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Abstract- Graph colouring is one of the most
important area of research in graph theory. A
distance-2 colouring of a graph G is a proper
vertex colouring of G such that every two vertices
at a distance-2 or less are assigned different
colours. The least integer k for which there is a
k-colouring satisfying this condition is the
distance-2 chromatic number of G and is denoted

by x*(G). In this paper, we present algorithms to

determine the distance-2 chromatic number for the
duplicate graph of the Mycielskian graph of paths,
cycles and complete graphs.
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1. INTODUCTION

Let G = (V, E) be a simple, finite and
undirected graphs. Let A(G) denote the maximum
degree of vertices of a graph G. For vertices u and
v in a graph G, the distance
d(u,v) between u and v is the length of a shortest u-
v path in G. In [3,4] an L-distance colouring of a
graph G is defined as a proper vertex colouring of
G such that every two vertices at distance L or less
are assigned different colours. The least integer k
for which there is a
k-colouring satisfying this condition is the L-
distance chromatic number of G. Borodin, Invova
and Neustroeva [1] have studied sparse planar
graphs and they proved more general results in
distance-2 colouring. In 1955, Jan Mycielski [5]
has given the construction of Mycielskian graph for
the graphs. We consider Mycielskian graphs that
are in spired by G.J.Chang, L. Huang and X. Zhu
[2]. The concept of extended duplicate graph was
introduced by P.P. Ulaganathan, K. Thirusangu and
B. Selvam in [7]. In this paper, we present
algorithms to determine the distance-2 chromatic

number for the duplicate graph of the Mycielskian
graph of paths, cycles and complete graphs.

2. PRELIMINARIES
In this section, we present some basic
definitions and results which are relevant to this

paper.

Definition 2.1 (Colouring):

A (proper) colouring of a graph G is a
function
c: V(G) » N having the property that c(u) # c(v)
for every pair u,v of adjacent vertices of G. A k-
colouring of G uses k colours. The chromatic
number 7y (G) is the least positive integer k for

which G admits a k-colouring.

Definition 2.2 (Distance-2 colouring):

A distance-2 colouring of a graph G(V,E)
is a proper colouring of the vertices such that any
two vertices at a distance atmost 2, receive distinct
colours and the distance-2 chromatic number X2

(G) is the least positive integer k for which G has
distance-k colouring.

Definition 2.3 (Mycielskian Graph):
Let G be a graph with m vertices denoted
by Vi,Va,...Vm. The Mycielskian graph p(G) is

obtained by adding to each v;, a new vertex u; such
that u; is adjacent to the neighbors of v;. Finally add
a new vertex w such that w is adjacent to each and
every vertex u;.

Definition 2.4 (Mycielskian graph of Path):

Let w(P,) be the Mycielskian graph of
path P, where m is the number of vertices in Py,
The vertex set and the edge set of L(P,,) are given

as follows
V={v,u,wfor 1<i<m}
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E-= {V |+17 | |+1’uivi+l /13 I < m—l}U
{uw/l<i<m}
Clearly p(P,) has 2m+1 vertices and 4m-3 edges,
where 'm’ is the number of vertices in path P,,.

Definition 2.5 (Mycielskian graph of Cycle):
Let w(C, ) be the Mycielskian graph of

cycle Cy, where ‘m’ is the number of vertices in

Definition 2.8 (Duplicate graph of Mycielskian
graph of Path):
Let DGM(P,,) be the duplicate graph of

the Mycielskian graph of path P, (m = 2). The
vertex set and the edge set of DGM(P,,) are given
as follows.
V={wyv,u, w' Vv u /1<i<m}
and
E :{wui’,w’u. 1<i<mPufuviou'v,g;

Cm. The vertex set and the edge set of p(C,,) are UmVi v v Iy

170 i+1

/1<i<sm-1}
given as follows.

