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ABSTRACT

In the present paper we evaluate a infinite integral involving the product of the spheroidal function, multivariable Aleph-functions and general class
of polynomials with general arguments. The importance of the result established in this paper lies in the fact they involve the Aleph-function of
several variables which is sufficiently general in nature and capable to yielding a large of results merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters

aj?j: 17 7p7b]7.7 = 17 » 4
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k
d( )7.7_1 ’ mkad( ()k)aj mk+1a"'>qi(k);

with k=1---,ri=1,---,R,i® =1,... ,R(k)

are complex numbers , and the O/S, 15} /8, ’)//8 and 0’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for ¢ = 1 to 2, T, () are positives for i) =1 to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 900 where 0 is a real number with loop , if
k k . .

necessary ensure that the poles of F(d;- ) _ 5]( )Sk) with j =1 to my are separated from those of

'l —a; + E a Ywith 5 =1 to n and I'(1 — C§-k> —|—7§k)sk) with § = 1 to ng to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(zh' o 527’) = 0( |z1|a1" ) |Z7’|ar)’mam( |Z1|7"' ’ |Z7“| ) —0
N(Zla"' 7Z7“):0( |Zl|ﬁ17"' 7|Z7"|6r)’min( |Zl|7"' ) |Z7"|)_> 0
where, withk = 1,--- ,r:ap = min[Re(dj(-k)/(sj(-k))],j =1, ,mgand

— (%) (A
B = max[Re((c;” —1)/v;7)],j =1, ,ny
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Serie representation of Aleph-function of several variables is given by
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Where (., -+ ,.),0;(.),i =1, - ,r are given respectively in (1.2), (1.3) and
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Suppose , as usual , that the parameters
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k) . k .
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with k:l-”’S”[::17...,r,’-/’i(k):l,,,,,,r(k)

are complex numbers , and the O/S, 5/8, 7/8 and 0’s are assumed to be positive real numbers for standardization
purpose such that

P k)

(k) _ (k) (k)

ZEE SRS o S IRV SR oS o
Jj=N+1 J=Nr+1 7j=1
Q)
—Lik) Z z(k) < (1.12)
J=Mp+1

The reals numbers 7; are positives forz = 1, |7 , ;) are positives for iF) = 1...p0)

The contour Ly, is in the t5-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if

necessary ,ensure that the poles of F(bg-k) — ﬁj(k)tk) with 7 =1 to M} are separated from those of
S

'l —wu; + Zugk)tk)with j=1t N and I'(1 — alg-k) + algk)tk) with 7 =1 to Nj to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
/ /7

N(z1, -5 2) = 0[] ™, - s |2l ) vmaz (|2, - - s [z ) = 0

R(z1,++,2) = 0( |zl |zl %) omin( |z, -+ [z4] ) = 00

where, k =1, -+, z: af = min[Re(b\") /8)], 5 =1, , My and

B, = maz[Re((@\™ — 1)/a{)],j=1,--- | N,

We will use these following notations in this paper
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J

The multivariable Aleph-function write :

VA
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N(z1,- -, 2s) = Ny . 1.21)

The generalized polynomials defined by Srivastava [6], is given in the following manner :
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K1=0 K:=0 i
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Where My, -+, My are arbitrary positive integers and the coefficients A[N7y, K1;--- ; Ny, K¢] are arbitrary

constants, real or complex. In the present paper, we use the following notation

(=Ni)mr, (=Ne)m,x
— Rt AN, Kq:--- N+ K 1.23
aj K1' Kt' [ 1,431, y LV, t] ( )
In the document , we note :
G(nthw e 777Gr,9r) = (b(nGl»gl? T 777Gr79r)91 (nGl,gl) e er(nGmgr) (1.24)

where ¢(,’7G1’g17 s »nGr,gr): 01 (nGl’gl ), s Hr(nGr,gr) are given respectively in (1.2) and (1.3)

The spheroidal function ¥qn, (C, 77) of general order & > —1 can be expansed as ([2] an [7].

