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Abstract

In this paper we recall the definition of fuzzy length
space on a fuzzy set after that we recall basic
definitions and properties of this space. Then we
prove the fixed fuzzy point theorems for a fuzzy
complete fuzzy length spaces on a fuzzy set. Are
finite dimensional fuzzy length spaces simpler than
infinite dimensional ones in this direction we proved
some properties that does not satisfied in the infinite
case.
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1.INTRODUCTION

The theory of fuzzy set was introduced by Zadeh in
1965[1]. In 1984[2], Katsaras is the first one who
introduced the notion of fuzzy norm on a linear
space during his studying the notion fuzzy
topological vector spaces. In 1984 Kaleva and
Seikkala [3] introduced a fuzzy metric space. In
1992 Felbin [4] introduced the notion of fuzzy norm
on a linear space so that the corresponding fuzzy
metric is of Kaleva and

Seikkala type Kramosil and Michalek introduced
another idea of fuzzy metric space [5]. In 1994
Cheng and Mordeson [6] introduced the notion
fuzzy norm on a linear space so that the
corresponding fuzzy metric is of Kramosil and
Michalek type. Bag and Samanta [7] in 2003 studied
finite dimensional fuzzy normed linear spaces. In
2005 Saadati and Vaezpour [8] studied some results
on fuzzy complete fuzzy normed spaces. In 2005
Bag and Samanta [9] studied fuzzy bounded linear
proved the fixed point theorems on fuzzy normed
linear spaces. In 2009 Sadeqi and Kia [10] studied
fuzzy normed linear space and its topological
structure. In 2010 Si, Cao and Yang [11] studied the
continuity in an intuitionistic fuzzy normed space. In
2015 Nadaban [12] studied properties of fuzzy

continuous mapping on a fuzzy normed linear spaces.

The concept of fuzzy norm has been used in
developing the fuzzy functional analysis and its

applications and a large number of papers by
different authors have been published for reference
please see [13,14,15,16,17,18,19,20,21,22].

In the present paper we recall the definition of fuzzy
length on a fuzzy set. The structure of this paper is
as follows: In section two we recall basic properties
of fuzzy length space on a fuzzy set that’s will be
needed later. In section three we try to prove fixed
fuzzy point theorem in fuzzy length spaces. Finally
in the last section we study finite dimensional fuzzy
length spaces because there are some properties
satisfied in a finite dimensional fuzzy length spaces
but it is not true in infinite case.

2. Basic Concept about fuzzy set

Definition 2.1:[1]

Let V be a nonempty set of elements, a fuzzy set Ain
V is characterized by a membership function, L4 (X):
V— [0,1]. Then we can write A- {(X, ng (X): xeV,
0= ugz(x) =1}

Definition 2.2:[11]Suppose that D and B be two
fuzzy sets in V= @ and W= @ respectively then D
XB isa fuzzy set whose membership is defined
by: g g(d, b) = pg(d) O pg(b) ¥ (d, b) € VEW.

Definition 2.3:[18]
A fuzzy point p in U is a fuzzy set with single

element and is denoted by X or (X,cx).
Two fuzzy points X, and ¥p are said to be different

ifand only if x #y.
Definition 2.4: [7]
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Suppose that dE is a fuzzy point and Disa fuzzy set
in U. then dE is said to belong to D which is written
by dge D= ug(x) > 5.

Proposition 2.5:[22]
Suppose that h: V— W is a function. Then the image

of the fuzzy point dE in V, is the fuzzy point h(dE)
in W with h(dg)=(h(d), B).
Definition 2.6:[23]

A binary operation *: [0,1]  —[0,1] is said to be t-
norm (or continuous triangular norm) if ¥ p,q,t,re
[0, 1] the conditions are satisfied : (i) p=q = q*p

(i) p*1=p (iii) (p*a) *t=p*(q*) (iv) Ifp=gq and
t=r then p*t= q*r.

Examples 2.7:[23]

When p*q = p.q and p*q=p/\q ¥p, q [0, 1] then * is
a continuous t-norm.

