - 1) for i=1,2,...,n and d(vj, vj) = 1 (1 <i# <n). For any vertex v; of K,
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= =3

J#i
= (n-1)(n-1)=(n-1)>~
D'(K,)= D> d(v;,v,){deg (v;) + deg (v,)}

1<i<j<n
=20n-1) Y dv,v,)

1<i<j<n
= 2(n-1) W(Ky)
= 2(n-1)n(n-1)/2 (by Result (2.3)(a))
= n(n-1)>%

Theorem 3.2: For the star graph Ky, (n > 2) with vertex set {u, v, Va, ..., Vo} Where deg (u) =n, deg (vj) =1,j =1,
2,...,0N,
@ @O D' =n}
(ii) D'(v) =(@n-1)(=1,2,...,n).
(0 D'(Ki) =n(@n-1).
Proof. The diagrammatic representation of Ky, is

Now d (u, vj) =1forj=1,2,...,nandd(v;, vj)) =2for 1<i#j<n.
n
D, (u): {z:L}I’]:nn:nz
j=t

Forj=1,2,...,n,sinced(v;, v;) =0,
D' (v) = £d (v u)+ Zl d (v, vi) } deg ()

={1+ 2, @Y@}={L+20n-1} = (20-1)

i

O = | e (o) foon ) + 0o (u)} ]
{Z{d (v, v,)! [deg (v,) + deg (v,.,)}}
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{(glj(n +1)} ¥ Pﬁl Z 1} (1+1)

=l j=j+l
n-1
=n(n+1)+4 ) (n—])
j=1

:n(n+1)+4{n(n—l)—rij}

=1

(n—l)n}
2

=n(n+1)+4[n(n—1)—
=n(n+1)+2n(n-1)
=n[(n+l) +2(n-1)]
=n(3n-1).

Theorem 3.3: For the complete Bipartite graph Ky, n(m, n >2) with bipartition (X, Y) where
X={ug, Uy, ..., uprand Y = {vy, vy, ..., Vi },

@ () D w)=n(2m+n-2),i=12 ... m,

(ii) D'v)=m@+m-2),j=1,2 ...n;
and

(0 D' (K. = mn [3(m+n) - 4].

Proof. Under the given hypotheses,
deg (u) =n(i=1,2, ..., m), deg (vj) =m (j=1, 2, ..., n),
d (U, up) =2=d(v, vp) for 1I<i#i'<m, I<j#j'<n,
d(u,v)=1forl1<i<mand 1<j<n.

Fori=1,2,...,m,

D' () = { Z d(u;, Y)}deg(ui)

y EV(Km,n)

n{id(ui,ui')ﬁtid(ui,vj)}

n Zm: 2+ anl
i

=n{2(m-1) +n}
=n(2m+n-2).
Similarly, for j=1,2,...,n, we get that

D’ (vj) = m(2n+m-2). (interchanging m and n in the above equality).

Now,
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D'(K,,.) = z d(ui’ui'){dEQ(ui)+deQ(ui')}+

o > d(v;,v,){deg(v,)+deg(v,)} +

I<j<j'<n
2.2 d(u;,v;){deg(u;) +deg(v))|
i=L j=L
= > 2n+m+ D] 2(m+m)+zmlzn:1(n+m)
1<i<i'<sm 1<j<j'<n i=1 j=1
= 4nm§ Zm: 1+ 4mni Zn: 1+ (n+m)zm“zn:1
i=L i'=i+1 =L j'=j+L i=L j=L

=4n

mm-1 | 4m _n(nz—l) + (m+n)mn

=mn(2m-2 + 2n-2 +m+n)
=mn [3(m+n) —4].

Observation 3.4: With the convention that the summation taken over an empty set is zero, we
can deduce Th.(3.2) from Th.(3.3) by takingm =1.

Theorem 3.5:In the cycle C,, (n > 3), if v is any vertex of C,,,
2

n°.. .
—if niseven
ay D'(v)= 1
E(n2 —1) if nis odd.

4n® if nis even,

b D'(C.)=
) D) %(nz—l)ifnisodd.

Proof: | fn = 3, C3 = K; and this is already discussed.

