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Abstract: In this paper we define
the isomorphism between the bicomplex
Hilbert spaces. We also give some sim-
ple and basic results on bicomplex isomor-
phism with respect to hyperbolic-valued
norm on the bicomplex Hilbert spaces.
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1 Introduction and pre-
liminaries

Firstly, we give some basic definitions and
important properties of bicomplex num-
bers and bicomplex holomorphic func-
tions. Let i, j be two imaginary units such
that ij = ji, i2 = j2 = −1. The set of
bicomplex numbers BC is defined as

BC = {Z = z + jw : z, w ∈ C(i)}.

Let Z1 = z + jw and Z2 = s+ jt, be any
two bicomplex numbers. Then the addi-
tion and multiplication of bicomplex num-
bers is defined as Z1 + Z2 = (z + jw) +

(s + jt) = (z + s) + j(w + t), Z1.Z2 =

(z+jw)(s+jt) = (zs−wt)+j(ws+zt).

With respect to above binary operations a
bicomplex number set turn out to be a ring
and is a module over itself. A bicomplex
number is a combination of two complex
numbers. The set of complex numbers is a
subring of bicomplex numbers. If we de-
note the real number z by x and imaginary
number w by iy such that ij = k, then the
set of hyperbolic numbers is defined as

D = {x+ ky : k2 = 1 with k /∈ R}.

The bicomplex numbers e1 = 1+ij
2 and

e2 = 1−ij
2 are zero divisiors and are lin-

early independent in the complex plane and
have the following properties: e1 + e2 =

1, e1−e2 = ij, e1.e2 = 0, e1
2 = e1, e2

2 =
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e2. Thus, the bicomplex number is not a
division algebra. The numbers e1 and e2
are also known as hyperbolic numbers and
form the basis for bicomplex numbers. For
any bicomplex number Z = z + jw, the
three kind of congugations can be defined
as follows: (i)Z] = z̄+jw̄, (ii)Z† = z−
jw, (iii) Z‡ = z̄ − jw̄, where z̄, w̄ denote
the complex congugates to z, w ∈ C(i).

For each congugation, a bicomplex modu-
lus is defined by

|Z|2j = Z.Z], |Z|2i = Z.Z†, |Z|2k = Z.Z‡.

If Z = z + jw, then the idempotent rep-
resentation of a bicomplex number can be
written as

Z = e1z1 + e2z2,

where {z1 = z − iw and z2 = z + iw}
are in C(i). By the above representation of
bicomplex number, we can write

BC = e1BC + e2BC.

There is a vast literature on bicomplex
analysis, see [1], [7] and [15] for de-
tails. Now, we begin with the definition
of norms, Inner products on BC-modules.
We refer to [1], [6], [7] for following defi-
nitions.

Definition 1.1 Let X be a BC-module
and X1 and X2 be the complex linear
spaces, ( see [17]) then we can write

X = e1X1 + e2X2,

and is called the idempotent decomposition
of X.

If X1 and X2 are normed linear spaces
with norms ‖.‖1 and ‖.‖2 respectively.
Then for each x = e1x1 + e2x2 ∈ X, for
all x1 ∈ X1 and x2 ∈ X2, we have

‖x‖2 = ‖e1x1 + e2x2‖2

= ‖e1x1‖21 + ‖e2x2‖22
= |e1|2‖x1‖21 + |e2|2‖x2‖22
= 1

2 (‖x1‖21 + ‖x2‖22).

It is well known that ‖.‖ defines a real-
valued norm on X and ‖αx‖ ≤

√
2|α|‖x‖

for any x ∈ X,α ∈ BC. This norm shows
that for any bicomplex numbersZ1 andZ2,

|Z1.Z2| <
√

2|Z1||Z2|.

Since, the inner product square is positive
hyperbolic number so it gives an idea of
hyperbolic-valued (D-valued) norm of a
BC-module and is defined as:

‖x‖2D = ‖e1x1 + e2x2‖2D
= e1‖x1‖21 + e2‖x2‖22
= e1 < x1, x1 >1 +e2 < x2, x2 >2

= < e1x1 + e2x2, e1x1 + e2x2 >D

= < x, y >D.

