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ABSTRACT

In this paper an integral involving general class of polynomials, Legendre's associated function, Aleph-function and Aleph-function of several
variables has been evaluated and an expansion formula for product of the general class of polynomials, Legendre's associated function, Aleph-
function and Aleph-function of several variables has been established with the application of this integral. The result established in this paper are of
general nature and hence encompass several particular cases.
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1. Introduction and preliminaries.

The Aleph- function , introduced by Siidland [9] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

s Aj) [ci(azis Aji)ln+1,ps; 1 M,N —s
R M. N (aj; A, [eiajis Aji)lntipir | oM, sd 11
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for all z different to 0 and

Q M.N (5) = H  I'(bj + Bys) HJ 1 (L —a; — 4;s) (12)
Pi,Qicismr\%) ; .
Sy e Ty Dlagi + Ajis) [T 01 T(1 = byi — Bjis)
With :
1 M N Q; P;
largz| < §7TQ Where ) :ZBJ- +Zaj — ¢ Z Bji + Z a;;) >0 withi=1,---,r
j=1 j=1 j=M+1 j=N+1
For convergence conditions and other details of Aleph-function , see Siidland et al [9].
Serie representation of Aleph-function is given by Chaurasia et al [2].
]V[,N (S)
’L?Qi’ci ;T —S
NP17Q27CZ7 Z Z BGQ! z (13)
G=1 g=0
bc +yg o
With s =g g = "B P, <Qi|zl<1 andQP 0,00t ..(8) is givenin (1.2) (1.4)
The generalized polynomials defined by Srivastava [7], is given in the following manner :
[N1/Mi] [Ns/Ms]
GMu Mary -y Z Nl M1K1  (=No .k,
Ny, N Y1, 7ys — J7l
K1=0 K.=0 s
K K,
A[Ny, Ky N, Kglyy ' -+ -y (1.5)
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Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N7, K7;- -+ ; Ny, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation

_ (_Nl)MlKl (_NS>MSKS
=R Ky AL KGN K (1.6)

The Aleph-function of several variables generalize the multivariable h-function defined by H.M. Srivastava and R.
Panda [8], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral
occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and will be
defined and represented as follows.

Zz1
. . — 0,1127?’L1 sTL s M, N ’
Wehave : R(z1,- 3 20) =R L R sty 1) RO 30,00 007,00 R
ZT
.o (1) (r) .
[(aj’ a§1), .« 7@57'))1711] 7[7-7,(@]17 (04 1@) [ 7a<72) )n+1apz] °
T
........................... 7[Ti(bji§ ﬁji )T Py )m-l-l,qz‘] :
1)y D) (1) (1) . . r 7
[(c;7):75 Dim s [T (e ﬂ<1>,7ﬂ<1>)m+1p<1>],--- s 1S ) i (40 ), 1p00)]
1 1 1 r r r r
[(d ))753(- N, [ (d(l<)1>>5(z()1>)m1+1 RN ERER (@), 85 1, ], [T (d(zzm ](,2,>)m 1,0]

1 / / . n
e W(s1, -+, S Or(sk)zFdsy - -+ ds, 1.7
@) /.. 5 ( )kl_[l k(Sk)2rt dsi (1.7)
with w = v/—1

For more details, see Ayant [1].

The reals numbers 7; are positives for¢ = 1,--- , R, T;(x) are positives for i*) = 1, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)ﬂ' , Where

n P,(k)
k k k k k
A =S 3 ol n 3 e 3
Jj=1 Jj=n+1 j=1 j=nr+1
my qi(k)
+3 60 =m0 Y a0 >0 wim k=1 ri=1, R i® =1, ,R® (1.8)
] j=my+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(Zh'" aZT):O( |21|a1’___ 5 aT)sma’x( |Z1|7"' 7|Z7“| ) —0

N(Zl"" ,ZT)ZO( |Z1|617"' 7|Z7"|ﬁ7‘)’min( |Zl|7"' ’ |Z7"|>_> o0
hk =1 e o — i (k) rsFIy - —1....
where, withk = 1,--- .7 :ay mzn[Re(dj /63‘ ),i=1,---,myand
B = maz[Re((cf"” = 1)/4{")],j =1, ,my

We will use these following notations in this paper
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U=pi,qi.7i; R ; V=mi,ni; - ;mp,n, (1.9)
W=p;0),q0),T;q; R(l)a S D) Qi) Ty R (1.10)
A={(a;:a", - ) {ni(asiall el ) ) (1.11)
B ={ri(bjs: B3+ B Y10} (1.12)

