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Abstract. A vertex magic total labeling on a
graph with v vertices and e edges is a one to one
map taking the vertices and edges onto the integers
1,2,3,...v + e with the property that the sum
of the label on the vertex and the labels of its
incident edges is a constant, independent of the

choice of the vertex. A graph with vertex magic
total labeling with two constants k; or K, is called
a vertex bimagic total labeling. The constants kK,
and Kk, are called magic constants. In this paper we
have found that the star graphs K, for all n,
cycle Cp, when n is even, crown graphs C,K; ,
(3,n) — kite graph for odd n > 3, wheel graph
W, .the fan graph F;, admits vertex bimagic total
labeling. It has been proved that the star graphs
K 5, has vertex bimagic total labeling for all n, but
does not have vertex magic total labeling for
n # 2. It has also been discussed that the vertex

bimagic total labeling of Petersen graphs P(n, 1)

and P(n, 2) when n is a multiple of 4, m < [g]

Also the extremities of bimagic constants in vertex
bimagic total labeling graphs has also been
discussed in this paper.
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l. INTRODUCTION

W. D. Wallis and others [9][10],
introduced Edge-magic total labelings that
generalize the idea of a magic square and can be
referred for a discussion of magic labelings and a

standardization of the terminology. J. Baskar

Babujee & V.Vishnu Priya have introduced (1,1)
edge bimagic labeing in their paper “Edge Bimagic
labeling in certain types of graphs obtained by
some standard graphs” [2]. Also V.Vishnu Priya,
K.Manimegalai & J. Baskar Babujee [8] have
proved edge bimagic labeling for some trees like
Bmn KinmYne , J. Baskar Babujee has himself
introduced (1,1) vertex bimagic labeling in
[1]which is named vertex bimagic total labeling.

K. Manimekalai and K. Thirusangu [4]
have worked on Pair Sum Labeling of Some
Special Graphs. M. I. Moussa and E. M. Badr [5]
have proved that the crown graphs are odd graceful.
N. Murugesan and R. Senthil Amutha[6] have

discussed that the bistar By, ,, are vertex bimagic

total labeling for odd n > 1 and evenn > 2. S.
Karthikeyan, S. Navaneethakrishnan , and R.
Sridevi[3] , proved that the star graph, Subdivisions
of bistar graphs are total edge Fibonacci irregular

graphs. In this paper we have discussed that the
graphs star graphs K; ,,  bistar By, , (oddn > 1
and even n > 2), cycle C,, , wheel W, ,crown
graphs C,,K; and (3, n) kite graphs
(n>3,nisodd) , Fan graph E, have vertex
bimagic total labeling. The extremities of bimagic
constants in vertex bimagic total labeling graphs
has also been discussed in this paper. We further
establish if a regular graph possesses vertex magic
total labeling, then it also possesses vertex bimagic
total labeling and any non regular graph with two
different degrees at vertices, with vertex magic
total labeling possesses vertex bimagic total
labeling.

A graph with vertex magic total labeling

with two constants k; or k, is called a vertex
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bimagic total labeling and denoted by VBMTL.
The constants k, and k, are called bimagic
constants.

A Star graph with n vertices is a tree with
one vertex having degree n — 1 and the remaining
(n—1) vertices with degree one. The graphs
obtained by joining a single pendant edge to each
vertex of C, is called crown graph and is denoted
by C,[K,. The (m,n) kite graph is the graph
obtained by joining a cycle graph C,, to a path
graph B, with a bridge. The (m,n) kite graph is
also called (m, n) tadpole graph [7].

Definition1.1:A graph with vertex magic total
labeling with two constants k, or k, is called a
vertex bimagic total labeling and denoted by
VBMTL. The constants k, and k, are called
bimagic constants.

In this section, due to symmetry instead of generic
values, specific vertices are considered throughout,

to find thee vertex weights.

1. VERTEX BIMAGIC TOTAL LABELING FOR

STAR RELATED GRAPHS

Theorem 2.1. The star graphs K;, has vertex
bimagic total labeling for all n.

Proof:

Let the star graph K ,, be with n + 1 vertices and
n edges with V(G) = {v,v,,v,, ..., v, } be the
vertex set of G such that v be the central vertex of
the star and v,, v,, ..., v, be the pendant vertices
of the star graphand E(G) = {e;, e, ..., e,} be
the edge set of G.

