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1. Introduction

Let A be the class of functions f analytical in the open
unit disc E = {z: |z|[< 1} and are normalized with the
condition f(0) = 0, °(0) = 1. Also let S.S * (y). C(y)
announce the subclasses of A comprising of function
that are severally monovalent star like of order y and
convex of ordery, 0 < y<1.InE.

Let f and g be analytic in E then f is said to be
subordinate to g, written as f o g and f(z) « g(z), z € E.
If there exists a Schwarz function w analytic in E with
w(0) = O0and w(z)<1 fot z € E such that

f(2) = g(w(2)).

If g is univalent in E then f < g if only if f(0) =
g(0) and f(E) < g(E).

For f(z) =z+ Yn-—a, z", g(z2) = z+
Yn=2 by z™ the convolution (Hadamard product)
of tand g is defined by (f x g)(z) = z +

Zﬁ:Zan bn z" = (g *f)(Z)Z € E.

Let h be analytic , convex and univalent in E with
h(0) = 1. Rh(z) > 0. We denote the class of all
analytic functions p with p(0) = 1 as p(h) if p «<h in
E.LetForf, ¢ €A, (f* g)(z) #0 and let f(z) *
d(2) = f1(2). Also we define F(z) = (1-M)fy(z) +
Azf’(z): 0 <A< 1.

We now define the following.

Definition 1. Letf, ¢ € A and let F be Defined by
(2). Thenf e S (h,¢,A) if and only if
zF'(z)
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Where h is analytic convex and univalent in E with
h(0) = 1.

In this Case, we say F € S (h).

The corresponding class C(h,¢,A4) is defined
as follows.

Let f e A. Then

fe C(h,p,A) ifand only if zf” € S
(h,¢,A).

In other words.

ZF'(2)

fe C(h.¢,2) if and only if %

x h(z),ze€E.

Definition 2. Let f,¢p € A and let F be defined by
(1). Then f e K(h,¢,A) if there exists g € S (h,¢,1)
with

C=0A-Dg*d)+Ag=*¢)

Such that %Z)) o h(z), € E. Where 1 €(0,1) and

h is analytic convex univalent in E. h(0)=1.

Definition 3. Let f,¢ €A (f * g)(z) # 0 and leth
be analytic and convex univalent in E with h(0) =
1. Then fe R(h, ¢, 1), for A = 0. If and only if

(f+g) + 2z(f*¢)" < h,z€E.

The corresponding class T(h, ¢, 1) can be defined
as follows. Let f € A. Then f € T(h, ¢, A) if and
only if zf ‘e R(h, ¢, 1).

Page 55



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 37 Number 1- September2016

Let S, be the class of prestarlike functions
of order o < 1. We recall that f € S, whenever

f € A and f satisfies

%{f(z)* (;}> o.if 0 <

1-z)2-20

while

RID 51 G5 =1.
V4 2

For special cases , we have:
(i). So=C

(ii).S1p= S(1/2), the class of starlike functions of
order Y.

(iii). Sy = CoC, where CoC is the closed convex
hull of C.

A prestart like functions of order o is univalent.
2 Preliminaries

Lemma 1([25]). Foro<1,letf€ S,, g be star
like of order . H be analytic in E. Then

’;‘TQ:(E) c Co(H(E)).

Also, foro <1
Ss ¥ K(o) € K(o).

Where K(o) is the class of close-to-convex
functions of order c.

Lemma 2([12]). Let be analytic univalent convex
in E with h(0)=1 and R[Bh(z) + 6] > 0.B.5 €
C.z € E If pis analytic in E with p(0) = h(0), then

zp (2)

{p(z) t @+

} « h(z).

Implies

P(2) x q(z) « h(2).

Where q(z) is the best dominant and is given as

q(2) = [{(f; exp [* 57 dwyde} 1 =],

Lemma 3([4]). Let B,y be complex numbers. Let
h(z) be convex univalent in E with h(0) = =1. And
R[Bh(z) + y] > 0.z€ E and q € A with q(z) «
h(z),z€E.

If p is analytic in E with p(0) = 1. Rp(z) >
0.then

zp'(2)
* Baz) + vy

Implies p(z) « h(z) in E.

p(2) x h(2).

Lemma 4. Let p(z) and q(z) be analytic in E p(0) =
q(0) = 1 and R(2) > - for [z] < p (0<p<1). Then
the image of E, = {z: |z|< p} under p*q is a subset
of the closed convex hull of p(E).