C = {7 b i (059 i b - A5 b T (5 Dm0} (113)

(1. 51 a Y
D = {57505 D b mao (4 ’“)’6’“”)7”1“"1"“)}7 - '7{(d§r);6j('r))1,nzr}7Ti(?“)(d;:()r);(5](:()r))mr+1»qi(r)} (1.14)

The multivariable Aleph-function write :
Z1
o0y . JA:C
N(z1, o uz) =Rplhp |- |. .. (1.15)
B:D
Zy
2. Generalized Legendre's associated function

Formula 1

The following results are required in our investigation ([3],p.343, Eq(38); [3], p.340, Eq(26) and eq (27))

! 20 E T (p— 2 L DT (0 + 2 4 1
/ (1 —2)7(1 +2)7 P, (x) do -5+ Do +5+1)
S z D(L—m)L(p+ )
><3F2(—k,n—m+k+1,p—%%—l;l—m,p—a—m_n+2;1) .1

m n

Provided that Re(p — 5) > —1; Re(o + 5) > —1
Formula 2

1 _

27wt BT (k+ v+ 1+ 1)

P’LL,’U . P’LL’U d _ 5 2.2

/_1 k— s (CE) t,T( ) X = (Zk—u—i—v—l—1)I‘(k—u+1)F(k—u+U+1) k.t (2.2)

Where 0, ¢ = Lifk = ¢, 0 else.
Provided Re(u) < 1, Re(v) > —1
3. Main integral formula

1
U,v y ] A)l [ci(a»i A 1)} +1,p5r

1—z)P 2(14x)°T2P" uvaMN Ayl —2)(1+x)v (85, A )1 [6i(ir Ajilntrpir
/—1( V)R e P Q| w1 = )1+ ) ( bj Bj)im, [€i(bjis Bji)lm+1,giir

1—x2)9(1+z)* 1—2)(1+a2)k
S]\/[L - Mg Yl( ) ( ) NO,HZV Zl( m) ( x) d
Ni,-- N P U-wW . i

ys(1 — )9 (1 4 z)vs z,(1 — 2)r (1 4 x)kr
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M oo [Ni/Mi]  [Ns/Mi] oo (_\gM.N bkl
_ Z . Z Za( )gQPz':QuCi,T’ (77G,g) (_k)llv v 2p—u+v+a+(9+w)77c,g-l—ly'r]G,g
N I ! _
G=1g=0 K,=0 =0 1=0 Bayg IT(1—u+1)
Z12h1+k1

(—O’ — UV —wng,g — Zle wi K k- 7k7‘)7

S
K; (gj+tw;)K; 0,n+42:V
Hyj PASK] VARV NU21:W

Zrzhr—i—k,,

(p—m = g +u— iy 9K ha- e hy), A C

. (3.1)
(w-v-p—o—m—(g+w)nay — > i 1(9i +wi)Ki :hy + ki, - ,hp +k.),B: D
where Uy1 = p; + 2,q; + 1, 7;; R, provided that

a)Re(u) > —1,Re(v) < 1

b)g,w>0;g;,w; >0,i=1,-+ s;h;,k; >0,i=1,--- r;k, k — (u — v)/2 positive integer
R b, g hi d(i) 1
O fp—uto mn, gyt L2, el
(1(1)
d)Re[o + v+ w min —JrZh min ] >-1
1<5<M B 1<j<m; 5(1)

1
e)|argz| < EAZ( )7r, where Ag )is given in (1.8)

£)largy| < WQ Where {2 = ZBJJrZaJ—cz Z Bji + Z ;)

j=M+1 J=N+1
Proof
To prove the formula(3.1), we express the general polynomials, the Aleph-function of one variable with the help of
equation (1.5) and (1.3) respectively and the multivariable Aleph-function in terms of Mellin-Barnes type contour
integrals with the help of equation (1.7). Now interchanging the order of summation and integration (which permissible
under the conditions stated ), and then evaluate the inner x-integral by using the formula (2.1); we arrive at the desired
result.