We can define the bijectionas f:V(G) U E(G) —
{1,2,...,2n + 1} as follows.

fw) =n+1.

fw)=n+1+i, 1<i<n

fov) =n+1-1i, 1<i<n

Now,

w) =f@w) +XL fvy)
=(m+D+YE (n+1-0)
=(n+D+nn+1)-YL, i

= (n+1) +n(n + 1) - 22

=22+ 1) +2n(n+ 1) —n(n+ 1)

_ (n+1)(n+2)

=-[(n+ D@2 +2n-n)]= ==
Also,

w(vy) = f )+ flov)
=n+1+D+Mn+1-1)
=@2n+2)=2(n+1)

(n+1)(n+2)

We find that the weight exists for one

vertex and the weight 2(n + 1)exists for n vertices.
We may consider the bimagic constants k; and k,
such that k, is at the pendant vertices and k, is at
the central vertex. Hence the star graph K, ,, is
vertex bimagic total labeling for all n

A complete bipartite graph K 4 ,, is also a
star and it has n + 2 vertices and n + 1 edges.
Now we discuss that bistar B,, ,, are vertex bimagic

total labeling for odd n > 1and even n > 2

IIl.  VERTEXBIMAGIC TOTAL LABELING FOR
CYCLE RELATED GRAPHS

Theorem 3.1: The cycle C,, has vertex bimagic
total labeling, for n is even
Proof:
Let the cycle C,, be with n vertices and n edges
with V(G) = {v,, V5, ..., v} be the vertex set and
E(G) = {e,, e,, ..., e,} be the edge set such that
ej = (V;Viz1) Where i = 1 to n and the indices
taken modulo n.
We can define the bijection as
f:V(G)VE(G) - {1,2,..,2n + 1} as follows.

fw)=n+i, 1<i<n
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f(wivig)
n+1-—1i L
— for iisodd
n+i .

= > fori=2

i
n+2—5 for iisevenandi = 4
Now the weights are given by,
For the vertex vy,
w) = f)+ fupv) + f(rv)) = (n+

1)+(n+2—§)+ ("+;_1):2n+3

For the vertex v,,

w(@y) = f () + f(vivy) + f(vv3) = (n+
D +2+2=2n+3

For the vertex v,

w(,) = f W)+ f(n-1vn) + f(vav1)

n+i-n+1
2

We find that the bimagic constants are 2n + 3 and

2n +

+n+2-7 =-(5n+6)

2 (5n + 6) . Let these bimagic constants be k, and
2

k, respectively. Hence the cycle C,, has vertex
bimagic total labeling for even .

Theorem 3.3: The crown graphs C,®K; has vertex
bimagic total labeling, for all n.

Proof:

Let the crown graph C,,©K; be with 2n vertices
and 2n edges with

V(G) = { vy, vy, e, Uy, Uy, Uy, ..., Uy} DE the vertex
set such that v,, v,, ..., v, be the vertices of the
cycle C,; uy,u, ..., u, be the pendant vertices
attached to vy, v, ..., v, respectively and t E(G) =
{e1, ez, ..., €2, } be the edge set.

We can define the bijection as f:V(G) U E(G) -
{1,2, ...,4n} as follows.

The vertex labeling is defined as

fu) =1 i=12,..,n
C(3n—i, i=12..,n—1

The edge labeling is defined as
fuv) =4n+1-i, i=1.2,..,n

fowi) =n+1+1, i=12,....n—1

frv,) =n+1
Now the weights are,
Fori <mn,
w(vy) = f(vy) + f(yv2) + f(0yv,) + fuavy)
=@Bn-D+Mm+2)+(n+1)+4n
=9n+2
Fori =n,
w(wp) = f(0) + f(Vn-qvn) + f(v11) +
f(upvn)
= @Bn+mnm+D)+(r-D+n+1+
An+1-n)=9n+2
And for pendant vertices,
w(uy) = f(uy) + f(uyvy)
=14+4n+1-1=4n+1
Let the bimagic constants 4n + 1 and 9n + 2 be k,
and k, respectively. Hence the crown graphs,
C,®K; has vertex bimagic total labeling.
Theorem3.5: The (3,n) kite graph has vertex
bimagic total labeling for odd n > 3.
Proof:
Let G be the (3, n) kite graph of n + 3 vertices and
n + 3edges with V(G) = {vq, V5, U3, Uq, Uy, v, Uy }
be the vertex set of G such that v,, v,, v5 be the
vertices of the cycle ; u,, u,, ..., u, be the vertices
of the path and E(G) = {e,, e,, ..., €543} be the

edge set of G.
Define f:V(G)VE(G) - {1,2,...2n+6} as
follows.
fv) =2n+2i, i=1.2.
f(vg) =2n+2.
f(w)
2n—2i+ 2, for 131’5112;3

. n—-1
3n—2i+2, for TSLSn—l

flu,) =2n+6

friwy) =4
fovi) =i+1, i=12.
fviviy) =1, i=3.

fuugq) =i+4, 1<i<n-1.