A BC-module X endowed with a bicom-
plex inner product < ., . > is called BC-
inner product module. Let X1 and X2 be
two linear spaces. Assume that X1 and X2

are inner product spaces with inner product
< ., . >1 and < ., . >2, respectively and
corresponding norms ‖.‖1 and ‖.‖2. Then
for any x, y ∈ X,
< x, y >X=< e1x1 + e2x2, e1y1 +

e2y2 >X= e1 < x1, y1 >1 +e2 <

x2, y2 >2 defines a bicomplex inner prod-
uct on the bicomplex module X. Moreover,

2
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the above bicomplex inner product norm
introduces a hyperbolic-valued norm on in-
ner product BC-module X defined as

‖x‖D = e1‖x1‖+e2‖x2‖D =< x, x >
1
2 .

(1)

Theorem 1.2 [9, Theorem 3.5] Let X be a
BC-module. Then X = e1X1 + e2X2 is
a bicomplex Banach-module if and only if
X1, X2 are complex Banach spaces.

Definition 1.3 [1, P. 53] A BC-module
X with inner product < ., . >X is said to
be a bicomplex Hilbert space if it is com-
plete with respect to the D-valued norm
generated by the bicomplex inner product.
Thus X = e1X1 + e2X2 is bicomplex
Hilbert space if and only if (X1, < ., . >1)

and (X2, < ., . >2) are complex Hilbert
spaces.

Definition 1.4 Let X and Y be two BC-
modules with hyperbolic norms. A map-
ping T : X → Y is said to be bicomplex
linear operator on X if
T (αx+ γy) = αT (x) + γT (y), for all

x, y ∈ X and α, γ ∈ BC. The idempotent
representation of T is given by

T = e1T1 + e2T2, (2)

where T1, T2 are complex linear opera-
tors and e1, e2 form basis of bicomplex
numbers and so called idempotent basis
of bicomplex numbers.The set B(X,Y) de-
notes the space of all D-bounded BC- lin-
ear operators and the norm for each T ∈
B(X,Y ) (see [1] ) is defined as

‖T‖D = sup{‖T (x)‖D, x ∈ X, ‖x‖D <′ 1}

and is called hyperbolic norm on T and so
we can write

‖T‖D = ‖e1T1+e1T2‖D = e1‖T‖1+e2‖T‖2,

where ‖.‖1 and ‖.‖2 are usual norms de-
fined on complex linear operators T1 and
T2 respectively.

Definition 1.5 Let X and Y be two bi-
complex Hilbert spaces with inner prod-
uct < ., . >X and < ., . >Y respec-
tively. Then the bicomplex adjoint operator
T ∗ : Y → X for a bounded linear opera-
tor T : X → Y is defined by

< Tx, y >Y =< x, T ∗y >X .

The bicomplex adjoint operator T ∗ can be
written as

T ∗ = e1T
∗
1 + e2T

∗
2 ,

where T ∗1 and T ∗2 are the complex adjoint
operators of T1 and T2 respectively.

Definition 1.6 Let X be a bicomplex
Hilbert space and T ∈ B(X). Then T is
said to be a

(a) bicomplex self adjoint if T = T ∗,

(b) bicomplex normal operator if TT ∗ =

T ∗T,

(c) bicomplex unitary if TT ∗ = T ∗T =

I, where I is an identity operator on
X.

For systematic study of bicomplex func-
tional analysis, we refer to [1], [2], [6], [7],
[8], [11], [12] and references therein.

3
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2 Bicomplex isomorphism

In this section, we investigate bicomplex
isometry between the bicomplex Hilbert
spaces..

Definition 2.1 A bicomplex isomorphism
T of a bicomplex Hilbert space X onto
X̃ is a bicomplex bijective linear operator
T : X → X̃ which preserves the bicom-
plex inner product, i.e., for all x, y ∈ X

< Tx, Ty >=< x, y >

X̃ is said to be the bicomplex isomorphic
to X. X and X̃ are called bicomplex iso-
morphic inner product spaces.

We can easily prove the following proposi-
tion.