4. Expansion formula

In this section, we evaluate an expansion formula for product of the general class of polynomials, Legendre's
associated function, Aleph-function and Aleph-function of several variables. We have.

p—y j A)l [ (a i A 1)] +1,p5r
1—=2x 2]_+1"7+2N /11_3:91_|_xw <a]’ J Jis £4g5i) [n4+1,ps;r
(1= 2 504 2) IR | W= ) )| (T e By e

1—2)%9(1+x)* z1(1 — 2) (1 + )k
g [ PO L a )
N1, Ny R Uw

yo(1 = )9 (1 + 2) 2o(1 = &) (1 + 2)br
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o io:[Nl/Mﬂ [NS/MS]iO: Zk: (=), 0, e (1G.) (k)T (0 — u+ k41 + 1)
- Bay! ID(1—u+1)

G=1g=0 K1=0 K.=0 k=0 1=0

2k—u+v+1)I(k—u+1) K o(as 0 VK
pv gptot(g+w)ng,g R 9(gi+w;)Kj, na,g
KT (k+v+1) bz (@) Il !

Jj=1

Zl2h1 +k1

S
NOnH2:V (o —v—wngg— D i wil; ki, k),
Us1:W ...

ZTthLkr

('p_m_gnG,g+u_Zf:19iKi3h1a"' hy), A C
S 4.1
(w-v-p—o—m—(g+w)ngy — i q(9i +wi)Ki : hy +ki,-- ,hp + k), B: D

where Us1 = p; + 2,q; + 1, 7;; R, which holds true under the same conditions as needed in (3.1)

Proof

(aJ’AJ)l e (a]Z7AJZ)]n+1,p1:;T‘

L x) =(1—2)""2(1+ "+2NMN Ayl —2)8%(1 +2)v
etf( ) ( ) ( ) P;,Qi,ciir y( ) ( ) (b],B) [ (ijaB]Z)]m+1,qi;T

yv1(1— )91 (1 + )™ z1(1 — )M (1 4 2)k o0
My, Mg O,n:V u,v
SN oL N o => P, i (7) @)
a1 = )9 (1 + )% w(l—a)e( o) ) i

The equation (4.2) is valid since f( )is continuous and bounded variation in the interval (-1,1). Now , multiplying
both the sides of (4.2) byP ( )and integrating with respect to x from -1 to 1 ; change the order of integration
2

and summation (which is permissible) on the right,

/1 (1— )P~ ¥(1 + 2)H LY y(1 = 2)9(1 4+ aye| (2 A 60 Aji)latipir

—1 P;,Qq,ci5m ( bj, Bj)l,ma {ci<bji, Bji)]m%—l,qur
y1(1—2)9 (1 + z)™ z1(1 —2) (14 2)ks

P, () Sy L ROV . de
o1 — )9 (1 + )" (1= 2o (14 7Y

_ch/ P, ()P, (z)de 4.3)

using the orthogonality property for the generalized Legendre's associated function on the right (2.2) on the right-hand
side and the result (3.1) on the left hand side of (4.3) ; we obtain

oo [N1/Mi]  [Ns/M.] & )90) M,N

Qe (NGg) (k) T(v —u+k+1+1)
" Z Z 2 Z Z PBGg! ID(1 —u+1) ¢

G=1g=0 K;1=0
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2k—u+v+1I(k—u+1) K a(as 0 VK
puv gptot(gtw)ng, R 9(gi+w;) K, na,g
KT (k+ v+ 1) bz (@) 11 !

j=1

Z12h1+k1

S .
NOn+2:V (-o—v— wnaG,g — Zi:l wiKG sk, k),
U21:W e .