The vertex weights are as follows,
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For i=1, w(v)) = f(vy) + f(vyuy) + f(vyv,) +
fov)=Cn+2)+4+2+1=2n+9
For i=3, w(v3) = f(v3) + f(vov3) + f(v3vy) =
2n+5+3+1=2n+9
For 1<i< nT—a , w(uy) = flu) + fuv) +
fuyuy)=2n+4+5=2n+9
For "—<i<n—1, wyy)=f(un)+
fun—1up) + f (up—aup-1)

= @Bn-2n-1D+2)+ (n—1+4)+
(n—2+4)=3n+9
For i=n , wu) =)+ (u,qu,) =
2Zn+6+n—1+4=3n+9
So, we get the bimagic constants 2n + 9 and
3n+9 which may be named as k, and k,
respectively. Hence the (3, n) kite graph has vertex
bimagic total labeling.
Theorem 3.7: The wheel W, has vertex bimagic
total labeling for all n
Proof:
Let the wheel W, be withn + 1 vertices and 2n
edges with V(G) = {v, vy, v,, ..., v, } be the vertex
setand E(G) = {ey, e,, ..., €5, be the edge set
such that e; = {(vv;) U (v;v;44)}
We can define the bijection as f: V(G) U E(G) —
{1,2,...,3n + 1} as follows,
fw) =1
fw)=2n+1)+i, 1<i<n-1
f) =2(n+1)
fv) =i+1,
f(yvi)=2n+1-—i,
f(ryyv) =2n+1
Then the weights can be found as,

1<i<n

1<i<n-1

For the vertex at the centre,
ww) =f@W +XL fvr)=1+
i+ 1) =(n+1D+XL 0

_ n(n+1)
=+ D+——

= 2+ 1) +n(n+ D] = [(n +

DE+n] = Z[+1)@+2)

For the verticesonthecycle, 1 <i<n-1
w(vy) = f )+ fv) + f(n1v,) + f(vy)
=(Rn+D+D+Cn+D+Rn+1-1+
2=6(n+1)

Fori =n,

w(v) = f W)+ f(avn) + f(Wy-avn) +

f )
=Qn+D+Cn+D+2n+1-Mn-1+
n+l=6(n+1)

The bimagic constants are % [(m+ 1)(n+2)]and
6(n+ 1) say k, and k, respectively

Hence wheel IW},, has vertex bimagic total labeling

foralln.

V. VERTEX BIMAGIC TOTAL LABELING OF

SPECIAL GRAPHS

Theorem 4.1: The Fan F, graph has vertex bimagic
total labeling for all n.

Proof:

Let G be the Fan graph with n + 1 vertices and

2n — 1 edges with V(G) = {u, uy, uy, ..., u,} be the
vertex set of Gsuch that u be the vertex at the centre;
Uy, Uy, ..., Uy, be the vertices adjacent to u and

E(G) = {uu; U uu; ., withi = 1to n} be the
edge set of G.

Let us define f: V(G) VE(G) - {1,2,...,3n}as
follows,

fuw) =2n

fw) =3n+1—i, i=1ton

2n—1—-i, i=1ton—-1
faw) = {75, 0 i=n

fluuiyq) =1, i=1ton—1

The vertex weights are given by,

At the vertex adjacent to u,

w(uy) = f(u) + fluwy) + f(uu,) = GBn+
1-D)+@2n—-1-1)+1=5n-1

At the centre vertex,

w(w = F@)+ ) f(u)

=1
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=2n+Yrt(2n—-1-)+2n—-1
=2n+QCn—-1D(n-1)-Y'i +2n-1

nn-1)

=2n+2n—-1)(n) — >

=1(3n%+3n) = n(t)
2 2

At the vertices u;'s the magic constant is 5n — 1

and at the centre it is w say k,and k, be the

bimagic constants. Hence the Fan F, graph is
vertex bimagic total labeling for all n

Theorem4.3: The disconnected graph nK; has
vertex bimagic total labeling for all n

