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Abstract

If 4, j belong to a permutation m on n symbols A = {1,2,...,n} and ¢ < j then the
line of 4 crosses the line of j in the permutation if ¢ appears after j in the image sequence
s(m) and if the no. of crossing lines of 7 is less than the no. of crossing lines of j then ¢ global
dominates j. A subset D of A, whose closed neighborhood is A in 7 is a dominating set of
7. D is a global dominating set of 7 if every ¢ in A — D is global dominated by some j in
D. In this paper the global domination number of a permutation is investigated by means

of crossing lines.
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1 Introduction

Sampathkumar introduced the Global Domination Number of a Graph. Adin and Roich-
man introduced the concept of permutation graphs and Peter Keevash, Po-Shen Loh and
Benny Sudakov identified some permutation graphs with maximum number of edges. J.Chithra,
S.P.Subbiah and V.Swaminathan introduced the concept of Domination in Permutation graphs.
If 4,7 belongs to a permutation on n symbols {1,2,...,n} and i is less than j then there is an
edge between i and j in the permutation graph if ¢ appears after j. (i. e) inverse of ¢ is greater
than the inverse of j. So the line of ¢ crosses the line of j in the permutation. So there is a
one to one correspondence between crossing of lines in the permutation and the edges of the

corresponding permutation graph. In this paper we found the global domination number of a
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permutation and also derived the global domination number of permutation graph through the

permutation.

2 Permutation Graphs

Definition 2.1.

Let m be a permutation on n symbols {a1, as, ..., a,} where image of a; is a;.
Then the permutation graph G is given by (Vy, Ex) where V; = {a1, a2, ...,a,} and a;,a; € E,
if (ai — aj)(ﬂfl(ai) — 7r*1(aj)) < 0.

Definition 2.2.

Let 7 be a permutation on a finite set A = {a1, a9, as, ...,a,} given by

’ ’

a1 G2 G3 G4... G ‘
= A, , where |a; 41 —a;| =¢,¢>0,0<i<n-—1.
a; Gy ag Q4. a

n

The sequence of 7 is given by s(m) = {all, alz, aé, s a;l}. When elements of A are ordered
in L1 and the sequence of 7w are represented in Lo , then a line joining a; inL; and a; in Lo is

represented by [; . This is known as line representation of a; in .

Definition 2.3.

The element a; is said to dominate a; if their lines cross each other in 7. The set of collection
of elements of m whose lines cross all the lines of the elements aq,as, ..., a, in 7 is said to be a

dominating set of w. V= {a1, as, ..., a,} is always a dominating set.

Definition 2.4.

The subset D of {a1,ag, ...,a,} is said to be a Minimal Dominating Set (MDS) of = if D — {a;}

is not a dominating set of m, for all a; € D.

Definition 2.5.

The Neighbourhood of a; in 7 is a set of all elements of m whose lines cross the line of a; and is
denoted by Ny (a;).

Propositon 2.6.

The domination number of a permutation 7 is equal to the domination number of the corre-

sponding permutation graph realized by 7. (i.e) v(7w) = v(Gr), the minimum cardinality of a
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minimal dominating set of G .

Example 2.7.

1 2 3 4 5
Let m = , Then Gr= (Vg, E;) where V;={1,2,3,4,5} and
3 5 1 4 2

2 4 1 5 3
Gr= (Vi, Ex) where Va={1,2,3,4,5} and Ex= {(1,2),(1,4), (3,4), (3,5)}.

1 2 3 4 5
E.={(1,3),(1,5),(2,3),(2,4),(2,5),(4,5)}. The complement of 7 = ( ), Then

1 1

Figure 1: Perumutation graph of G, and G

3 Global Domination of a Permutation

Definition 3.1.

A graph G, = (Vy, E;), D C V is said to dominate G, when every vertex in V — D is adjacent to
(a neighbor of) a vertex in D. A global dominating set (GDS) is a set of vertices that dominates

both G and the complement graph Gi.

Definition 3.2.

Let a;,a; € A. Then the residue of a; and a; in 7 is denoted by Res(a;,a;) and is given by

(ai — aj) (7~ (a;) — 7 *(a ).
Definition 3.3.

The neighbourhood of a; in 7 is a set of all elements of m whose lines cross the line of a; and is
denoted by N (a;), equal to {a, € 7/l; crosses I, in 7} and d(a;) = |Nz(a;)| is the number of

lines that cross I; in .
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Definition 3.4.

Let Res(ai,a;) < 0 and let d(a;) > d(a;) then we say a; dominates a; and a; weakly dominates

a; .
Definition 3.5.

A subset D of V; is said to be a (global) dominating set of m if N;[D] = V, and d(a;) > d(a;)
such that for atleast one a; € D, aj € Vx — D, Res(a;,aj) <0

Definition 3.6.