Zr2h1"+k7‘

(p—m—gngg+u—> ;9 Ki:h, -, h),A:C

C (4.4)
(w-v-p—o—m—(g+w)ngy — > 1(9i +wi))Ki : hy + ki,--- ,hp +k.),B: D
Now on substituing the value of ¢k in ( 4.2), the result (4.1) follows.
5. Particular cases
a) If ;, =T;,0) =+ = T;(» = 1, the Aleph-function of several variables degenere to the I-function of several
variables. We have the following expansion formula for multivariable I-function defined by Sharma et al [3]
_u v i A)l [C'(a" A)] +1.9;;
1— )P 2 1-|—CL‘U+2NM’N_ - 1_1,9 1+xw (a']7 3 )Ly [Ci\Wgiy 55 ) In+1,p;r
(=) 2 AH 2R g | 91— )L H )T bjs Bi)1,ms [ci(bjiy Bji)lm-+1.q,5r
y1(l = 2)? (1 + )™ 21(1— )" (14 2)
Mla"' 7Ms I
Nl:" 7Ns e ..
Yol = 2)9(1 + 2) 20(1 = @) (1 + 2)br
N, /M Ns/Ms] M,N
—i i[ ML N/ 12 i ()72 @, e, (M6.0) (k)L (v —u+ k+1+1)
- | | —
G=1g=0 K,=0 K.=0 k=0 1=0 Bag: I —u+0)
2k —ut+o+ DIk —u+1) P, (z)2rtotlotwing,g H yKJ‘ 2(95+wi) Ky g
ET(kE+v+1) k—25" P J
Z12h1+k1
IO,n+2:V (_0 — U= wWnGg,g — Z;:l lel : kl? Ty kT)a
Uzy:W . ..
Zr2hr+k7‘
(p—m—gngg+u—>i_,9K;:hi,-- k), A :C’
(5.2)

(w-v-p—o—m—(g+wngy—>i1(g +w)K; :ha +ki,--+ ,h. +k.),B : D

Where U1 = p; + 2, q; + 1; R, which holds true under the same conditions and notations as needed in (3.1)
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b)if 7, =7,0) =+ =T;» = land R = RM =, .- ,R(T) = 1the Aleph-function of several variables
degenere to the H-function of several variables. We have the following expansion formula for multivariable H-function
defined by Srivastava et al [8].

(1 _ I)p—%(l + J;)a—}—%NM,N ) y<1 o l’)g(l + l,)w ( aj7Aj>1~,ﬂ7 [Ci(aji’Aji)]n+LpﬁT

P;,Q;,cisr ( bj7 Bj)l,mv [Ci(bﬁ, Bji)]m{-l’qi;r
1 o g1 1 w1 1 _ hl 1 kl
g [ OO
Ny N, R C.
V(1 — )% (1 +x)* 7 (1 — )" (1 +x)*
M [N1/Mi] [Ns /M)

a

‘ i Zk: ()98 0 e (MGg) (k)T (0 —u+ ke +1+1)
Bey! 01—+ 1)

2k—u+v+1)I(k—u+1) N Ky (gitw K
Pu,v - 2p+a+(g+w)nc,g g 2(93 +w;) Kj,na,g
FD(k+ v+ 1) bz (@) I1v !

Jj=1

71 2h1 +k1

S
o2V (o —v—wngg— D i wiki ki, k),
p+2,9+1:W C .

ZTQhT—{—kT

(p—m—gngg+u—> 0 gK;:hy,--  h) A" C"
L (5.3)
(w-v-p—oc—m—(g+wney— oiq(gi +w)K; : hy + ki, ,hp + k), B” : D"

which holds true under the same conditions and notations as needed in (3.1)

¢) if U = n = (), the Aleph-function of r variables degenere to product of r Aleph-functions of one variable, and we
have

(a5, Aj)1n, [ci(ais Aji)Int1pir

R L N ) PPeRn IO
( )P 2( ) r y( )% ( ) (bj,Bj)l,m,[Ci(bji,Bji)]m+1,Qi;T

P;i,Qq,ci;

yil —2)# (1 +2)* \ -
My, M, - } .
SNll,m - ( .)9. ( ) Np(u) oy () 5Ty 37 (2u(1 = x)h (1+ x)k )
yS ]_ — X )7s 1 + X S u=1 " * K

gf: i[l\ffﬁ .. [Nivfs]i zk: ()95 0 o (NGg) (k)T (v —u+ K + 1 + n
. ! (1 —
=1g=0 K;=0 K.—=0 k=0 1=0 Bayg! I —u+ 1)
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2k—u+v+1I(k—u+1) K (ot VK
pYv 2p+0+(g+w)77G,g : JQ(QJ +w;) K, na,g
KT (k+ v+ 1) bz (@) 11 !

j=1

Z12h1 +k1

S
0,2:V (_O-_/U_wnGmg_ZZ:llel :h17”. 7h’l”)7
N2,1:W e

nghr—kkr

(-p—m—gnag+u—>7_1GK;:hy,- h):C
o (5.4)
(w-v-p—o—m—(g+wngg— 19 +wi)K; : hy +k1,---  hp + k) : D

d) If » = 2, the Aleph-function of several variables degenere to Aleph-function of two variables defined by K.Sharma
[5]. We get the following expansion formula.