The above Lemma is a simple consequence of a
result due to Nehari and Netanyahu [13|.

Lemma 5. Let g(z)be analytic in E and h(z) be
analytic and convex univalent in E with h(0) =

g(0). If

{g(z) + %zg'(z)} « h(z), (R(E) = 0,8 # 0),
(2)

then

g(z) xh(z) = 8z7° J.Zt‘s_l h(t)dt o« h(z).

0

And h(z) is the best dominant of (2).

3 Main Results
Theorem 1. C(h,d, 1) < S(h, $,A).

Proof. Let f € C(h, ¢, 2). Set
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2O = p(2) 3

F(z)

where F is defined by (1), and p(z)is analytic in E
with p(0) = 1.

With simple computation, we get from (3)

zp'(2) _ (zF ()’
p(z)  F(2)

And using Lemma 2, it follows that

p(2) + o h(2).

P(z) xh(z),z€E.
This implies that f € S(h, ¢, A)in E.

Theorem 2. Let class S(h, ¢, 1) is invariant under
convex convolution.

This result also hold for the classes

C(h, ¢, 1), K(h, d, 1), R(h, d, 1) and T(h, ¢, 1).
Proof. Let y € Cand f € S(h, ¢, 1). WE want to
show that (y*f) € S(h, ¢, 1). Consider

z[(1=D{p* @ * Y + Uz(p* @+ )}

z[(1 = D¢ = (y * D} + 1z{(p * (y * D)}
Y [{A =Dz * N+ Mz(z(d = I}
T Y {A-D@ ) +2z(d * )

For y € C,[(1-A)(p*f)+hz(dp*f)’] = F € S(h) and
S(h)eS,p= % o h. we have

zZ[A = D{p* W=} + Az(d * @ * )}
(1= D{ * (w* O} + Az{(¢ * (v * D)}’

_Yrp{(Q = D(P* f) +2z(¢ * )}

T {A-D@ )+ 2z * )

WE now apply Lemma 1 with ¢ =0 to(4) and have

4)

(w*f) < S(h, &, 1) in E.

The proof of this result for other classes follows on
similar lines.

AS an application of Theorem 2. We have
the following.

Remark 1. Since the classes

S(h, p, 1), K(h, &, L), R(h, d, 1) and T(h, ¢, 1). are
preserved under convolution with convex
functions, it follows that these classes are invariant
under the following integral operators.

A = [12at=nogtt - 21+ 1

0

= @+ N,
2 VA
£ = = | Fode
0
-2
= [7{Z+1og(1—z)} * f(2)

= (Y2 * (2.

zZ
b +1
L ftl’l‘lf(t)dt.i}%b1 > —1

0

f3(2) =

zb1

by 41
=Q 5V = (r NG

n=1 1

It can easily be verified that

Y1,P, € C and we refer to [26,27] for 5 to be
convex. We apply Theorem 2 to obtain the
required result.

Theorem 3 For A >0, S (h,dp,A) € S(h,$,0)

Proof. The case, When A =0, is trivial, so we
suppose A>0.LetfeS (h,dp,A)andlet f; = f=* ¢.
Define

F(z) = (1-0)f,(2) + Az, '(2).

Then F € S(h), that is % o h(z) in E. We want

to show that @ « h(z) in E.
1(z)

Let
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f1(2)
== p(2).
1(z)

Then p(z) is analytic in E with p(0) = 1.
Now

zF (2) 3 zf'1(2) + 2%*f"1(2)
F(z) (1 —-Mf(2)+ rzf'1(2)

'

zf 1 (z) + Az (Zf,l(Z)) —rzf'1(z)
T (A -0fL@) + a2 1(2)

412 . . (1)
O AON

_ zf'1 (2)
(1-=2)+xr fll(Z)

~ (1 =Mp(@) + Mp*(2) + 2p (2))
a (1-1+ip(2

1-%

We know use Lemma 2 to have p(z) « h(z) in E.

Theorem 4. For 1> 0, K(h,d,A) c K(h,,0).