Remark 2.8:[23]

% p>=q, there is t such that p*t = g and for every r,
there is e such that
belongs to [0, 1].
First we recall the main definition in this paper
Definition 2.9:[24]

r¥r = &, wherep, q,t rande

Let U be a linear space over field IF and let Apea fuzzy

set in X. let * be a t-norm and F be a fuzzy set from A
to [0,1] such that:

(FLy) F(xg) = 0forallx, € A
(FL,) F(xz) = 1ifand only if x, = 0.

(FLs) ﬁ(CX, a)= PH(X ,%), where 0#c eF .

(FLo) Feea+yg) = F (xq) = F(vg) .
(FLs) Fis a continuous fuzzy set for all X, ¥p cA
and a, B €[0,1].

Then the triple (ﬁ,ﬁﬁ‘) is called a fuzzy length
space on the fuzzy set A
Definition 2.10:[24]

Suppose that (ﬁ,F,*) is a fuzzy length space on the

fuzzy set D then F is continuous fuzzy set if

whenever ) - X in D then

{[xﬂ’ K?! o

Ff(x_,0c, )1 — F(x_) thatis

1i ﬂ_:"‘:": [(xﬂ’ n)] = F(xﬂ:] '
Proposition 2.11:[24]
Let (U, Il.11) be a normed space, suppose that D is a

fuzzy set in U. Put llx_Il = llxll. Then (D,II.1), is a
normed space.

Example 2.12:[24]

Suppose that (U, II. I} is a normed space and assume
that D is a fuzzy set in U. Put

p* q =p.qforall p, g= [0,1]. Define

- o o -

Fll.ll(xc::] = rx+IIxII'Then (D, F”I”,’f‘) is a fuzzy

length space on the fuzzy set D, is called the fuzzy

length induced by |I. |
Definition 2.13:[24]

Let A bea fuzzy set in U, and assume that (;1” ,f"”,*) isa

fuzzy length space on the fuzzy set A let ﬁ(x:, r)=

{}rgeﬁl”: ﬁ(}rg — x.)>(1— p)}.So Bx,.p) is said

to be a fuzzy open fuzzy ball of center x, € A and

radius r.

Definition 2.14:[24]

The sequence {(x,,%¢, )} in a fuzzy length space

(;1, ,P'H,*) on the fuzzy set Ais fuzzy converges to a

fuzzy point x,€ A if for a given g, 0 < £ < 1, then

there exists a positive number K such that
(%0, %)~ Xl > (1— €) V2K,

Theorem 2.15:[24]

The sequence {(¥n:%,)} in a fuzzy length space

(E,ﬁ,*) on the fuzzy set Ais fuzzy converges to a

fuzzy point x_, € A lim

F[(%0, %)~ Xal= 1

Lemma 2.16:[24]

if and only if

1 —* oo

Suppose that (:‘-1 F ,#) isafuzzy Iength space on
the fuzzy set A Then F(x, —¥g) = F(UE —x,),

for all x,,¥p € A
Definition 2.17:[24]

Suppose that (;1., ,F +*) is a fuzzy length space and
D c Athen D is called fuzzy open if for every ¥
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€ D there is E(yg,q) cD. Asubset E S Ajs
called fuzzy closed if E ©=4 — E is fuzzy open.
Theorem 2.18:[24]

Any ﬁ(}?E,q) in a fuzzy length space (JELH ,P'H,*) is
a fuzzy open.

Definition 2.19: [24]

Suppose that (E ,Ff +%) is a fuzzy length space,

and assume that D < A Then the fuzzy closure of D
is denoted by D or FC(ﬁ) and is defined by D is
the smallest fuzzy closed fuzzy set that contains D.
Definition 2.20:[24]

Suppose that (JEIH ,F,*) is a fuzzy length space,

and assume that D < A Then D is said to be

fuzzy densein A if D=A or FC(D) = X.
Lemma 2.21:[24]

Suppose that (;1” ,F,*) is a fuzzy length space,

and assume that D c A Thend_ <D ifand only if
we can find {(d,, o, )}in D such that

(dn%,) o,

Theorem 2.22:[24]

Suppose that (ﬁf ,f"u,*) is a fuzzy length space and
let that D E, then D is fuzzy dense in A ifand
only if for any a,xeﬁu we can find

dg €D with F[a, — dg] = (1- £) for some

0= = 1.