Proposition 2.2 Let X be a bicomplex
Hilbert space and T ∈ B(X), the space
of all bicomplex D-bounded linear opera-
tors from X to itself. Then T is bicomplex
isometric on X if and only if T1 and T2 are
isometric on X.

Proposition 2.3 Let X be a bicomplex
Hilbert space with hyperbolic norm ‖.‖D
and T ∈ B(X). Then T is a bicomplex
isometry if and only if < Tx, Ty >X=<

x, y >X ; for all x, y ∈ X.

Proof. Since T ∈ B(X), so we can
write T = e1T1 + e2T2, where T1 and T2
are complex linear operators. Also for any
x, y ∈ X, we have x = e1x1 + e2x2 and
y = e1y1 + e2y2.

Suppose < Tx, Ty >X=< x, y >X .

Then
‖Tx‖2D =< Tx, Tx >X

= < x, x >X

= < e1x1 + e2x2, e1x1 + e2x2 >X

= e1 < x1, x1 >X +e2 < x2, x2 >X

= e1‖x1‖2D + e2‖x2‖2D
= ‖x‖2D.

Hence T is isometry.
Conversely, if x, y ∈ X and α ∈ BC, then
‖x+ αy‖2D = ‖Tx+ αTy‖2D
⇒ < x + αy, x + αy >X=< Tx +

αTy, Tx+ αTy >X

⇒< e1(x1 + α1y1) + e2(x2 + α2y2),

e1(x1 + α1y1) + e2(x2 + α2y2) >X

=< e1(T1x1 + α1T1y1) + e2(T2x2 +

α2T2y2), e1(T1x1 + α1Ty1) + e2(Tx2 +

α2Ty2) >X

⇒ e1 < x1 + α1y1, x1 + α1y1 >1 +e2 <

x2 + α2y2, x2 + α2y2 >2

= e1 < T1x1+α1T1y1, T1x1+α1T1y1 >1

+e2 < T2x2+α2T2y2, T2x2+α2T2y2 >2

⇒ e1 < x1, x1 >1 +e1 < x1, α1y1 >1

+e1 < α1y1, x1 >1 +e1 <

α1y1, α1y1 >1 +e2 < x2, x2 >2

+e2 < x2, α2y2 >2 +e2 < α2y2, x2 >2

+e2 < α2y2, α2y2 >2

= e1 < T1x1, T1x1 >1 +e1 < T1x1,

α1T1y1 >1 +e1 < α1T1y1, T1x1 >1

+e1 < α1T1y1, α1T1y1 >1 +e2 < T2x2,

T2x2 >2 + e2 < T2x2, α2T2y2 >2 +e2

< α2T2y2, T2x2 >2 +e2 < α2T2y2,

α2T2y2 >2

⇒ (e1‖x1‖2D + e2‖x2‖2D) +

(e1|α1|2‖y1‖2D + e2|α2|2‖y2‖2D) + e1

4
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< x1, α1y1 >1 +e2 < x2, α2y2 >2

+e1 < α1y1, x1 >1 +e2 < α2y2, x2 >2

= (e1‖T1x1‖2D + e2‖T2x2‖2D) +

(e1|α1|2‖T1y1‖2D + e2|α2|2‖T2y2‖2D)

+e1 < T1x1, α1T1y1 >1 +e2 < T2x2,

α2T2y2 >2 +e1 < α1T1y1, T1x1 >1

+e2 < α2T2y2, T2x2 >2

⇒ ‖x‖2D + |α|2‖y‖2D+ < e1x1 +

e2x2, e1α1y1+e2α2y2 >X + < e1α1y1+

e2α2y2, e1x1 + e2x2 >X

= ‖Tx‖2D + |α|2‖Ty‖2D+ < e1T1x1 +

e2T2x2, e1α1T1y1 + e2α2T2y2 >X

+ < e1α1T1y1 + e2α2T2y2, e1T1x1 +

e2T2x2 >X

⇒ ‖x‖2D + |α|2‖y‖2D+ < x,αy >X

+ < αy, x >X

= ‖Tx‖2D+ |α|2‖Ty‖2D+ < Tx, αTy

>X + < αTy, Tx >X

⇒ ‖x‖2D + |α|2‖y‖2D + 2Re

α < x, y >X

= ‖Tx‖2D + |α|2‖Ty‖2D + 2Re α <

Tx, Ty >X

⇒< x, y >X=< Tx, Ty >X .