The dominating number of a permutation 7 is the minimum cardinality of a set in MDS(7) and
is denoted by (7).
The global dominating number of a permutation 7 is the minimum cardinality of a set in MDS(7)

and is denoted by ~4(m).

Theorem 3.7.

The global domination number of a permutation 7 is v,4(7) = 74(Gx), the minimum cardinality
of the minimal (global) dominating sets (M GDS) of G .

Proof.

Let 7 be a permutation on a finite set V = {a1, ag,as, ..., an} given by
o (a/l a,2 a? afl... a/n>’
a; Gy ag Q... a,
Let Gx = (Vx, Ex) where V; =V and a;a; € Er , if Res(a;,a;) <O0.
Let a; € V such that d(a;) = max{d(a;j)/a; € V}.
Then D = {a;} and let T' = N (a;).
Let Vi =V — (DUT).
If there exists only one such a; and if V; = 0, then D is MGDS(r).
If Vi #0, and < V4 >=( then D; = DUV is a MGDS(7).
If V1 # 0, and < V5 > () then choose a, € V — D such that
d(a,) = max{d(a;)/a; € V1}.
If d(a,) > d(a;)Va; € Nz(a,) then Dy = DU {a,} and T} = Ny(a,) and Vo = V) — (D1 UTY)
Otherwise choose a; € Ny (a,) such that d(a;) = maz{d(a;)/a; € Nx(ar)}.
Now Dy = DU{a;} and T} = Ny(a;) and Vo = V3 — (D1 UTY) . If Vo = 0, then Dy is MGDS (7).
If Vo # 0, and < Vo >,= 0 then Dy = D1 UV; is a MGDS(r).
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If Vo # 0, and < V5 >,# 0 , then proceed as before to obtain a MGDS.

If there are more than one a; such d(a;) is max then by applying the same procedure to all
Apyy Qryyoeny G, Where 0 < 71,79, ...y T, < m all MGDS(w) are obtained. V is finite and no. of
subsets of E is finite. Hence within 2™ approaches all minimal global dominating sets including
minimum global dominating set are produced. The minimum cardinality of the sets in all
MGDS(m) is the global domination number of 7 which is v4(7). So calculation of v4(7) is of
polynomial time. Hence by Propositon 2.6, v4(7) = v4(Gx).

Theorem 3.8.

A dominating set D of G is a global dominating set iff for each a; € V; — D, there exists a
a; € D such that a; is not adjacent to a;.

Let (m) = v(Gr) and ,(7) = v4(Gx). Then the permutation graph v,(m) = ,().
Proof

Let f € v4(G7) and let a;,a; € V(Gr).

Then a;, a; are adjacent in Gr < a;, a; are not adjacent in G.
< f(a;), f(a;) are not adjacent in G

since f is an automorphism of G,

& f(a;), f(a;) are adjacent in G

Hence f is an automorphism of G.

There four f € v4(Gx) and hence v4(Gr) C v4(Gr).

Similarly v4(Gr) C 74(Gr) so that v4(Gr) = 74(Gx)
Hence v4(m) = 4().

Propositon 3.9.

For any permutation graph G,

) ’)/(7T) < ’7g(7T)
WA <y () < () + ()

Note

Any complete graph does not global domination.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 10


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 37 Number 1- September 2016


K DURAISAMY
Text Box

ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 10



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 37 Number 1- September 2016

Example 3.10.

12345 6 7 8 o I
let G = , Here D = {4,5} is minimal global dominating sets.
5 2 7 18 3 6 4

() = 79(Gx) = 2.

—_—
—_—

Figure 2: Global domination in permutation graph G, and G

4 Some Theorems of Global Domination

Theorem 4.1.

(i) For a graph G, with p vertices, 7,(G-) = p iff G = K, or K,,.
(il )vg(Kmpn) =2 for all m,n > 1

(iii) 79(04) =2,74(C5) = 3 and 4(Cy,) = [5]for all m,n > 6
(iv) 7g(Pn) = 2 for n = 2,3 and ,(P,) = [5§] for n > 6.

Proof

we prove only (i), and (ii)-(iv) are obvious. Clearly, v,(K},) = v4(K,) = p. Suppose v,(Gr) = p
and G, # K, or f(p Then G, has at least one edge uv and a vertex w not adjacent to, say v.
Then V; — {v} is a global domination set and v4(G-) = p — 1.

For some graphs including trees, 7, is almost equal to vy
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Theorem 4.2.

Let D be a minimum dominating set of G. If there exists a vertex v in V — D adjacent to only

verticesin D, then
Vg <~v+1
Proof

This follows since D U {v} is a global dominating set.

Corollary 4.2.1.

Let G = (V4 U Vo, E;) be a bipartite graph without isolates, where| V; |= m,| Vo |= n and
m < n. Then v, <m + 1.