Definition 2.23:[24]

Suppose that (E , ﬁ,*) is a fuzzy length space. A
sequence of fuzzy points {{x,,,0<,, )} is said to be

a fuzzy Cauchy if for any given £,0 < £ << 1, there is

a positive number K such that

F[(x,.0,) — (x,.0%,)] = (1-£) foralln, m =K.

Definition 2.24:[24]
Suppose that (E ,l?,*) is a fuzzy length space and Dc
A Then D is said to be fuzzy bounded if we can find

9,0 < q< 1suchthat, F(x.) > (1—q), ¥ x, A

Definition 2.25:[24]

Let [E;ﬁﬁ ,*) and [ﬁ;ﬁﬁ ,*) be two fuzzy
length space on fuzzy set A and D respectively, let
E C A then The operator T: E D is said to be
fuzzy continuous at &, E | if for every 0 << & <1,
there  exist 0 < & < 1, such that
Fy [T [xg) — T(a,)] = (1- €) whenever xgef
satisfying Fx(xg —@,) = (1 - 8). If T is fuzzy
continuous at every fuzzy point of E, then T it is
said to be fuzzy continuous on E.

Theorem 2.26:[24]

Let [E,ﬁﬁ ,*) and [ D,Fy ,*) be two fuzzy length
space, let ECA The operator T: E—D is fuzzy
continuous at @, € E if and only if whenever a
sequence of fuzzy points {(%,. ¢, )} in E fuzzy
converge to ¢, , then the sequence of fuzzy points
{(T(xy),c,,)} fuzzy converges to T(&x,).

Theorem 2.27:[24]

An operator T A—=Dis fuzzy continuous if and
only if T™2(& ) is fuzzy open in A for all fuzzy
open G of D where (&, Fx =) and (D,Fg %) are
fuzzy length space

Theorem 2.28:[24]

The fuzzy length space [151", F ,*) is fuzzy compact

if and only if every sequence of fuzzy points in A
has a subsequence fuzzy converging to a fuzzy point
in A.

Definition 2.29:[24]

Let (A, Fz ,#) and (D, Fg /) be two fuzzy length
space. An operator T: A — D is said to be

uniformly fuzzy continuous on A if for every

£5,0=<sg<1 there exist g,0<8<1

[depending on £ alone] such that
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FE[T(}’E) —T(x)] = (1—¢) whenever
Fy [}F.G‘ —x,] = (1-8).

3. Fixed Fuzzy Point Theorem in Fuzzy Length
Space.

Definition 3.1:

Let A be a fuzzy setin X and let f: A = A pea
function. The fuzzy point xEE,fl' is said to be fixed
fuzzy point if f(x,) = x,.

Proposition 3.2:

Let (A, F *) be a fuzzy length space and let
f:A — A bean operator. Then f is uniformly

fuzzy continuous if and only if for each & = 0

there exists & == 0 such that —1=a

-t
Fla-yd]

implies — 1 = & for each

1
Xg: Vg edwithi=a AB.

Proof:

Assume that f is uniformly fuzzy continuous that is
for each £, 0 << & < 1 there exists 4,0 < § < 1
such that Flx —y, 2] = (1 — &) implies that
FIf(x)— f(3».A]l=(1—-¢) for  each
Xo Vg EAwithA=a AB.