00 4

—a—1
S aw(clan)(en)* ar s (en) (1.25)
n(e) k=0,o0r1

2

zn
Yan (07 7])_ v,

which represents the function uniformly on (00, 00), where the coefficients ak( ) satisfy the recursion formula
[14 ,eq.67]and the asterisk over the summation sign indicates that the sum is taken over only even or odd values of k
according as 70 is even or odd. As ¢ — 0, ai(clan) — 0,k #n

2. Required integral
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We have the following result , see Marichev et al ([1], 2.2.11, eq.7 page 314)

Lemme
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where : |y| < |z], |argz| < m;0 < Re(a) < Re(p) + 1
3. Main integral
1.0[
Let X ap = (ac P (m n 2)2 — y2) & , we habe the following generalized infinite integral
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(3w+ia—p+B=7)@m+k) + X0 Ki(yi — ) + ey NG, (i — Bi)); S50, -+, 500,

(3+5(a—p+ (B=7)Cm+k) + X, Ki(yi - uz)+zl 1 NG, (i = Bi)); 51 o ),

(wtg(a—p+ (B —v)2m+k) + 3 1K(7 pi) + 251 NGags (i = Bi)); S, S5,
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where U43 = PZ —+ 4’ QZ + 3, Li;’r/
Provided that

a) min{a,b,"}/i,ui7aj,ﬁj,’l7k,Ek} >0,Z:17 7t7j: 1> ,T,k: ]-7 S

b) ly| < |z, |argz| < m

- d(i) s b(.i)
j ‘
00 < Rela+ (2m+ k)3 + Zl B O ;” 1, 5 <
J

<Re[p+ (2m +k)y + Zl B min 5(2) + Zl & Jin 5(@] +1

1
d)|argzi| < §A5k)ﬂ' , where Agk) is defined by (1.5);2 = 1,--- ,r

1
e)|argZy| < QBZ'(k)W , where Bi(k) is defined by (1.13) ;2 =1,--- ,s

e) The series occuring on the right-hand side of (3.1) is absolutely and uniformly convergent.

Proof

Expressing the spheroidal function involved in the integrand in its expression form with the help of (1.25) and the
Bessel serie, the Aleph function of r variables in series with the help of equation (1.6), the general class of polynomial

)

of several variables S ) ]]\\,4 with the help of equation (1.22)and the Aleph-function of s variables in Mellin-Barnes

contour integral with the help of equation (1.9), changing the order of integration ans summation (which is easily seen
to be justified due to the absolute convergence of the integral and the summations involved in the process) and then
evaluating the resulting integral with the help of equation (2.1) and exp(ressm the Gauss hypergeometric function oF
T'e+1
I(a)

result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

in serie, use the following relations I'(a)(a), =T(a +n) and a = with Re(a) > 0.Finally interpreting the

4. Multivariable I-function
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If L, L;(1), -+ 5 Li(s) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
generalized simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [3].

Corollary 1
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under the same notations and conditions that (3.1) with ¢;, L;1), - -+ , ;)= 1

6. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following simple
integrals.

Corollary 2

+oo o1 Y1X’717M1
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ai G(Ney grs NG .g.) _
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(b (a— it (B—)@m 4 F) + Sy Kl — 10) + S0y 0 (i — i)y S5, 2572,
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(l-a — B@2m+ k) — Zle Kivi — 2;1 NG;.g: Qi3 M1, M2), A C
. Ce (5.1)

(-0-pp = y(2m + k) = >0 Kipi — 25 nGi.g:8is€1,€2), B D

under the same conditions and notation that (3.1) with s = 2

6. I-function of two variables

If ¢4, LZ, i " — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [4] and we obtain the same formula with the I-function of two variables.

Corollary 3
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(-0 +g(a—p4 (B =) @m+k) + 30 Ky — ) + 320 16, (@i — Bi)); S5, 5™,

(B3 =t (B =) @m 4 k) Sy Kl — )+ Sy Mg (s — B))s 952, 2572),
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(g —p+ (B =) @m k) + 5 Koy — mi) + i 16,6 (i — B)); S50, 251,

(5(a—p+(B—7)2m+k)+ Zle Ki(yi = i) + 2251 Maigs (i = Bi)); S5, =25™1),

(I-a = BEm+k) — S Kivi — > NGi.g: 0, m2), A s C
R (5.1)
(-n’-ﬂ - 7(2m + k) - ZE:I Ki:ui - Z;:l nGmgiﬁi; €1, 62)7 B:D

under the same conditions and notation that (3.1) with § = 2 and ¢, L;, L;/ — 1

7. Conclusion

In this paper we have evaluated a unified generalized infinite integral involving the multivariable Aleph-functions, a
class of polynomials of several variables and the spheroidal function and general arguments.The integral established in
this paper is of very general nature as it contains Multivariable Aleph-function, which is a general function of several
variables studied so far. Thus, the integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special functions of one and several variables
can be obtained.
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