Letn= 4and V(C,) = { vy, Va,...,Vn}.

Clearly ,deg(v;)) =2 for 1 =1,2,...,n.

Since the figure is the same for all rotations follows that D’ (v;) = D' (v,) for all i.

Case (i): Let n be even, n = 2m (say).

Now D'(v;)=D'(v,) = {zzm:d (Vl’vj)}deg(vl)

= z{id(vl,vj)+d(vl,vm+l)+ zzm: d(Vl’Vj)}

=2[(1+2+..+m=D)+m+{(m-1)+(m-2)+...+1} |
=2[2(1+2+...+m-1) +m]
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- 2[2—(m —hm m}
2

Case (ii): Let n be odd and n =2m+1.

Now D'(v,) =D'(v,)

- {mfd(vl,v,-)}deg(vl)
:Z{Ed (v, V) + Zil d(vl,vj)}

j=m+2

=2{@+2+...+m)+{m+(m+1)+..+1}}
:Z{Z.m(mﬂ)}

2

=2m(m+1)

(n=1) (n+1)
2 2

= %(nz—l).

Also D'(C )= >’ d(Vi,V,»){d(Vi)+d(Vj)}

I<i<j<n

= > dv,v,)2+2)

1<i<j<n

=4 > dv,v))

1<i<j<n

4n® if nis even,

=2

% n(n®-1) if n is odd

=4 W(C,)
(by Result 2.3 (b))

Theorem 3.6: For any wheel, K; v Cp, n >3,
2
a) D'(v)= {

n“ if vis the central vertex,
3(2n-3) if vis any vertex of the cycle C...
b) D'(K,v C,)= n(n+3) + W(C,).
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Proof: Let V(K; VC,) = {u, vy, Vy,..., V. }, where u is the central vertex
The diagrammatic representation of K; v C; is

g;!

So deg(u) =n, deg(v;) =3 fori=1,2,...,n.

Now
d(u,vj) =1 foralli and

1 ifv; isadjacentto v,
d(v,,v;)= L _

2 ifv; is not adjacent to v,

(with the convention vy = v, and Vp. = vy )

Now D'(u)= {Zn:d(u,vj)}deg(u)

3

n2
n

D'(v,) = {d(u,vi)+ > d(vi,vj)}deg(vi)

j=1, =i

n

:3{1+d(vi,vil)d(vi,vi+1)+ > d(ui,vj)}

i=L jedi-Lii+1}
= 3{1+1+1+2(n-3)}
= 3(3+2n-6)
=3(2n-3).
D(K,vC)= 5 ¥ [d(xy).{deg(x) +deg(y)}]

x,yeV (KvCy)

= i[d(u,vi){deg(u)+deg(vi)}]+ > dvi,v))-{d(v) +d(v;)]

I<i<j<n

= il}(n+3) + z d(Vi,Vj)(3+3)

I<i<j<n

=n(n+3)+6 W(C,) .
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Theorem 3.7: For the path P, (n > 2),

D)= M= i yisthe end vertex of P

D'(v,)= n*+(1-2i)n+2i(i-1), if v, is the (i+1)" vertex from the starting vertex.
D'(P,)= (3n?-7n+4)+2 " (i —3)(i - 2).
i=4

S
(with the convention Z =0 ifs<r, wegetthat D' (P5)=10)

i=r
Proof : If n =2, P, = K, and this is already discussed.

Letn> 3 and V(P,) = {vy, V2,...,Vo }-

We observe that the end vertices of the path, namely v; and v, have the same properties with respect to the distances

from other vertices.
So, DI(Vn) = D’(Vl) = {Zd(vl’vn)}'deg(vl)
j=1

= 1(1+2+...+(n-1))
_(n=Dn
==

For2<i<(n-1), D'(v,)= {Zn:d (v, ,vj)}.deg(vl)

= z{id(vj,vih Zn: d(Vj7Vi)}

=2[{(i-D+ (-2 +..+L+{1+2+..+(n-i)} |

_ Z[i(i—l) N (n—i)(n—i+1)}
2 2

=[P =i+ (n=-i)*+(n-i) ]
= [n®+(@-2i)n+2i(i-1) |.
Clearly D' (Ps) = d(vi,v2){deg(v1)+degv}+d(v1,vs){deg(vi+degvs)+d(vz,vs){degvo+degvs}

= 1(1+2)2(1+2) + 2(1+1)+1(2+1)=10.