Proof. The case A =0 is trivial. We assume A > 0,
Let

F(2) = (1-M)(F*d) + Az(f )’ and G(z) = (1-
M(g*d) +Az(g*d) ®)

Let f e K(h,d,A). Then there exists g € S(h,$,L)
such that

zF (2)
G(2)

Where F and G are defined by (5) . Set

« h(z),z € E.

z(f* 9) (z)
(fxd)(2)
= p(2) (6)

We note that p is analytic in E with p(0) = 1.

o 2(ge) _
Then, from (6) and with o) — Po &

h, we have, after some simple computation.

zF (2) B Azp ' (2)
@ PO T+ @

Using Lemma 3, we obtain the required result, that
is

« h(z)in E.

z(f(z) * $(2))' _

(f(z) * (I)(Z)) - p(Z) o8 h(Z),Z € E.

Theorem 5. R(h,¢, 1) < T(h,d, A).
Proof. Let f € R(h,¢ &) and let {(1 —
DUIQLD) | )52« $(2)) } = p(2),

Then (f(2)*$(2)) +Mf(2)*$(2))” = p(2) +2p’(2).

Since f € R(h,0, A,), We have p + zp’ « h and,
applying Lemma 3, it follows that p o< h in E. This
proves that

feTho. M)

And the inclusion relation is established.

Theorem 6. The class R(h,¢, 1) is a convex set.
Proof. Letf;,f, € R(h,¢,2) and let
Fi= (=M * ) + Mz(fy * b))’
Fo = (1 =M (f * &) + Mz(f, * $))’
Let
F(z) = a[F;(2) + (1 —0)F,(2),0 <o < 1.
Then

F(2) + MF7(2) = a[F1(2) + (1- 0)F]” +Az[oF,"(z) +
(1- WF2"] = apy(z) + (1- a)p2(2) = p(2).
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Where pi(2) =F’(2) +AzF’(z),i =1,2, p; < h.

Since P(h)is a convex set, P o< hand hence F €
R(h,$,)) in E.

Remark 2. Functions in R(h,¢,)) can be obtained
by taking convolution (Hadamard product) of the
function

1
—1
k(2) =— 1“[ —dt/1>0
)
With function

Z

j(@) = f p(Odt, pxh @®)

0

The following facts about the classes R(h,¢, 1) and
T(h,$, A) can easily be established.

(i) R(h 0) and T(h
unlvalent functlons.

1) consist entirely of

(ii) T(h,, &) is a convex set.

(iii) T(p, &) © T(h,, A2), 0 < A< Ay
(iv) T(hd, 1) c T(h, 1), 4> 1.

(V) R, A1) € R(hb, 12), 0< %< Ay

We prove the result (v) as follows, For A, =0 we
need the Lemma given below.

Lemma 6. Let L > 0 and D(z) € S(h). Let N(z) be
analytic in E and N(0) = D(0) = 0, N’(0)=
D’(0) =1.

Let, for z € E, h convex univalent, Rh(z) > 0.

( ) N( ) o

Then

N(z)
m « h(z) forz €E.

Proof. The proof of this Lemma is quite
N(z) _

straightforward when we put —= >

p(z),and obtain

N(2) 41 N'(2)
D(z ) D'(z)
={r@

+po(@ (20 (@)} < h(z),

1-23

where Rp,(z) = 9%2((2 > 0in E. Now using

Lemma 3 we have the required result that

NEZ) o h(z) in E.

We now proceed to prove the inclusion result (v). We assume

L, > 0and f € R(h, ¢, ;). Then

(1= 2)(F * 9) + La(2(f * )’
A , N
= A= 20¢ )+ 4 (20 9)) |
A
+(1-2) = ey

A A
=Tn@+ (1-7)n.

Since f € R(h, $, A;),p; « h and from Lemma 6,
p, «< h. Now

1 and h(E)is convex, it follows that

(A=2)(F x ) +2(z(f + 9)) }
Thus f € R(h, ¢, Ap).

Theorem 7. Letfe T(h, $,1),0<A<1.Thenfe€
T(h, ¢, 1) and hence univalent for |z| < r,.where
1, IS the radius of the largest disc centered at the

origin for which Rk’(z) > % k(z) is defined by (7)
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and r is given by the smallest positive root of the
equation.

-1-r 2 1 1 g%‘l
A —Z(=—
1+r A (A 1) fO 1+&ér

(9)

dé = 0.

This result is sharp.

Proof. Since f € T(h, ¢, A),we may write , by using
Remark 2.

f(2) = zF (2),
= z(k(2) *J(2))’
= zp(2) * k(2).

Where p « hand k(z)is given by (7).