V={v,u,wfor 1<i<m}
E={vv UV, /1<i<m-1}U

|+17 | |+1’ ivi+l

{uw/1<i<m}U{uyv, ;vu.;v,v, }
Clearly u(C, ) has 2m+1 vertices and 4m

Clearly DGM(P,,) has 4m+2 vertices and
8m-6 edges, where ‘m’ is the number of vertices in
Pm.

edges, where m is the number of vertices in cycle Definition 2.9 (Duplicate graph of Mycielskian
(o graph of Cycle):

Let DGM(C,,) be the duplicate graph of
Definition 2.6 (Mycielskian graph of Complete the Mycielsikian graph of cycle Cy, (M = 3). The
graph): vertex set and the edge set of DGM(C,,) are given

Let u(K,,)be the Mycielskian graph of as follows.

complete graph K, where ‘m’ is the number of
vertices in K,. The vertex set and the edge set of

V={w,yv,,u,w' v u /1<i<m}

n(K,,) are given as follows.
v={v,u,wfor 1<i<m}
E={wy, /1<i<m}U{uv;, iy visviv i/
1<i<m-11<j<m-i}

E = {wu,,wu/1<|<m}U{uv.+1,u,v yU v

i+17 Yi+l

TRRAAVAVIRRYS v llsism—l}

i Vi i+1
/
U{ulvm,u1 V., Vv ,vl v, Vyulv'u }
Clearly DGM(C,,) has 4m+2 vertices and
8m edges, where m is the number of vertices in

Clearly n(K,,) has 2m+1 vertices and cycle Cp, (M > 3).

2
3m” —m edges, where m is the number of Definition 2.10 (Duplicate graph of Mycielskian
graph of Complete graph):

Let DGM(K,) be the duplicate graph of the
Mycielskian graph of the complete graph K,
where ‘m’ is the number of vertices in K, (m > 4).
The vertex set and the edge set of DGM(K,,) are

given as follows.
— JANTER ;
V={w,v,,u;,w",v;,u; /1<i<m}

vertices in complete graph K.
Definition 2.7 (Duplicate graph):

Let G(V, E) be a simple graph. A
duplicate graph of G is DG = (V,, E;) where the
vertex set V;= VUV and VNV/=@ and f : V-V is

bijective and the edge set E; of DG is defined as E={wu/, Wu /1<i<m}UuVviju'v, ;u, v

(RN R B R
Ui v vV Vi /1<i<m-11<j<m-i}
Clearly DGM(K,) has 4m+2 vertices and

3m* —m edges, where m is the number of vertices
in complete graph K, (m = 4).

follows. The edge uv is in E if and only if both uv’/

and U’ v are edges in E;.
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3. Main Results

In this paper, we present algorithms to
determine the distance-2 chromatic number for the
duplicate graph of the Mycielskian graph of paths,
cycles and complete graphs.

Algorithm 3.1.

Procedure: Distance-2 colouring of DGM(P,,), (m
> 2).

Input:

V < {W,Ug,Up. .. Um,Ve,Va. ...V W, U1 U Uy
VIVS v} E<—{ere..... sm-6}

\\assignment of colours to the vertices DGM(Py,),
(m = 2).
WUy €— C, W< ¢,
for1<i<m
{
Ui/(—Ci+1
}
end for
forl1<i<m-1
{
Ui €<—Cis2
}
end for
if 2<m<4
me Vm/ (_Cm+2
\Y /m-l(_cm+l
forl1<i<m-1
{
Vi €<—Cis1
}
end for
if2<m<4
for i= 1to m-2
{
vi ¢,
}

else

if 4<m<7
v, vi < ¢,
Vi, Vit €= Cona
Vi, Vit €= Cm
Vi €— Cma1
for1<i<2

V.

i1 € Gy

}

end for
for i=1tom-4

Vimeaai « Ci.»

}

end for
if m=6

v, >C,
else

if m>7
V, < C,,V, < ¢
for3<i<m-2

{

Vi+2,V/i+2 <« C

¥

end for
fori =1to3do

{

/
Vv,V «cC

m—2+i

end if

end procedure.

Output: Distance-2 coloured of DGM(P,,), (m =
2).

Theorem 3.1:

If DGM(P,,) is the duplicate graph of
the Mycielskian graph of path P,, (m > 2), where
m is the number of vertices in path Py, then
x*(DGM(P,)) <m+2.

Proof.
Let DGM(P,,) be the duplicate graph of
the Mycielskian graph of path P, (m = 2), where

m is the number of vertices in path P, Define a
function
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f:V —>{1,2....4m+2} such that f(u) = f(v)if \\ assignment of colours to the vertices of
DGM(C), (m = 3).
W, Uy €— C1, W < ¢,

for i= 1 tomdo

uv € E, where V is the vertex set and E is edge
set of DGM(P,) as follows.

