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ABSTRACT

In the present paper we evaluate a generalized finite integral involving the product of the sequence functions, the multivariable Aleph-functions
general class of polynomials of several variables and logarithm function with general arguments. The importance of the result established in this paper
lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of results
merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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[ 0 = Vs T2 (- ¢ 4+ s)

R(F) i D, k k
Zi(M: [Tick) HJ <n)zk+1 (1 - d( i T 5( ()k)S )Hj:(gk+1 F(C;i()k) - ’YJ(Z()k)Sk)]

and Hk(sk) — (1.3)

Suppose , as usual , that the parameters
aj?j: 17 7p7ijj: ]-7 » 45

k k .
()]—1 -,nk;cé.i()k),g:nk-i-l,-",pwe);

e )

,j=1,- -mk,d((k>,j mg+ 1, g

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

D;(k) m
0 =3l v 3l S e 3 ol A3
j=n+1 j=ni+1 71=1 71=1
q;(k)
—Tik) Z ;,Lk()k) X (1.4)
j=mr+1

The reals numbers 7; are positives for ¢ = 1 to R, T, (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where ¢ is a real number with loop , if

5(’f)

necessary ,ensure that the poles of F(d ) with 7 =1 to my are separated from those of

I'(l—a; +Zaj sp) with 5 =1 to n and T(1 — ™ + 94" s.) with j =1 to n to the left of the
=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7'r , where

D, (k)

k k k
A9 =S 3 el S A e > ol
j=1 j=n+1l J=1 Jj=nr+1
mi q;(k)
+Z5§k)—7¢<k> Z 5((k)>0 wih k=1---,ri=1,---,R i{#® =1... R® (1.5)
j=1 j=ma+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(Zl7"';ZT):0(|21|Q1,"',|Z7«|ar>’max(|21|7"'7|Z’r|)_>0
N(Zly"';Z’I’):O(|Z1|B17"'7|Z1“|[37‘>,m’]:n(|21|,"'a|z’l“|)—>oo
where, withk = 1,--- ,r:ay = min[Re(d§k)/5§k))],j =1,---,mand
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Br = mal[Re((cgk) )/ (k))]v Loy

Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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Consider the Aleph-function of s variables
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Suppose, as usual , that the parameters
UJ,J: 17 7P7v]7.7: 1, 7@5

a®j=1, Nua® i=np 1, P

J Jz(k)7

k . k) .
b( ()k)7]_mk+17"' >Qi(’€);b§‘ );]:17 7Mk/
with k=1 s i=1,-- 0/ i®) =1,... p®

are complex numbers , and the a/s, 5/3, ’y/s and 0’5 are assumed to be positive real numbers for standardization
purpose such that

P (k) My,
(k) k k
DIV SIS LD SIS it 2 o
Jj=N+1 Jj=Ni+1 Jj=1
Q, k)
k
—Li(k) Z 5(Z<)k> < (1.12)
Jj=Mp+1
The reals numbers T; are positives for2 = 1, -+ , 7 , 1,(x) are positives for iR =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 200 to 0 + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b;k) - BJ(-k)tk) with j =1 to M} are separated from those of

P(1—uj+ Y pte)with j =110 N and T(1 - a{” + al™ty) with j =1 to Ny to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
N Qi P.(k)
ngk) = Zﬂjk) Z ,U —Li Z’U +Zoz( ) _ L (k) Z Oéy:()k)
Jj=1 Jj=N+1 Jj=1 j=Ni+1
M, q;(k)
‘f‘ZBJ(‘k)—Li(k) Z ij()k)>0, wih k=1--,si=1,---,r i®=1... & (3
= J=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
/7 /
N(Zh T ,Zs) - 0( |z1’ala T ‘Zsyas ) ,mcw:( ‘Z1|7 T ’25| ) — 0

N(Zla"' ;Zs) :0(‘z1|/817"'7 ;),mm(]zﬂ, ’|zs‘)—>OO

where, k = 1,--+ ,2:a) = min[Re(b§k)/ﬁ§k))],j =1,---, Myand

B = maz[Re((a}") = 1)/af)],j = 1,--- | N,
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We will use these following notations in this paper

U=P;,Qi,vi;r'; V.= My, Ny;--- 3 Mg, Ny (1.15)
W= Py, Qys 1M o Py, Qs ticors ) (1.16)
A = (g g g v} (117)
B :{%(Uji;vﬁ),“' 7U§f))M—|—1,Qi} (1.18)