1 1 ) )
A s il (1-.5 B 1) implies
1 1
—_——— 1< —
Fre—romal L= (1-5 1) for  each
Xeo o ¥p ed .put [1i5 — 1) =g and

1 _ 1

(1—; 1) =@ . Hence FP— 1=g
o 1

melies  Ererooal TEH T
each X, Vg c 4

Conversely, suppose that ﬁ —1=g

s

o 1

implies oAl 1=4d for
each x,z,}FEEffl' , A=a Afl |, now

1

Flx—y,A]l=z— ,0<a<1
1t
Implies Flf(x)—f(.A]l = — ,
145

0<d<1 for all x,¥p€A . Put
1 = —

E—(l E:] , D0=es=1 and
1 o —

m—[l w),0=<pu=1 : Hence

Flx—y,A]=(1—2) implies
FIf()—fOAl=(1—p)  for  all
X@¥g € A That is f is uniformly fuzzy

continuous.
Definition 3.3:

Let (A, F %) be a fuzzy length space then the
operator f: A — Ajs said to be fuzzy contractive if

there exists 0=<k<1 such that

1 1
. — I
Alr(x—fivg)] 1=k [F[x.x—ys] 1] for

each x,,¥g € A [k is called contractive constant].

Proposition 3.4:

Let (4, F ,*) be a fuzzy length space. If f: A —+ A
is fuzzy contractive operator then f is uniformly

fuzzy continuous.

Proof:

Since f s fuzzy contractive we have

1 1
. — I
Alr(x—fivg)] 1=k [F[x.x—ys] 1] for

any X Vp €A Then
Flf(x) — FOrp) 1 -1 2 Z[F(xa—p) —
1]

Now if there is O ="7 =1 such that
Flx,—ygl=(1—7)

Flxg —yg] -1z —r

o c[F(xa—¥p)—1]=—T . Hence
Flf(x) —fOp)]-12-% or
Flf(xa) — Fyp)]

Z1-—. Putl——=1—=2 for  some
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0=szg=1

Therefore F’[f(xﬂj —f[}rgj ] =(1—=&) for
all x,,¥p € A Hence f is uniformly fuzzy
continuous.

Definition 3.5:

Let [151', F #) be a fuzzy length space. We will say
that the sequence of fuzzy points

{(xn ,ﬂln]} is fuzzy contractive if there exists

0 < k = 1 suchthat

1 1
- - @ @ @ @ Q1< k|l—
Flapys—%negdl 1=k [f[xn—xn.,.-_;ﬂ]] - For

all m € M where A = min {a&,,n € N}
Theorem 3.6:

Let (A, F ,#) be a fuzzy complete fuzzy length
space in which fuzzy contractive sequence of fuzzy
points are fuzzy Cauchy. Let T: A — A be a fuzzy
contractive operator with K the contractive constant.
Then T has unique fixed fuzzy point.

Proof:

Fix x €A let (x, ,a,) =T"(x_),n €N we

have

1 1
= | —_
o] L=k Lr[x-x._,a] 1]' And

by induction
1

1=k

Fr[xn+1 — Xpyas ]
Then {(x,, ., )} is a fuzzy contractive sequence
of fuzzy points, so it is fuzzy Cauchy and hence

{(x, ,a,)} fuzzy converges to ¥ for some
v €A,0< < 1. We will see that ¥p is a

fixed fuzzy point for T. Now we have

1 1
I S vy ) R S
ro)re. 1=k Lb-—xn, Iy 1] -
0

as FL— 00
. limn —om F[T(}Tj - T[xn]r -‘:L] =1 and
therefore

f:fr[x:*: - xn+11‘;|' ]l '

?}T::T(xn ) =

T(}’,E) L.e ?}Elgc(xn+1 Jpay) = T[}’g)
then T[:}FE) = ¥ .To show uniqueness, assume
that T[zg) = zp for some zg € A then

_r
Flyg-=g]

k[m—l}ik

=[m]_1£

Free 1

T

Ekz[m_l]

l]alilasn%m

..gkn[m_

Hence F’[}FE - z',g] = land ¥ = Zp.

Definition 3.7:

Let (A, F *) be a fuzzy length space, we say that
the mapping f: A—Ais fuzzy contractive if there
exists 0<k<1 such that
F[T(x) —T(y) ,kt] = F[x — v, t] where
t = anf.