Let n > 4. Now
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D'(R)= Y. d(v,v;){deg(v,)+deg(v,)}

I<i<j<n

:i Zn: d(v;,v;) {deg(vi) +deg(V,-)}

i=1 j=itl

{

{ d(vz,vj){{deg(vz)ereg(vj.)}}}r

]

M-

Il
N

d(v;, Vj) {deg(vi) + deg(vi)}} +

{Z d(vnz,vj){deg(vnz)+deg(vj)}}+

[d(vnfl,vj){deg(vnfz) +deg(v,.)}]
= [d (v, v,) {deg(v,) + deg(vz)}] +d(v,,V,;) {deg(v,) +deg(v,)} +
....... +d(v,,v, ) {deg(v,) +deg(v, )} +d(v,,v,) {deg(v,) + deg(v, )}
+[d(v,,v,;) {deg(v,) +deg(v,)} +d(v,,v,){deg(v,) +deg(v,)}

[d (Voo Vo) {deg(v,,) + deg(vnfl)}] +d(v,_,,V,){deg(v,_,)+deg(v,)} +
d(v,,v,){deg(v, ) +deg(v,)}
=[1(1+2)+2(1+2)+...+(n-2)(1+2)+(n-1)(1+1)] +
[1(2+2)+2(2+2)+...+(n-3)(2+2)+(n-2)(2+1)]+

[1(2+2)+2(2+1)] + [1(2+1)].
=2(n — 1) + 3{1+2+3+...+(n — 2)} + -
—+3(n-2) +4{1+2+---+(n - 3)}

-—-+3(n-2) +4{1+2+---+(n - 3)}
43R e e 44l
--+3(1)

=2(n—1) + 3[2(1+2+3+..+(n-2)] +4 D (i-3)(i-2)2
i=4
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=2(n-1) + 3[2(1+2+3+..+(n2)] +4 D (i-3) (i-2)2
i=4

n
=2(n-1)+3(n-2)(n-1)+2), (i-3)(i-2).
i=4
This completes the proof of the theorem.
Now, we calculate D’ (Ps) just by using the definition.
The diagrammatic representation of Ps is the following:

[Z]
Vs
Vs
/\US
Vi

D' (Pe)= > d(v;,V;) {deg(v)+deg(v)}

I<i< j<6

5
=D ) d(viv; {deg(v)+deg(v))}

=1l j=itl

6 6
=" d(viv) {deg(vi)+deg(v)} + Y d(viv;) {deg(v)+deg(v))}

j=2 i

=3
6 6
+° d(va,vy) {deg(va)+deg(v)} + Y d(vav;) {deg(vs)+deg(v))}

j=4 j=b
+ d(vs,ve) {deg(vs)+deg(vs)}

= [d(va,v2) {deg(v1)+deg(vz)} + d(v1,vs) {deg(vi)+deg(vs)} + d(v1,vs) {deg(v:)+deg(va)}
+ d(v1,vs) {deg(v1)+deg(vs)} + d(v1,ve) {deg(v:)+deg(ve)}] +

[d(v2,vs) {deg(vz)+deg(vs)} + d(vz,V.) {deg(v.)+deg(va)} + d(vz,vs) {deg(vz)+deg(vs)}
+ d(v2,Ve) {deg(v,)+deg(ve)} +

[d(vs,va) {deg(vs)+deg(va)} + d(vs,vs) {deg(vs)+deg(vs)} + d(vs,ve) {deg(vs)+deg(ve)} +

+[d(va,vs) {deg(va)+deg(vs)} + d(va,vs) {deg(va)+deg(ve)} + d(vs,ve) {deg(vs)+deg(ve)}