1 1 1 1
C :(ag );a§ ))1,N1 7Li(l)(agi()l);a;i()l))Nl‘l'l,Pi(l)? Sy (ag ;ajq )17Ns s Li(s) (a( 23)’ ( ) )N 1 P(s) (1 19)

(1

1 1 1 S S s S
D =(b§- );5§ ))1,Ml,bi<1> (bﬁ()l)?6]('1()1>)M1+1,Qi(1)7 e ,(b§ );ﬁ](- ))1,Ms?//i(s) (5§i<)s);5§i25))ﬂls+1,gi(s> (1.20)

The multivariable Aleph-function write :

A C
N(z1,- -, 2s) = NGV . 1.21)
B:D

Zg

The generalized polynomials defined by Srivastava [9], is given in the following manner :

[N1/Mi] [N /M¢]

My, , M, Nl M1K1 (_Nt)Mth
SNll,-u,Ntt[yl"” ,yt — Z Z Kfl
Ki1=0 K;=0 ’
K K
A[N1, K-+ Ny Kyt -y (1.22)
Where My, -+ , My are arbitrary positive integers and the coefficients A[N7, K1;--- ; Ny, K¢] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(_N]-)MlKl (_Nt)Mth
_ c 1.2
In the document , we note :
G(nthU T 777Grag7‘) = ¢(nGl,g17 T 777Gr,gr)91 (7701791) T 97‘(7707»,97-) (1.24)

where <Z5(77G1,g1, T 777Gr,gr), 01 (nG17g1 ), w0, (nGT7gT) are given respectively in (1.2) and (1.3)

2. Sequence of function

Agarwal and Chaubey [1], Salim [5] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.

RyP[x; B, F,g,hip,q;7; 66" | = S d(wvut, e,k ko)at @1

U),’U,u,t,e,kl 7k2>
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D IS 33 3 3 3 IP3 =

w,v,u,t,e, ki, ko w=0 v=0 u=0 t=0 ¢ k1=0k2=0
and the infinite series on the right side (2.1) is absolutely convergent, R = [n + qu + pt + rw + k17 + kaq

() (a5
wlvlultle! K, ki ko) (1 —a—1),

and Y(w,v,u,t, e ki, ks) = (. —yn)e

(2.3)

(=B = 6n)pg" 2 R0 k2 (4 — §p), E* (pe + Twl—{— A+ qn)

where K, is a sequence of constants.

By suitably specializing the parameters involving in (2.1), a general sequence of function reduced to generalized
polynomials set studied by Raizada [4], a class of polynomials introduced by Fujiwara [3] and several others authors.

3. Required integral

We have the following integral, see Brychkow ([2], 4.1.5, 33 page 136).

/ * 1 a—2)" tn(by/z(a — 2) + /1 +b%2(a — x))dr = «*T'bB (S + %,t + %)
0

(3.1)

where a > 0, Re(s) > 0, Re(t) > 0, |arg(4 + a*b?)| < 7
4. Main integral

Let Xs; = x® (a - a?)t,We have the following generalized finite integral :

| a0 o/l =) + T Pala = 0) By X B Foglipi e
0

, Y1X71,u1 Z]-Xalvﬁl ZlXﬂl,el
S]\/Ila"‘ My NO;n:v NO,N:V dr— as’_H’b
Ny, ,N¢ coe w:w A Uu.-w v
th’)’t,Mt ZTXaraﬂr Z X7757€s
00 my m, oo [Ni/Mi]  [Ne/M] (_)G1+~~~+GT
Z Z E : E : E 5 G 5 G |G(nG1,gl7".nGr,9r)
Gi,,Gr=091=0  g,=0n'=0 K;=0 Ki=0 w,v,u,t,eksky I*
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1 1 2n
1 ES —ab
a1 (2) / (/Q)n/ ( ) Qp(w,v,u,t,e,kl,kz) $11)1 xfs 2717G1‘g1 ”.ZZ]Gr,gr yf(l o 'yth

Zlam+61

SRA JRAGAHO)+ !y Ki(vitna)+520- 16,9, (0itB:) gON+3:V
w

U43:

ZS alns +€S

(——n (S +RA7+ZZ 1Kﬂ’z+z 177Gz,gza2) My ',7]3),

(( +t +RA(’7+5)+21 1K(71+,U%)+Z 177G1,gz(az+ﬁz));€1 +7717"' 7ES+T]8)7

(%_%(Sj—f—t,—i_RA(/y + 6) + 2521 Kz(fyl + ,uz) + Z’:‘:l NG;,g; (Oéi + /82))7 6142r771 sy T GSJQFUS )7