Proof:

Let u;, v; , w; be the nodes of the graph K5 and nK;
contains 3n vertices and 3n edges.Now we define
the function f:V(G) U E(G) - {1,2,...,6n} as

follows,

fw) =14 i=1ton
fv) =n+i, i=1ton
fw) =2n+i, i=1ton
fluv) =4n+1, i=1ton
fuw) =3n+1, i=1ton
fow) =5n+1, i=1ton
The weights are given by,
wuy) = fuy) + fluvy) + f(uywy) =1+
n+1+3n+1=7n+3
w(vy) =f)+ fluv) + f(vwy) =n+

1+4n+14+5n+1=10n+3

wwy) =fw) +fluywy) + f(vywy) =2n+
1+3n+1+5n+1 =10n+3

From these results we see that the disconnected
graph nK; has vertex bimagic total labeling for
all .

Theorem4.4: The star graphs K;, has vertex
bimagic total labeling for all n, but does not have
vertex magic total labeling for n # 2

Proof:

The star graph K; ,, be withn + 1 vertices and n
edges with the bijection as

f:V(G)VE(G) - {1,2,...,2n + 1} with

fw) =n+1.

fw)=n+1+i, 1<i<n
fwv)=n+1-i, 1<i<n

and w() = >

W) =2(n+1),

we find that the values

(n+1)(n+2)

2ln+1) < >

whenn # 2

But whenn = 2,

(n+1)(n+2)
2

2n+1) =
Hence the star graphs K; ,, has vertex bimagic total
labeling for all n, but does not have vertex magic
total labeling for n # 2
Theorem4.5: If a graph G is vertex bimagic total
labeling, its disconnected n copies are also vertex
bimagic total labeling.
Proof:
If a graph G is vertex bimagic total labeling, all the
corresponding vertices (edges) in the n copies with
consecutive numbers from 1 to n in the same
manner as in G, the graph nG becomes vertex

bimagic total labeling.

Theorem4.6: If a r-regular graph possesses vertex
magic total labeling with the function f:V(G) U
E(G) - {1,2,..,p+q} and magic constant k,
then it also possesses vertex bimagic total labeling
using the function f"V(G)VE(G) -
{1,2,...,p + q} defined by

F(u) = {p+q—f(u) for f(w) <p+q

p+q forf(w)=p+gq

, _(ptq—fww) forf(uw)<p+gq

f(uv)_{zﬁq for f(uv) =p+q
Proof:

Consider a r-regular graph which possesses vertex
magic total labeling with the function f:V(G) U
E(G) -» {1,2,...,p + q} and the weight is given by
wr(u) or magic constant k where

wr(w) =fw +% f(uv)

k=fw+% f(u)
Y fw)=k—-(p+q) - (b)
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then the function of the vertex bimagic total
labeling given by
fV(G)VE(G) - {1,2,...,p + q} defined by

oy _Pta—f@) forf(uw)<p+gq

f(u)_{pﬂz forfW)=p+q

, _(pt+q—fv) forf(uw)<p+gq
f(w)_{pﬂi for fuv) =p+q

has weight to be ws(u). Then there exists the
following cases for vertex bimagic total labeling.
Case(i): ffuv) #p+q; f'W) =p+gq
weu) =f'(w) + % f'uv)
=(p+)+X (p+9)—fuw)
=p++rp+q)-X fu)
=fW+r@+@+X fuw) -
2% f(uv)
=fW+Y fw)+rlp+q) -
2% f(uv)
=k+r(0+q —2[k—(p+q)]
=k+r(p+q)—2k+2(p+q)
=(r+2)p+q@ -k
Case(ii): f'uv) #p+q; f'(w) #p +q
wp(w) =f'w+X f'uw)
=@+ -fW+E b+ —fw)
=r+D@e+)-f@W+XE fu)]
=r+D@+q9 -k
Case(iii): f'(uv) =p+q; f'(W) #p+gq
weu) =f'w+% f'u) =[(p+q -
fW]+[ET P+ — fw) + @+ 9]
=@+ -fW+rlp+q -
i fw)
=r+D@+9) - f@+X7 fw)]
=r+De+o-[Fw+
X1 f(uv) — f(uv)]
=r+D@+q —k+f(u)
=r+D@+-k+@+q
=r+2)p+a) -k
when the edge label is p + g, the bimagic constants
of vertex bimagic total labeling are as in cases (i)