Case (i) if lI<m<5 { /
First we assign f(w)=c, and f(w)=c,. Ui €=Cin
Since }
- _ | _ end for
deg(w) = deg(V\/),|N (W)| B ‘N (w )‘ =m for i= 1to m-1 do
Hence m+1 colours are needed to colour the {
vertices N[w]. Since N(w) ~ N (W) = ¢ and Uj €= Cix
d (N (w), N(W')) > 2 N(w) and N(w) receives end f}or
same colours whereas w and W’ receives different if 2<m<5
colours among m+1 colours.Using algorithm 3.1, /
for 1 <i<m-—1 v and v/ are coloured by m+1 Vi1V €= Cinys
/
colours.In this case, N (v,, ;) = A and Vi Vime1 <= Cpp
/
M <NV, )| SM+L0f [NV =m + 1 Vim2 < Cp
we need m+2 colours to N[Vy] and if m= Vinea € Ca
IN(v,—1)| we need m+1 colours to colour the else
vertices of N[Vim.], but d(W,v{)< 2, if m=4
f[w']= f[v/] where 1<i <m we need m+2 /
V, <= C,,V, < Cg
th colourto v, € N(Vm—l/) and Vm/ e N(v,,) else
, f(Vi)= f(V) Since d(vm,V/) >2. Hence if m=5

*(DGM(P,)) <m+2.

/ i
V,V, ¢ C,,V, Vs < Cp,V, < C,
Case (i) if m>5

First we assign the maximum degree vertices / /
Vo,V <~C .,V,V. &C , V, < C
f(w)=c, and f(w)=c,. Since deg(w)=deg(w’), 8t mlr 750 TS m+2: T4 2
IN(w)| = ‘N(W/)‘ =m and else
)| = / <i<
|N(V,)| ‘N(v,)‘<m where 1 <1 < mand it m=6
/
IN(u)| = ‘N (U, )‘ <M Hence m+1 colours are V1’V4/ «c,, V2/V3/ «c, V1/’V4 G,
n:le(de(; to cI:\(I)I(ou:)N[Wj). Since Vg < C, V3,V6/ «c,, V21V5/ “—c_.,
W)~ N(W )=¢ and
d(N(w), N(w')) > 2, N(w) and N(w') receives else

same colours whereas w and W’ receives different
colours among m+1 colours. Using algorithm 3.1 if m>6
for 1< i< m-1, v; and v; are coloured by m+1

/
\Y C,,V
colours. Hence x>(DGM (P,)) <m+ 2. 4 <GV, <G

fori=3tom-2do

Algorithm 3.2. {
Procedure: Distance-2 colouring of DGM(C), Vi+2’V/i+2 «C
(m = 3).
Input: Ve—{Ww, Ug,Up....um, V1,Va....vm , W, U ,U7 ... }
Und V2V v} end for
E“ {e1es..........am}
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fori=1to3 do
{
Vi ’Vi/ < Chiiz
}

end if
end procedure

Output: Distance-2 coloured of DGM(C.)), (m =
3).

Theorem 3.2.

If DGM(C,,) is the duplicate graph of
the Mycielskian graph of cycle C,, (m > 3),
where m is the number of vertices in cycle Cy,
then x*(DGM (C,,)) <m+3.
Proof:

Let DGM(C,,) be the duplicate graph of
the Mycielskian graph of cycle C,,, where m is the
number of vertices in cycle C,,. Define a function
f:V —>{12....4m+2} such that f (u) = f(v)if

uv € E, where V is the vertex set and E is edge
set of DGM(C,,) as follows.
Case (i) if 2<m<5

Using algorithm 3.2,
f(W):f(um):Claf(W/):Cza f(Vm):f(Vm/): Cme3, T(Vim.
1):f(Vlm-1): Cm+2, f(Vlm-Z):Cm,
f(Vim2)=Crm-1, F(U/})=Cis1 for 1<i<m, f (u;)=ci,, for
1<i<m-—1and if m=4f(vy)=c, f(V1)=Cms1
Since
f(Vin)= f(v’m): Cme+3, We need atmost m+3 colours to
colour the vertices v, & V', . Hence