(505 (5 HHRA(Y +8) + 305y Ki(vi + 1) + iy 16s.g: (@i + i) S5, -, S5,

(SEHCHRA(Y +6) + S0y K (i + 1) + iy MG gs (0 + Bi)); S, Cotiie),

(-1 (s H+RA(Y +6) + 30 1K(%+uz)+2 NGy (o + Bi)); S Cedie

(3-0-(¥ +RAS + 300 1IQ,uZ+Z:Z 1 NG, Bi)i €1, €5), A C
3.1)

B D
where Uys = P; + 4; Q; + 3; 14; r’

Provided that

a) min{A7’7757/71'7/*%7&_7'75_7';771676/6} >07Z: 17 ataj: 17 7T7k:17'“ y S

d(”b) R b(l)
el e+ i B3 U0
b(l)

Re|t' + RA§ i 0
) 6[ + JrZﬁ J mz ]>

+Z
1<]<M

5(2 B(Z
Lk (k) . o e :
d)|argzi| < §Ai 7, where A, is defined by (1.5);¢ = 1,--- ,r

1
e)largZy| < iBi(k)ﬂ—’ where Bfk) is defined by (1.13);2 =1,--- , s

f) The series occuring on the right-hand side of (3.1) is absolutely and uniformly convergent.
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ga>0,larg(4+a’b?)| <7

Proof

First, expressing the generalized sequence of functions Rg’ﬁ [ZX i B Fog,hip,q; v'ide s(=X75)" ] in mutiple
serie with the help of equation (2.1), the Aleph- functlon Qf r Varlables in series with the help of equation (1.6), the
general class of polynomial of several variables S ; ]ffv with the help of equation (1.22) and the Aleph-function of

s variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations

involved in the process) and then evaluating the resulting integral with the help of equation (3.1) and expressing the
INa+1
generalized hypergeometric function 4F3 in serie ,use the following relations I'(a)(a), = T'(a 4+ n) and a = %

with Re(a) > 0 . Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the
desired result.

5. Multivariable I-function

If L, L;(1), -+ 5 Li(s) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [6].

Corollary 1

v

/ ¥ a— o) Mn(by/z(a - 2) + 1+ 2a(a — 2)) ReP[X25 B F g, hip, g0 e =550
0

My e M, Y1X71,u1 0no ZlXah/Bl 0NV Z1X771,€1 S !
Sny N, Ce N C Iy, drx=a b
YtX’Yt:Mt ZTXOémﬁr Z an,ee
00 my my oo [Ni/Mi]  [Ni/Mi] (_)G1+»-«+Gr
Z Z o Z Z Z Z 5..G! 5 G 'G(nthlf"nGr,%-)
Gy, ,Gr=0g1=0 gr=0n'=0 K;=0 Ki=0 w,v,u,t,ekq ks g

p1 s G191 nG Ny Ky
w(w,v7u’t’e,k17k2)x1 ...xsszl . T ryl ...yt

Z1a771+61

SRA [ RA(v+0)+37 4 Ki(vitni)+37 1 16,9, (i+5i) IS’N%?’:V
43

Zsans +63

(5-1’1 (S ‘|‘RA")’+Z,L 1K171+Z =1 1G;,9: ™ );7717"' ’775)7

(-(8"+t+RA(y + 6) + 25, Ki(vi + i) + 27_1 NGy (i + Bi))s€r + M1, € +15),
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(%‘%(S"H?,'FRA(’Y + 5) + Zz: K1<71 + :uZ) + Z::l NG;,g; (Oéi + 62))7 61""7]1 s T 6342_173 )7

(%_ ’ %(S +t +RA(7+ 5) + ZZ 1 K (7@ ‘|"uz) + Z —1MG;.9: (041 +Bz))' 61—’2_711 I Es-|2-775)’

(S8 HHRA(Y +6) + Xi_ Kl + 1) + 3y 0Ga.g: (i + Bi)); 0L - Cotile),

(-3 (s HHRA(y 4 0) + Yoy Ki(v "‘,Uz) +Zz L NG g (i + Bi)); SFIE -, Sedle)

(f—n (t’ +RA5+21 VK Y Gy g Bi)i€r, e s €5), A C
4.1)

BD

under the same notationa and conditions that (4.1) with ¢;, ¢;1), -« , L) — 1

6. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [8], and we have the following simple
integrals.

