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ABSTRACT

In this paper, we derive a general Eulerian integral involving the multivariable I-function defined by Prasad [3], the Aleph-function of one variable, a
general class of polynomials of several variables and a extension of the Hurwitz-lerch Zeta-function. Some of this key formula could provide useful
generalizations of some known as well as of some new results concerning the multivariable H-function.
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1.Introduction and preliminaries.

The object of this document is to evaluate a multiple Eulerian integrals involving the multivariable I-function defined
by Prasad [3], the Aleph-function of one variable, a general class of polynomials of several variables and a extension of
the Hurwitz-lerch Zeta-function.. These function generalize the multivariable H-function study by Srivastava et al [6],
itself is a generalisation of G-function of several variables. The multivariable I-function is defined in term of multiple
Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [3]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence

conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :
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wherek =1,--- ,2:q) = min[Re(b_g-k)/ﬁgk))],j =1,---,myand
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We will use these following notations in this paper :
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The multivariable I-function write :

Zop
The generalized polynomials defined by Srivastava [4], is given in the following manner :
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A[N{, K5 s N Kyl -y (1.11)

Where M7, - , M are arbitrary positive integers and the coefficients A[N7, K1;--- ; N;, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation

K;! K!

A[N{,K1;--+ s Ny, K] (1.12)

a; =

The Aleph- function , introduced by Siidland [8] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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For convergence conditions and other details of Aleph-function , see Siidland et al [8].The serie representation of Aleph-
function is given by Chaurasia et al [2].
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2. Extension of the Hurwitz-Lerch Zeta function

The extension of the Hurwitz-Lerch Zeta function ¢(z, S, a) is introduced by Srivastava et al ([6],eq.(6.2), page 503) as
follows :
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where A > —1whens, 2 € C; A = —land s € C,when|z| < v*,A = —1 and Re(x) > iwhen
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We denote these conditions, the conditions ().

3. Required formulas

1
We have : B(a, ) :/O o1 — )P dt = %, Re(a) > 0, Re(B) >0 (3.1)

(2.1) can be rewritten in the form

’ -1 -1 4 D(a)T(B)
—Qa @ — B = — Qa otp — el e a .
/a (t—a)*(b—1t)"""dt=(b—a) F(a+ﬁ)’R( ) >0, Re(B) > 0,b +# (3.2)

The binomial expansions for ¢ € [a, b] yields :

(t—a)u

<1 (3.3)

(wt o) = (aut o) 3 (=) { —ula - t) } where

m! au + v

au + v
m=0

With the help of (2.2) we obtain (see Srivastava et al [5])

b _
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4. The general Eulerian integral
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We have the following formula
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Bi=(1—-a—-p3—m—c(0i4+m)ng,g—d02+ m)nc,g — doieq (01 +m)e K — 301 (02 + m2)di K
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Ai=(1-a—-F—-1l—m—c(01+m)nagg—d2+m)nc,y — Dy (01 +m)cE; — 371 (62 + m2)di K

—CI(51 + 771)n — dl(ég + ?72)72; (51 + 771)u1 -+ (52 + 772)?)1, s (51 + 771)er -+ (52 + ng)vr)
Bo=(1-a—-8-—m—1—ki —ko—c(d01+m)na,g —d(d2 +n2)na,g — 2;1(51 +m)eiki—

> ie1 (02 + m2)di K —¢' (01 + mu)n — d' (62 + m2)n5(01 + n1)uy + (02 + m2)vr, - - -

(01 + m)ur + (62 + m2)vy)

ZZ(b _ a)((51+771)u i+ (d24+m2)v;

%= Bupr (au + v)Ortmui (by + z)(52+n2)vz t=1eer
_ (614m1)ci+(d24mn2)d;
1/;' - (b a) ’ = 1, e ,8
Bei Ddi (au + U)(51+771)Cz (by + Z)(52+772)d
1‘(1) _ a)(51+771)0+(52+772)d Z(b _ a/)(51+n1)0/+(52+n2)dl
BeDd(qu + v)@1+m)e(by + z)(62+n2)d an B¢ D (qu + v)01+tm)e’ (hy + z)(62+n2)d’
Provided that
aymin{c,d,c,d',c;,d;,uj,v;} >0,i=1,---,855=1,---,r
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au + v by + 2 ut+v yt+z
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f) The conditions (f) are satisfied