¥*(DGM(C,)) =m+3.
Case (ii) if m=5

Using algorithm 3.2,
f(W)=f(um)=cy,f(W)=Cy, f(v1)=f(v)= ¢4, f(v2)=Cs,
f(va)= f(v1)= Cme, F(Va)=Ca, F(v2)=f(v5)= c; and
f(u)=ci,s for 1<i<m and f(u;)=ci., for
1<i<m-L1. Inthis case

IN Q)] = 3, U V3. Vi,

/
V,, €C4U; €C,,Vy €Cpp, Uy, €C

m+11Un
and f(vm)#c,Ucs since V, € Cy,d(vyvy,) < 2and
V, € C3,d(v,,v,,) < 2. Therefore f(Vi)=Crnsz, and
f(Vi)=Crmaz, Since d(vy, v, )>2. Hence
x*(DGM(C,,)) <m+3.

Case (iii) if m>5

First we assign the maximum degree vertices
f(w)=c; and f(w')=c,. Since deg(w)=deg(w’),

IN(W)| =[N (W)= m and

IN(v,)| = ‘N(V{)‘ <m where 1 <1 <mand

V, € C, .Hence m+1 colours are needed to colour
N[w]. Since N (W) ~N(W') = ¢ and

d(N(w), N(W) > 2, N(w) and N(w) receives
same colours whereas w and w’ receives different

colours among m+1 colours. Using algorithm 3.2,
v; and v; are coloured by m+1 colours for 1<i<m

.Hence x*(DGM(C,,)) <m+3.

Algorithm 3.3.

Procedure: Distance-2 colouring of DGM(K,), m
>4,

V <« {w,u,,U,,...U.,V;,V,,. VW,
IanIt' ’ ! ! ! ! !
U, Us,..,Uul Vi Vo, v}
E<«{e.e,...8,. }

ifm>4
W, U,,V; <C,

W'V, «<C,
fori=1tomdo
{
Ui <=Ci,y
}
end for
fori=1tom-1do
{
Ui,s <Gy
Vi Vig < Cri
}

end if
end procedure.

Theorem 3.3.
Let DGM(K,,) be the duplicate graph of
the Complete graph K, where m is the number of

vertices in complete graph, then
r*(DGM(K ) =A+2.
Proof.

Let DGM(K,,) be the duplicate graph of
the Complete graph K,, where m is the number of
vertices in complete graph. Define a function f : V
— {1, 2, ...} such that f(u) = f(v) if uv € E, where
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V is the vertex set and E is the edge set of
DGM(K) as follows. From the structure of

DGM(Kyr),|N(V;)|=|N(V{)| = A and
INW)| = Nw)| =N, ) = [NGw?)
Using algorithm 3.3,

f(w) = f(u,) = f(v}) = ¢, (W) = f(vy) =,
and f(uj)=c;,
L<ism-land f(v;,;) =f(vi,) =Cp.ps
1 <i<m-3. Since [N(Vn_1)] = A, hence A+l

colours are neede to colour N[vy4], f(v,) =

f(N(wp_y)) and

d(Vm, Vm-1) < 2. Hence A+2 colours are needed to
colour  N[vg] and  d(v,,, V) >2,
(v, )=~V ) and d(v,,,v,) > 2,
f(v,,) =f(v/,) Hence

¥*(DGM(K ) = A + 2.

<A.

1 <i<mand f(ujs1) = Ci+o Where

for

Conclusion
In this paper, we presented algorithms and
determined the distance-2 chromatic number for

the duplicate graph of the Mycielskian graph of
paths, cycles and complete graphs.
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Example: Distance- 2 colored of DGM(Ps), (m > 2).

W(1) ui(3) ux4) ux5) us6) us(l) vi(6) Vva(3) va(2) va(5) vs(4)

W@ u2) uyd) ui@) u,G) uid) viB) Vo) Vi) V,(6) Vi(3)
Fig(i) 2*(n(Ps)) = 6

Example: Distance- 2 colored of DGM(Cs),

W (1) ui(3) ux(4) us(5) us(6) us(l) vi(4) va(3) vi(6) Va(2) Vs(7)

Fig(ii) %*((Cs)) = 7
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