= [1(1+2) + 2(1+2) + 3(1+2) + 4(1+2) + 5(1+1)]+
[1(2+2) + 2(2+2) + 3(2+2) + 4(2+2)+
[1(2+2) + 2(2+2) + 3(2+1)]+
[1(2+2) + 2(2+1)]+
[1(2+1)]
=[1{2(1+2) + 3(2+2)}] + [2{2(1+2) + 2(2+2)}] +[3{2(1+2) + 1(2+2)}] +[4{2(1+2)}] +[5{(1+1)}]
=1(6 + 12) + 2(6+8) + 3(6+4) + 4(6) + 5(2)
=18+ 28 +30+ 24 + 10 = 110.
From, Th.(3.7)

6
D' (Ps) = 2(6-1)+3(6-2)+2 D_ (i —3)(i - 2)

i=4
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=10 + 60 + 2(2+6+12)
= 70+40 = 110

Definition 3.8: Let ny, n, be integers, each > 2. Then, B is the (ny, ny)-bistar obtained from the two disjoint

M,
graphs Kl,nz and Kl,nz by joining the centre vertices by an edge (it has (n;+n,+2) vertices and (n;+n,+1) edges
(Observe that B, ; = P4 and By, (B,4) are bipartite graphs).

Theorem 3.9: For the graph B, (n;,n, >2)
D'(B, ) =3(n+n,*) +10n,n, +5(n, +n,) + 2.

Proof: The diagrammatic representation of Bnl,nz is the following:
Uy Vi

Ug Vo

Vn2

Un1

Let V( Kl,nl )= {Uo, Uy, Uy,..., U, }and V( Kl,nz ) ={Vo, V1, Va,..., V;,}, where uo, Vo are the entre vertices.

V (B, )=V (K., )UV (K, )
So, deg(uo) = (n1+1), deg(vo)=(n+1), deg(u;) = 1 =deg(vj), i=1,2,...,n;

j= 1.2, Ny dUo, Vi) = 2 (=1,..., ni), d(u, v) =3 (= 1,...,ng; j= 1.2, ..., ny).

Now,

D’(uo): Z d(UO’X) deQ(uo)

xeV (Bnl,nz)

:{id(uo,ui)+d(u0,v0)+id(uo,vj)}(nl+1)

=(n, +1)(n, +1+2n,)

=(n,+1)(n, +2n, +1)
Similarly, by interchanging n; and n, in D" (ug), we get that
D’ (Vo) = (n2 + 1)(n2 + 2n2+1).

Fori=1.2,...n
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D’(ui):{ z d(uiix)}dEQ(ui)

XV (Byy ;)

:(1){d(ui,uo)+id<uo,ur)+d(ui,vo)+"22d(ui,v,-)}(n1+1)

M Ny
=11+2| Y 1|+2+| D3
i=1 =
=1+2(n,-1+1)+3n,
=(1+2n,+3n,)
Similarly, by interchanging n, and n, in D*(u;), we get that
D' (v) = (L +2n,+3ny) for j-1,2, ...,n,

Now

D'B, )= ; > (degx+degy)d(x,y)

X, yV(Bnl,nz)

= id(uo,ui){deg(uo) +deg(u;)} +d(ug, Vo) {deg(u,) +deg(v, )
+ ”id(uo,v,-){degwo)+deg<v,-)}+i 0 (u,,V,) {deg(u,) + deg(v,))}

+Zd(v V;){deg(v,) + deg(v, )}+i Zd(u v;){deg(u;) +deg(v;)}

j=1 i=1  j=1

=[ S 1J(n1 +1+D)+@)(n, +1+n,+1) +[i2j(nl +1+1)

=

+ (izj(u n, +1) +[ilj(nz +1+1)

+ ZZ(S){1+1}+ znii(ul) + 2nzli(1+1)

= n,(n, +2)+(n +n,+2)+2n,(n +2)+2n (n,+2)

+n,(n, +2)+6nn, +4z[21j+4nzzl[nzz 1}

=1 \i'=i+l =L\ j=j+1
( 1)” nz_l)nz

2

=(n’+n,+10nn, +7n,+7n, +2) +4 4(
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_ 2 2 2 2
=(n +n,”+10nn, +7n,+7n, +2) +2(n," —n, +n; —n,)
_ 2 2
=3(n; +n,)+10nn, +5(n, +n,) + 2.
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