1
g) largzi| < §Q§k)7r, where ng) is given in (1.3)

M N Qi P;
1
hy largz| < §7TQ Where Q = Zﬁj + Zaj — ¢ Z Bji + Z a;;) >0

j=1 j=1 j=M+1 j=N+1

1 T
M= _—— oo Sp 0 k
Proof of (3.1) Let (2r) /Ll /LT¢(51 sr) kl_ll k(Sk)2,

We first replace the multivariable I-function on the L.H.S of (4.1) by its Mellin-barnes contour integral (1.1), the Aleph-
function,the general class of polynomials of several variables and the extension of the Hurwitz-Lerch Zeta function in
series using respectively (1.15), (1.11) and (2.1).Now we interchange the order of summation and integrations (which is
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permissible under the conditions stated) . We get :

oo 00 [Nl/]\/fl N/]\/[ M,N

M
B I R I R A e
GY: a

G=1g=0n=0 K;=0

(ut + ) (yt + z)p{M{(gl (1)) TR e s g (g e A }

dsy - dsr}dt (4.2)
We change the order of t—integral and (sy, - - - , s,)—integral, we obtain :
0o [N1/Mj) [N, /M,] )gQM,N

M oo P;,Qi.ci,r! (77G,g) K K
3D I I M

G=1g=0n=0 K;=0
M{B—(Cnc,g-i-dn—&-zfl ciKi+32i_q wisi) p—(dng.g+d'n+327_1 diKi+377_ visi)
b
/ (t o a)oc+51(cnc,g+6’n+2f:1 GKi+Y T uisi)+02(dng,g+d n+>5_ di Ki+>0T_ visi)—1
a

(b _ t)ﬁ+7}1(cnc,g+0’n+Zf=1 G Ki+Y T uisi)+n2(dng,g+d' n+> 5 di Ki+> 1_  vis;)—1

(ut + U)vf(51+n1)(cnc,g+c’n+Zf=1 i KG+3T_ uiss)

—(d _+d, + f: d; K+ :: iSi
(yt n Z)P—(52+7]2)(dﬁc,g+d/n+2511 LKA ’Uisi)<1 B (D — C)(t — (],)) (dna,g+d'n+> 2, Dio Visi)

D(yt + z)
(B — A)(t — a)\ (o0 tem i kit i, wis) }
a dt rdsy - -~ ds, 4.3
( B(ut +v) 51 s (4.3)
(t—a)(B-A)| |(t—a)(D-C)
. . . . . L ,
Using binomial expansion (2.3) provided that max { ‘ B(ut - v) , D(yt n Z) <1,te [a, ]

and also that the order of binomial summation and integration can be inversed, we get

0o oo [Ni/Mi] [Ns/M;] )gQM,N

© M 0o m(Mc.g)(B— A/B) (D —C/D
3D WP WD W riucer (165)(B AP D ZCID)" 1,

I,m=0G=1 g=0n=0 K;=0
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’ s 3 X r e, _ / s . . T LG
yf{l ce nyM{B(CnG,g+C nt i K30, “zSI)D (dna.g+d'n+3 71 diKi+3 7y visi)

Tl +engg +cn+3 cli+ 3 qws)l(m+dngg +dn+377 diKi+ 300 visi)
F(cngq+cn+z _1 6K, JFE _ Ui )F(danernJrZ d; K; +Z 1 ViS;)

b
/ (t _ a)a+l+m+51 (ena,g+c n+>35 1 ci Ki+> 71 uisi)+62(dng, g+d' n+Y 51 di Ki+> 7, visi)—1
a

(b _ t)5+771 (ena,g+c' n+>i_ 1 ci Ki+>. 01 wisi)+n2(dng,g+d n+> 5 diKi+> 0 vis;)—1
(yt + Z)P—m—(52+772)(d77G,g+d/n+Zf:1 diKi+307 1 visi)
/ s . . ” . .
(ut + U)’Y—l—(51+n1)(c?7c,g+c nt+> g G K+l uzsz)dt}dsl o ds, (4.4)