F € R(h,d,})

Hence
: zp(2) * zk'(2)
f@)=—"—7—
Z
zp(2)+zk (2)
zxzk'(2) (10)

Let zk’(z)=H(z)
Then H’(z)=k’(z) + zk”(z).

It is easy to see that k’(0)=1.Therefore, for Rk’(z)
> Y5 for |z| < ro ,we have
H(z 1
@1
zH (z) = 2

In |z|= ro.

Hence H is a prestarlike function of order ¢ =I.
Also, since g(z)=z € S;, we can apply Lemma 1
and it follows f € T(h, ¢, 1) for |z[< ro.

The function f, € T(h,d, ), defined as

fo(z) = zh(z) * k(z).

Shows that the above radius given by (9) is sharp.
To find the radius ro. We proceed as follows.

From (7), we have

.1 1.1 R
K@ =305 3G~ D72 e
(11)

Power in (11) are meant as principal values. The
function k’(z) is analytic in E, k’(0)=1 and

, 2—1+1,
Zk(Z)—l—m
z 1
21\, ti‘ld
_ === 2| —dt.
)L()L )Z fl—t ¢
0
So
) %—1—r
—-12=>
2Rk (2)—1= T3

Therefore Rk’(z) > % for |z| < ro, where rqis the
smallest positive root of (9).

For the function f,(z) = h(z) = k(z), f'(ry) = 0.
This shows that the above result is sharp and proof

is complete.

Theorem 8 Letf € R(h, ¢, 0). Then f € R(h, ¢, 1)
for |z| < r,, where

1
rn=(1+21%)2 -1
Proof. Let Fyi(z) = (f*¢)(2). Then Fy o< h. Now

F’1(2)H2)+AzF " 1(2) = yu(2)* F’1(2).
(12)

Where
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— z(1-(1-M2) w
v = T =z + I+
(n—1A)z"™

It is known (11) that ER@ > %in |z| <1,. Now,
from (12) and Lemma 4,it follows that

(F, +2zF';) «chinz| < 1.

This gives us F; € R(h, ¢, ) in |z| <r1), and the
proof is complete.

Using Lemma 6,the following result can be easily
proved.

Theorem 9 Let

F=Q-D(f*d)+2z(fx¢), f,d €A

> 0.
And
G=0-D(g* ¢)+2z(g* ¢,
g €S(h,4,9),
Then
% x h(z) implies ZGF((ZZ))  h(z) inE.

We prove the following.

Theorem10 Let f € R(h, ¢, 1), Rh >0. Then
(f * ®) € C(W)for |zl < (VZ - 1).

This result is sharp.

Proof. Sincef € R(h, ¢, A), h € P, we have

VA

(f * ) (@) = k(2) » f h®d, h(z) «

0

1+z
1_

And k(z) given by (7) is convex function in E. If
show that

z

J(z) = fh(t)dt

0

Jis convex for |z| < (V2 — 1), then (f*¢) = k*J is
also convex for (v2 — 1) due to a well known
result, see [27]. Now J’(z) = h(z), and

z]"(2) 1 zh'(2) 1+z

1 - —_— h
"To T e “1-2
Then
z]"(2) 2r
1 ; >1-
R+ J(2) 1-—1r2
1-2r—r?
 1-—7r2
. zh'(2) 2r
Since | v | < Tz See (6). Thus J € C for |z|

< (V2 — 1) and consequently f € C(¢p)in |z| <
(v/2 = 1). The sharpness follows from the function
f, € R(h, ¢, 1) given as

F1
o+ $)(@) = k(2) * f —dt

—t
0
4 Applications

We shall have different choice of analytic
functions ¢ and h to illustrate the application of the
main results.

I. Choices for h(z)
Let

1+ Az A€ CandB €[-1,0]
1+Bz’ an el

A # B.

h(z) =

For -1 <B < A < 1. These functions are called
Janowski functions (6). By taking A=1 - 20, B=-
1, 0<0<1. We have

1+(1-2a)z

h(z) = he(2) = ———
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This gives us Rh,(z) > a and witha = 0, we
have

ho(z) = ==, Rh(z) > 0. see [6].
(13)

Il. For K > 0, let h(z) = p«(z), where

142z

= k=0
pr(2) 1—-2"’
2 14++z
Z:1+_ lO 2; k:1

Pk (2) — ( gl_\/})
Pk (2)
=1+ 2 'hz[(z k) t ()]
= 1_kZSln n_aI'CCOS arctan Z )
0<k<1,
P (2)
=1

u(@

VE
4 1 _ T J 1 d
sin X
k2 —1 2R(t) ) VI —xZ /(1 — tx)?