and (ii), when the vertex label is p + g, the bimagic

constants of vertex bimagic total labeling are as in
cases (ii) and (iii). Hence the proof.
Theorem 4.8: If f:V(G)UVE(G) - {1,2,...,p+
q} is the function of vertex magic total labeling,
then any non regular graph with two different
degrees at vertices, with vertex magic total labeling
possesses vertex bimagic total labeling with the
function f:V(G) UE(G) » {1,2,..,p + q} as
f@=p+q+1-fw
fw)=p+q+1-f(uw)
Proof:
Consider a non regular graph with two different
degrees at vertices, which possesses vertex magic
total labeling with the function f:V(G) U E(G) —
{1,2,...,p + q} and the weight is given by wy(u)
or magic constant k where
we(w) = f(w) + Y f(uv)
then the function of the vertex bimagic total
labeling given by
fV(G)VE(G) - {1,2,...,p + q} is defined by
ffA)=p+qg+1-f
fluv) =p+q+1—f(uv)
has weight to be w,(u). Then there exists the
following cases for vertex bimagic total labeling.
Case(i): ifdeg(u) = n
we=fW+X f)=@+q+1)-

f+X w+q+1) - f(u)
=@+q+D-fW+nlp+q+1) -
Y flu)
=+ D@ +q+D—[f+
T fuw)]
=(n+Dp+q+1)—k
Case(ii): if deg(u) = n+1
we(w)=m+2)(p+q+1)—k
As there are bimagic constants as in cases (i) and
(i), the result is true.
V. BASIC COUNTING FOR VBMTL
Let s, denote the sum of vertex lables and s, be the

sum of the edge labels in a vertex bimagic total
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labeling £, since the labels are the numbers

1,2,...,p + q, the sum of all labels be represented
by = 6,P*9 which means that the sum starts after 0,
in the subscript upto the values p + q in the

superscript, is
_ _(p+tq+1
Sp +54= 0Pt = ( 5 )

— (p+q)(§+q+1) 1)

At each vertex u; ,we get

f)+ ) fuw) = ks or ks
Summing this over n, and n,vertices , u; is
equivalent to adding each vertex label once and
each edge label twice so that ,
Sp + 28, = nyky + gk,  ---eemeeeeeees 2
Where n, and n, are the number of vertices which
receive the constant k, and k, respectively and
p=n,+ n,

Combining (1) and (2) we get
+q+1
(p (21 ) + Sq = nlkl + n2k2 ________ (3)

The edge labels are all distinct (as are all vertex
labels).The edges could receive the g smallest
labels or

at the extreme q largest labels or anything between.
. we have, 00? < 5, < opP*T  --eoeeeeeee- 4)

A similar result holds for s,,.

Now, combining (3) and (4) we get,

(p+(22+1)+(q-;1) < nky +nyk,

<2(PHIFY) S (PEY) e )

which gives the feasible range of k;'s

From (5) we get,

(p+q+1)+(q+1)_n2k2 < nk,

2 2
<20 ()
=) e s
nil(p+t21+1)_nil(l’;1)_z_jk2 ....... (6) and

(p+q+1)+(q+1)_n1k1 < nyk,

2 2
<2t
R A EEN (R Ay
TS B DR

(7)-(6) gives,

5 D) (3063

M B, <k, -k,
n, n,
<CTNE-D NG -
T ©)

This relation shows the range of the magic
constants in VBMTL of graphs.

Let us verify the above relation in a corona C,, ©OK;.
Consider n = 3, then
p=2n=6,q=2n=6,n,=n=3,n,=n=
3k, =13,k, = 29.

On substituting the values in equation (9), we get

13¢, (3 - 3) +7c, (1 - 1) _3 a3 +§(29)

3 3 3 3/ 3
< (29 -13)
S2*1362<1—1>—7c2<1—l)—§(13)
3 3 3 3/ 3
3
+§(29)

>16<16<16
V. CONCLUSIONS

In this paper we have discussed that vertex bimagic
total labeling exists for the graphs K, bistar By, ,
(odd n>1 and even n > 2), cycle C, , wheel
W, ,crown graphs C,K; and (3,n) kite graphs
(n>3,nisodd) , Fan graph E, . Also the
extremities of bimagic constants in vertex bimagic
total labeling graphs has been discussed. We
further establish the relation between vertex magic
total labeling and vertex bimagic total labeling of a
regular graph and non regular graph with two

different degrees at vertices. Various such
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interesting facts can be worked on vertex bimagic

total labeling .
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