Corollary 2

/ 2" Ha—a) T n(by/ala—w) + T+ Pe(a =) Ry (X5 B F g hip. iy e 250"
0

le%“Lh ZlX&lﬁl Z1X771,€1
SM17...7Mt NO n:wv NO,NV d . s +t b
Ny, ,N¢ T URN) Co U:w - r=a
th’Yt,Mt ZrXar,,Br Z2)(772,62
oo [N1/Mi] [Nt /M:] (_)G1+...+GT
Z Z Z Z Z Z Z 5 Gil--- 5. G |G(77G17g17"'77Gr,gr)
]_7 G,=0g1=0 gr=0n'=0 K1=0 =0 w,v,u,t,e kl,klz g1 1- gr T

1 1 2n
= = —ab ,
aj (2)n’ (/2)7?/ ( ) ¢(w7v7u7t767k17k2) "Elljl o "rgs ZilGl"gl ”'ZQG%QT y{(I o ytl{t
n' (3 i3
4 (2)n’ n
Z1a771+61

SRA GRACAHD T Ki(ictpts)+ 30 16,00 (4 50) WON +3V
43"

Z2a772+62
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1 . ) t T .
(3-0-(s"+FRAY + > Kiyi + 21 NGa.g:06)3 11, 1M2),

(5 HHRA(Y +60) + S0 Ki(yi 4 i) + 30 MG .g: (i + Bi))s €1 4+ m, €2 + 1),

(3-3(+O+RA(Y +6) + Y0y Ki(vi + uz) + 3 NG (i + Bi)); S, 2d2),

(505 (S ++RA(Y +6) + 31, K (4 ) + i1 NG g (0 + Bi); S, 25,

(-3(8+H+RA(y +0) + 325y Ki(y + Mz') + i1 MG g (i + Bi)); G, ),

(0L HRAY +8) + Xy Ki( -+ 10) + S g (0 + By)); G5 a2,

(__n (t +RA5 + Z’L 1 KZ/J”L + Z’L 1 nGz,ng’L) 61762) A :C
(5.1)

BD

under the same notation and conditions that (4.1) with s = 2

7. I-function of two variables

If ¢;, LZ, i " — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [7] and we obtain the same formula with the I-function of two variables.

Corollary 3

/ 2" Ya—2)" Mn(by/z(a — 2) + 1+ 0x(a —x)) ROP[2XA5 B, Fg,hip, g5 055G
0

My M, le’YhMl Oonew ZlXOél,ﬁl 0NV ZlX??l,Gl ot/
Sny N, C N C Iow . dr=a®*""b
th’)’t,Ht ZTXarﬁr Z2X772762
00 my my oo [Ni/Mi] [Nt /M) (_)G1+~~+Gr
> S S T T
G, ,Gr=0¢1=0 gr=0n'=0 K;=0 Ki=0 w,v,u,t,e ki, ks "

1 1 2n K K
1 1 —ab
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Zlam +e€1

SRA GRACHO Ty Ki (it i)+ 50 06,y (it Bo) [N 13V
43"

Z2an2+€2

(%—n’—(s’+RA7 + 2221 Ky + 22:1 NGy ,9: )3 M1, 72),

(S H+RA(Y +6) + ioy Ki(vi + 1) + iy 1Gag: (0 + B))s €1+ 11, €2 + 1),

(35O RAG +8) + Siy il + o) + Ty s + 1)); 942, ),

(3-0-3 (S FO+RA(y + 8) + Xy Ki(vi + i) + iy 06, (i + Bi)); S, 2512,

(‘%(S7+t’+RA(7 +4) + 22:1 Ki(vi + pi) + 2221 NGi,g: (a + Bi)); €1+T1717 mLTm);

(-5 +RA(y +0) + 3y K (i + i) + D01y M6 g (0 + Bi)); 50, <252,

A= +RAS + 05, Kipti + 3051 1G,.9:8:); €1, €2), A’ : C
. (6.1)

B:D

under the same notation and conditions that (4.1) with § = 2 and ¢4, t;,¢; — 1

8. Conclusion

In this paper we have evaluated a finite integral involving the multivariable Aleph-functions, a class of polynomials of
several variables,the general of sequence of functions and the logarithm function with general arguments.The integral
established in this paper is of very general nature as it contains Multivariable Aleph-function, which is a general
function of several variables studied so far. Thus, the integral established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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