Proof

This follows from v, <+ 1 since m <n

Corollary 4.2.2.

For any graph with a pendant vertex, v, < v+ 1 holds. In particular, 7, < v + 1 holds for a

tree.

Corollary 4.2.3.

If V — D is independent, then v, <~ + 1 holds.

Let ag and 5y respectively denote the covering and independence number of a graph.

Theorem 4.3.
For a (p,q) graph G, without isolates.

20op08) <y <p—fo+1
Proof

Let D be a minimum global dominating set. Then every vertex in V; — D is not adjacent to
atleast one vertex in D. This imlies

q < pCs — (p — 74) and the lower bound follows.

To establish the upper bound, let B be an independent set with By vertices. Since G, has no
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isolates. V' — B is a dominating set of G.
Clearly, for any V € B, (V — B)U{V} is a global dominating set of G, and the upper bound
follows.

Since ag + By = p for eny graph of order p without isolates.

Corollary 4.3.1.
Vg Sap+1

The independent domination number i(G) of G is the minimum cardinality of a dominating set

which is also independent. It is well-known that
v <i<fo
Corollary 4.3.2.

For any graph G, of order p without isolates.
) y+v<p+1,(ii)i+y <p+1

Theorem 4.4.
For any graph G, = (Vy, E)

Yy < maz{x(Gr).x(Gx)}

where x(Gr) is the chromatic number of G.

Proof

Let x(Gx) = m, x(G») =n and m < n. Consider a x(G,) partition ay,as, .....a,, and a x(Gr)
partition a}, @, .....a,, of v.

Cleary, no two vertices of any a; can belong to any a; and conversely.We can select m vertices
ai,as, .....a.y, such that

(i) a; € Vi, 1 < i < m, and (ii)ay, ag, .....a,, belong to different sets in all,a;, ..... a,, say a; €
V;, 1 < j < m. Choose a; € V;,m +1 < j < n. Clearly,a, as, .....a,, is a dominating set of G,
and ay,ag, .....Qm, Am41, -....0n i a dominating set of G, and Gr.

Let A and 6 respectively be the maximum and minimum degrees of a graph G, and A =
A(Gr, 5 = 6(G).

It is well known that x(G) < A + 1 and if G, is neither complete nor an odd cycle,then
X(Gr) < A.
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Corollary 4.4.1.

For any graph G of order p

vy < maz{A +1,A + 1} = maz{p — 6,p — §}
and If G is neither complete nor an odd cycle

vy < maz{A, A} = maz{p —1 —6,p—1—16}

since v < 74 and § < 4

Corollary 4.4.2.

Let t = or 4. For any graph G,
t <mar{A+1,A+1}
if g, is neither complete nor an odd cycle
t < max{A, A}

Let k and k respectively denote the connectivity of G and G. it is well know that k < 4.

Corollary 4.4.3.

For any graph G of order p
vy < mawfp—k—1,p—Fk—1}

For v € Vi, let N(v) ={u € V; : wv € E;} and N[v] = (v) U {v}.

Aset D CVyis fullif N(w)NVy — D # () for all v € D. Also D is g-full if N(v)NV; — D #£ ()
both in G and G,.

The full numberf = f(Gr) of G is the maximum cardinality of a full set of G, and the
g- full numberfy = f4(Gx) of G is the maximum cardinality of a g-full set of G.

Clearly f,(Gr) = f4(Gx)
Proposition 4.5.

If G isof order v+ f =p

Analogously we have

Theorem 4.6.

If G is of order vy + fy =p
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Proof

Let D be a minimum global dominating set and v € V;; — D. Then N(v) N D # () both in G,
and G;.

Hence Vy — D is g- full and p — v4 = |V — D| < f,.

On the otherhand,

Suppose D V; is g-full with |[D| = f,. Then, for all v € D, N(v) N Vz — D # ) both in G, and
e

This implise that V,; — D is aglobal dominating set.

Hence vy < |Vz —D|=p — f,.

5 The Global Domination Number

A partition {aq, ag, ...,a,} of V is a domination (global domination) partition of G if each V; is
a dominating set(global dominating set). The domination number d = d(G;) (global domination
number d = d(G,)) of G is the maximum order of a domination (global domination) partition
of G.

Clearly, for any graph Gy, dy(Gr) = dy(Gr)

Propositon 5.1.

(i) dg(Kn) = dg(Kn)=1
(ii) For any n > 1, dy(Cs,) = 3, and dg(Cap41) = dg(Capy2)=2
(iii) For any 2 <m < n, dy(Kpm,n) = n. when d = d(G) and d, = dg(G)

Propositon 5.2.

If G is of order p, then v +d < p+1 and v4 + dy < p+ 1 if and only if G = K, or Kp.
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