1
—_ 1
+ -1 k>
Here u(z) = 12__\/\/:—2 ,t € (0,1),z € E and z is chosen

such that k=cosh (T;Eg

complete elliptic integral of the first kind and R’(t)
is the complementary integral of R(t).

), R(t) is Legender’s

The function py(z) play the role of
extremal functions mapping E onto the conic
domain Qy given below

Q ={u+iviu>ky/(u—1)2+v? k>
0} (15)

For fixed k, Q represents the conic region
bounded, successively,by the imaginary axis
(k=0),the right branch of hyperbola (0O<k<1),a
parabola (k=1) and (k>1). It is noted that the

functions py(z) are univalent in E and belong to
the class Pof Caratheodry functions of positive real
part. For detail ,we refer to
[9,10,15,17,18,19,20,21].

Now, by choosing h(z) = py(z) in
Theorem 3, we can easily prove the following.

Corollary 1. S(px , ¢, ) < S(qk ,,0), where

4@ = [} exp [P0 gy
(16)

Some of the special cases are given below.

(i) Letk=0.Then f € S(=Z , ¢, 1) implies that

1-z

1 . z(fxd)’ 1
f €SS . ¢,0). Thatis R|“2] > 7 forz €
E.

(ii) For k>1 and f € S(pk, $, ), we obtain fom
Theorem3 and [18] that

€S|——2+—,$,0). Thatis
/<5 eemigeg )

[Z{f(z) * q)(z))' 5 z

@9 | G-olga -2~

1

Since, in this case q(—1) = G+ Dlog (14

have

[z(f(Z) * cb(Z))] S !
F@ 8@ | s iog 1+

(iii) For the case k=2. We note that

S(pZI ¢l A) c S(qZI 4)1 l)

This gives us
2(f(2) * $(2) I
{ @+ 6@ }> a2( ”‘mw%

~ 0.813.
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(iv) Let k=1,Then

S<[ +—(log )] ¢l>cS(q1.¢> 0).

And

2(f(2) * $(2))’ 1
e =0T

Corollary 2. Let

1-(1-2a)z

h(z) = ha(z) = 1—

Then , from Theorem 1 and result given in [12.p
115], it follows that

Clhe, ¢, 1) © S(qq P, D).

Where
_ (1-20)z i 1
WD = T pn g ¢ 73
qu(2) = - , ifa= .
(z—Dlog (1 —2) 2

Corollary 3. Let f € S(hy, ¢, Aand f,(2) =
22 F@oat.

Then it follows from Remark 2 and a result in
[12.p116] that € S(H, ¢, 1) , where

_ 20(2a — 1)z2

Hy(z) = 1-2)[1—-2)1"2+ a—1)z—1]

-1, (X?t%,(li 0,
42
b = G Dlogti=n v %" 2
42

Ha(z) = 1-2)[(1-2)log(1 —2) +z] 1,a

=0.

(2) Choice for ¢p(2)

[2(a)] Consider the operator D"(n € N, =
{0,1,2, ... }) which is called the Salagcan derivative
operator defined as

D" f(z) = D(D™*f(2)) = Z(D" 'f(2)),
With D°f(z) = f(z). see [28].

Also one-parameter Jung-Kim-Srivastava
integral operator[8,29] is defined as

[ — 26 z o-1
I7f(@) = ;g5 | (09 7 f(©), (o real)
0

I
N

+ Z () ana™ (17)
The operator 1° is closely related to the multiplier
transformation studied by Flett|5|.

We can express

D"f(z) =

Z+

Ym=2m"amz™ , (18)

Where f(z)=z + Y-, m"a,z™

From (17), the following identity can easily be
deduced.

2|17 f ()]
=2I°f(2)
— IU+1f(Z)-

Combining the operators D™ and I° , operator
IS:A—A
Is defined by taking
© 2
Foo(2) =z + Ty m"(-22)72™

As follows
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I7f(2) = D"(I°f(2)) = 1°(D"f(2))
= Foo(2) * f(2)
=7

* Z oy, (20)

We note that 19f(z) = D"f(2),= D"f(2),

15f(z) = 1°f(2)
From (20) we easily derive

I541f(2) = 215f(2)
— I5*1f(2) 21)

Now, taking ¢(z)=F, ;(z), we have:

Theorem11.
S(h,F%.1,%) < S(h,E%, 1) < S(h,EZ*L,))
20)]. @)= fup(@).