Proposition 2.4 Let T ∈ B(X) such that
T = e1T1 + e2T2 be its idempotent de-
composition with I = e1I1 + e2I2. Then
following conditions are equivalent:

(i) T is a bicomplex isometry;

(ii) T ∗T = I;

(iii) < Tx, Ty >X=< x, y >X

; for all x, y ∈ X.

Proof. By Proposition 2.3, (i) and (iii)

are equivalent. Further, for any x, y ∈ X,
we have
< Tx, Ty >X=< x, y >X

⇔ < e1T1x1 + e2T2x2, e1T1y1

+e2T2y2 >X

= < e1x1 + e2x2, e1y1 + e2y2 >X

⇔ e1 < T1x1, T1y1 >1 +e2 < T2x2,

T2y2 >2

= e1 < x1, y1 >1 +e2 < x2, y2 >2

⇔ e1 < T ∗1 T1x1, y1 >1 +e2 < T ∗2 T2x2,

y2 >2

= e1 < I1x1, y1 >1 +e2 < I2x2, y2 >2

⇔ < (T ∗1 T1 − I1)x1, y1 >1= 0 and
< (T ∗2 T2 − I2)x2, y2 >2= 0

⇔ T ∗1 T1 = I1 and T ∗2 T2 = I2

⇔ T ∗T = I.

Hence (ii)⇔ (iii) condition holds.
The next result is the immediate conse-
quence of Proposition 2.4.

Corollary 2.5 Let X be a bicomplex
Hilbert space and T ∈ B(X). Then fol-
lowing conditions are equivalent:
(i) T ∗T = TT ∗ = I;

(ii) T is bicomplex normal isometry;
(iii) T is bicomplex isometry.

Proposition 2.6 If X is a
bicomplex Hilbert space and T ∈ B(X)

such that
< Tx, x >X= 0 ; for all x ∈ X, then
T = 0.

5
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Proof. Since T ∈ B(X), using (2) we
write T = e1T1 + e2T2. Further, for any
complex operators Tl for l = 1, 2 such that
< Tlxl, xl >X= 0, we have Tl = 0 for
l = 1, 2.

Now < Tx, x >X= 0

⇒< e1T1x1 + e2T2x2, e1x1 + e2x2 >X=

0

⇒ e1 < T1x1, x1 >1 +e2 < T2x2, x2 >2

= 0

⇒ e1 < T1x1, x1 >1= 0 and e2 <

T2x2, x2 >2= 0

⇒ T1 = 0 and T2 = 0 which gives T =

e1T1 + e2T2 = 0 and hence T = 0.

The following proposition follows easily.

Proposition 2.7 Let X be a bicomplex
Hilbert space with real valued norm ‖.‖X
and T ∈ B(X). Then T is bicomplex isom-
etry on X if and only if

< Tx, Ty >X=< x, y >X ; for all x, y ∈ X.

Lemma 2.1 Let X be a bicomplex Hib-
ert space with D-valued norm and T ∈
B(X). If T is self-adjoint, i.e., T ∗ = T,

then ‖T‖D = sup{| < Tx, x > |; ‖x‖D =

1}.

Proof. We can write T = e1T1 + e2T2,

where T1 : X1 → X1 and T2 : X2 →
X2 are complex linear operators. Also, any
bicomplex Hilbert space can be written as
X = e1X1 + e2X2.

Now sup{| < Tx, x > |; ‖x‖D = 1}

= sup{|e1 < T1x1, x1 > +e2 < T2x2, x2 > |;
‖x1‖D = 1, ‖x2‖D = 1}

= e1 sup{| < T1x1, x1 >1 |; ‖x1‖D = 1}
+ e2 sup{< T2x2, x2 >2 |; ‖x2‖D = 1}
= e1‖T1‖D + e2‖T2‖D
= ‖T‖D.
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