The inner integral in (3.4) can be evaluated by using the following extension of Eulerian integral of Beta function given
by Hussain and Srivastava [5].

b
/ (t—a)* L(b—t)P~L(ut + v)(yt + 2)Pdt = (b — a)*T P~ (au + v) (by + 2)° B(a, )

X&[m@—%—ma+&—w_am @—Mﬂ

s 4.5
au—+v  by+z 4-5)

b

and where F’3 denote the Appell function of two variables, see Appell et al [1]. Finally interpreting the resulting Mellin-
Barnes contour integral as a multivariable I-function, we obtain the desired result (3.1).

u(b—a)
au + v

where for convergence min{Re(a), Re(3)} > 0,b # a and max {

'Mb—w
| by +t

5. Particular case

If U=V = A= B =0, the multivariable I-function defined by Prasad degenere in multivariable H-function defined
by Srivastava et al [6]. We have the following result.

, yi (91(8)"" (g2(8))™
/ (t—a)* (b —t)" Nt +v) (gt + 2)P Sy N

e (91 () (g2(6)™

/

RS e (2 (01 (0)7 (a0 ) 9507 2070 (g (0)7 (90) 8,0
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21 (91(1))"" (g2(2))"
0,n,;X Cee dt

Proqr;W . e
zr (91()"" (92(£))™

[Nl/Ml] [NS/MS](_)QQM,N

[e'e] M oo oo
= (b—a)*"" " au +v) (by + 2)° Z ZZZ Z PiaQiyci,T'/(nG7g)

BGq!
l,m,kl,kgzo G=1 QZO n=0 K1=0 K.=0 -

(B=A/B) (D=C/D)" bnz" i, kuxnogyn { (b= @u"[ (B —a)y )™
mlkyko! n! ! s (au + v) (by + 2)

Z1 s
I-l-eng.g —cdn—> 0 K tup, - ,u
0, +7:X . ( g 2im il 1 Ur),
Pr+7,q-+6;W

Z ' (1_CnG,g - Cln - ijl ciKi TUL, ,'U,',«),
r

(l-a —l-m-Fk - (651 + ddg)ng,g - (6/51 + d'52)n — Zle(élci + 52di)K¢ D01up 4 09y, -+, 01Uy + (52U7n)7

B17

(1-B — kg — (e + dna)ng,g — (¢'m +d'na)n — Zf:l(mci + m2d;) K : mug +npvr, - ity + 120,),

(I+y—=1—= (61 +m)engg — (01 +m)dn—>0_ (01 +m)eiKi; (61 +m)ug, -+, (61 4+ m)uyr),

(I+p—m —ky — (2 + 62)dng,g — (N2 + d2)d'n — Y0 (2 + 82)di K, = (2 + G2)v1, -+, (02 + d2)vy),

(I4+p—m— (n2 4 d2)dng,g — (2 + 2)d'n — 371 (n2 + 02)di K; = (02 4 02)v1, -+ -, (12 + 02)vy.),
(I+y =1 =k = (01 +m)eng,g — (61 +m)en — 375 (m + 01)ei K« (m + 01)ur, -+, (0 + 01)ur),

(1-m—d7’]Gvg — d’n — Z::l dez LU, ,U,,a), A17 Ql, A
C. (5.1)
(1-dng,y — d'n — Zle d;K;: vy, ,v.), By, Ba,B; B

under the same notations and conditions that (4.1) withU =V = A=B =0

6. Conclusion
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In this paper we have evaluated a generalized Eulerian integral involving the Aleph-function, a class of polynomials of
several variables, a extension of the Hurwitz-Lerch Zeta-function and the multivariable I-function defined by Prasad
[3]. The integral established in this paper is of very general nature as it contains multivariable I-function, which is a
general function of several variables studied so far. Thus, the integral established in this research work would serve as a
key formula from which, upon specializing the parameters, as many as desired results involving the special functions of
one and several variables can be obtained.
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