In [3],the operator J,, is definedas ], : A — A
by

Jap f(z) = fap(2) *1(2),  (a>0,b>0),

z Z
Where R fap(2) = o

see also [14].

We note that, by taking a=n+1, n € N and b=2.
We obtain the operator considered by Noor
[16,19]. Also ], , = L(b, a) is Carlson-Shaffer
operator introduced in [2] as follows.

L(b,a)f(z) = ¥(b,a,z) = f(2),
Where

¥Y(b,a,z) = Z B Zzmtl

a+0-1..
(a )m

ISSN: 2231-5373
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Is an incomplete beta function related to the Gauss
hypergeometric function by

¥Y(b,a;z) = z,F,(1,b; a; z) and (b),
=bb+1)..(b+m-—1),(b),
=1.

We note that , by takinga=n+1,neNandb =
2, we obtain the operator considered in [15,16],and

Jin+1f (@) = L(n+ 1,1)f(2)
=D"f(2)
2z (2)™

n!
The Rusheweyh derivative of order n.

The following identities hold for a>0,b>0
Z(]a,bf) = a]a,bf - (a - 1)]a+1,bf:

Z(]a,bf)' =bJap+1— b = Dgp
Using [22] and some computations,we have:
Corollary 4. (i). For b>1.
S(h, fap+1A) < S(h, fup ),z EE.

(if). For0<56>1,b>1.

1+ (1-268)z
S\————— fap+1, 4

1—2z
1 1-2
C S<_+ (1 — IB)Zifa,b:/1>

Where

B
1
=, (-@b-25-1)

+/(2b — 26 — 1)? + 8(26b — 26 + 1)}

The result (ii) has been established in [15].
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As a special case of Corollary 4, we deduce that
Jorh=0,a=b=1,

14+(1—-26)z
SN e

1+(1-2
S<%,f1,1,0>

Where g, is given by (22) with b= 1. That is C(38)
< S(B1).

L =5{(26 - 1) + V482 — 45 + 9},
(22)

For 6 =0 ,we obtain a well known result that

. . . 1
every convex function is starlike of order > For

more results related to Corollary 4.we refer to [14].

@] ¢(2) =fu(@.f(2) = z+ Xp=pamz™ .

Define £,5,(2) as £,°(2) * f;5.(2) = ﬁ e
0,z €E). (23)

Where £5(2) = 2+ S50 2™, (y>-1).

1-y

Then, using (24), the operator Ly , : A — A'is
introduced as

Lyuf (@) = fu(2)
* f(z),(fEASsERA>—1,u
> 0), (24)

We note that

LY .f (2) = zf (2), Ly o f (2) = f (2),
Liif(2) =z + i lamzm = f@dt,
Lim J ot

And obtain the following relation
z2(L3uf (@) = 1L 4 f(2)
= (u
= DL uf (2) (25)

’

2(LEf (@) = (r + DL uf (@)
- VL) (26)

We can now derive the following results easily

Corollary 5.

S fu) & SCSPE L F)

Where

p =

[1—2(}’—170)]+\/2([(11:225;1/1))0]2+8(1+2p0y)' and py =

For this result we refer to [17,18].

Corollary 6. Let f5(z) be defined as in Remark 1,
with f € R(py, fyimu,A)- Thenf; € R(qy, fyu4)
in E.

Proof. The operator defined by f3 is known as
Bernardi integral operator for b;=1,2,3.....see[1].
We have

Z

f3(2) = blzjllf thh=t f(t)dt, by >-1,f
0
€ R(aw filuwh)-
Then
(b + Df(2) = zf ,(2)
+ by f3(2). (27)
Now writing

’

h@) = (=D (Lufs() +2 |7 (15055 (z))] .

We obtain from (27).

=2 (13,6@) + 2 (B.u5@))

=h(z)+z h'(2).

by +1
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Since f € R(py, f;/.f(2),4), it follows that

1 .
(h+m2h)0(pk, z€E.

Applying Lemma 5,we have, forz € E

h(z) x Gi(z) < py(2).
Where

z
b1
qx(2) = ZTJ- th p(t)dt.
0

There h gy, and consequently f; € R(Ty, f5,, )
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