A; )1 (ei(aji, Aji)nt1,pisr
1—2)°~ 21—|—x‘7+2N 1—2)%(1+2)% (aj, 31 jis £1ji) Int+1,ps5r
( ) ( ) Fi Q“C“T u A ) (vaB )1m,[ '(bﬂaBJz)]mH qisT

1 —2x)91(1 w1 1 — 1
o, yi( :v) | ( + ) e z1(1 — )" (1 + z)=
e N, !
YS(l _$)gs(1+$)ws (1 —.’,U) (1 —|—x)
i i[m/z\m [Ng/Ms]i zk: ()9 . o n(MG0) (—k) T (0 —u+ k+1+ b
B l IT(1 —
G=19g=0 K;=0 K.=0 k=0 I1=0 BGQ ZF(]_ u + l)

2k — NIk — 1 ° .
( u+v+ I u+1) P (x)20+0+(9+w)77<;,g H yjf,{J 2(9j+wj)ijnG,g

ET(k+v+1) i
hi+k s
RO:n+2:V SR (-0 —v—wng,y — Zi:l w; K; : k1, k2),
Us1:W ° ...
Z22h2+k¢2

(-p—m—gnG,g+u—>_, 9K hi,hs), Az : Co
C (5.5)
(u-v-p—o—m—(g+wngy — Yoi_1(gi + w))K; : hy + ki, ha + k2), By : Dy

Where U1 = p; + 2,q; + 1, 7;; R, which holds true under the same conditions as needed in (3.1) with 7 = 2

e)If » = 1, we obtain the Aleph-function of one variable defined by Siidland [9]. And we have

i Aj) s [i(@gi, Aji)lnt 1 pisr
1— )P 3(1 4 )oY 1—2)%(1+2)v (aj’ i Jio i) IntLpiir
( ) ( ) P“Q“C“T y a ) (bj?BJ)l,ma[ '(bﬂaBﬂ)]mH qisr
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yi(l =) (1 +a)™ ,
S o Np o (1 (L =) (L )™ )
ys(1 —x)% (1 +2)* -

a

i Xk: ()98, o r(MGg) (k)T (0 —u—+k+1+1)
Bayg! (1 —u+1)

S
2k —uto+ D0k —u+1) PYv, | (z)2etotetwing. H y;(j (95 +w;) Ky

ET(kE+v+1) k=25 e

/ / / .
WM N 42 <Z12h1+k1 (s A [Ci'(aji, Aji)lwttipirs (-0 —v —wng g = 5

Pi4+2,Qi+1,c)5r’ , , L
( b J» Bj)Lma [Ci(bjiv sz‘)]m’+1,q;;r'a

1wiKi : kl))

(—,0 —m —gnaG,q +u— Z::l gsz : hl), Al : Cl

. -s- (5.6)
(-v-p—o—m—(g+wnag — > (9 +wi)Ki : hy + k1), By : Dy

f) Ifys = --- = ys = 0, then the class of polynomials S]A\;Ill,’...'..jj\\z/s[s (yl, e ,ys) defined of (1.14) degenere to
the class of polynomials S ]]‘\,4,/ (y) defined by Srivastava [6] and we have

» , A mlei(ain A st
l_x P—3 1_}_'1:. U+2 NM’N o 1 — g 1“"-7; w (a.]’ 7Ly (S \ Mg 250 ) In+-1,ps57
(1=2)2(1+2) Peuciin| UL a ) (bjs Bj)1,ms [ci(bjis Bji)lm+1,q:;r

. z1(1 — )M (14 2)k
’ ’ ’ 0,n:

Sy (v (L4 2)"" )Rpy o
7z (1 — 2) (1 + x)kr

i 2’“: ()90 o (MG.g) (k)T (v —u+ & + 1+ .,
Beg! ID(1 —u—+1)

pwv B 2P+U+(B+w)nc,g Kg(gl‘i‘w/)K NG,g
FEGh f ot D) e () y y

(o —v—wngy—wK:ky,-- k),
7, Dt
(‘P—m—gﬁG,g+U—glK3h17“' 7h7‘)7A:C

(5.7)
(wv-p—o—m—(g+wngy— (¢ +w)K:hi+ki, - by +k),B: D
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Where Us; = p; + 2,¢q; + 1, 7;; R, which holds true under the same conditions as needed in (3.1)

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
by Srivastava et al [8] , the Aleph-function of two variables defined by K.sharma [5].
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