Notation 3.8:

The infinite product

WF[x—vy,t] = Flx—y,t] = .= in the fuzzy
length space (A, F ,#) by [1=2, Flx—v.t.]
t =t

T25RBEall that the usual infinite product of real

numbers t,, , [ ;24 t;is converges if the sequence of

the successive products S, = l[7=1t, s

convergent . & (5,,) converges as 7t —* 2, to a non
zero real number. In this case the sequence of
remainders T, = l_[:::mﬂ t,, converges to 1, as
m —» 00,

Theorem 3.10:

Let (4, F ) be a fuzzy complete fuzzy length
space such that for each £ == 0 and an s-increasing
k€M such

sequence (t,) there exists

that I[leapFlx—wit,]>(1-2) . Let
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k,0<k<1and let T:A — A be a mapping
satisfies F[T(x) —T(v) ,kt] = F[x— v, t]
for all x,,¥g € A t=anf. ThenT has a
unique fixed fuzzy point.

Proof:

Fix x €A let (x,,a, ) =T"(x_)n=12,..,

we have
Flxy —xy,a] = F[T(x) — T?*(x),a] =

F [x — T[x:],f]

and by induction

Flx, —x, .. a] = F’[x—xl,i]

el I
1.,2,..
let t>=0,2>0 for m,mEM | we suppose

ﬂ:

n=<m if we take 5; =0, i=n,..m—1

satisfying s, ++s5, ;=1 then

Flx, —x,,a] = Flx, —x,.,5,a] % .=

= Eq@| |
Flx,_{ — X,,5m_1 @] = F [x - xl’F] *

m—1
o [ 4
w®F [x — x4, :m_,_]
In the particular, since Zo= — =1 wecan
’ ' =1y (1) '
1 P —
take §; = = i=m,..,m—1, and then
= = @
Flx, — x,,a] = F[x xl’n{nﬂ}kﬂ] %
= o
F [x xl"m—i}mkm_-]
=
oo oy o . -
=1 F [x xl’n(n+1}k-‘1] now if we write
t =———— it is an easy to prove that

" alnd)x"
(tne1 —t,) 2 @ asn — 00, so (t,) is an s-
increasing sequence and then there exists k € M
such that
= F [x - xl,ﬁ] >=(1—=s) and
therefore  F[x, — x,,a] = (1—¢) for all
n,m > K. Hence {(x, &)} is fuzzy Cauchy
sequence. Since A s fuzzy complete there is

v, € A such that ?}1_1& (x,, @) =7y,. We claim

that ¥, is a fixed fuzzy point for T .we have
FIT(y) —y,a]l =z F[T(y) — T(x,).a] *

- - el

Flx,_, —v,al =F [}r —xn,;] *

Flayy —y,a] 2 1%1
asn—00so F[T(v) —v,a]l =1 and we get

(T(v).a) = ¥, To show that uniqueness, let
(T(z),a) =z, for some z, €A . Then

12 Flz—y,al = F[T(0)-T().5] 2

 FRE R S

. Now (%] is an s-increasing sequence then by

assumption for a given 0 < £ <I 1 there exists

k € M such that [, F[E—}’;%] =(1-2).

Then lim F [z -, %] =1 Hence

pi— oo
Flz—y,al = 1and thusz, = ¥,.

4. Finite Dimension Fuzzy Length Spaces
Theorem 4.1:

Let (A4, F %) be a fuzzy length space and let
{(xi !aijr (x: !azjr - (xn ,rxn]} be linearly
independent fuzzy set of fuzzy vectors in A. Then
there exists @ << A <~ 1 and 0 < r << 1 such that
for any set of scalars {1, 7, ... B, } we have

FlByxy+ Baxy + 4 Bpx, AZT- 1B]] <
(1—7)..(213)

Proof:

Lets = X7, |B;|. If s = Othen B; = 0 for all |
=1,2,..,m. So the relation (2.13) holds for any
A=min {f: 1=<j=n} . Then (213) is
equivalent to

Flnxy +yaxp + -+ vux, .4 <
(1—7)...(2.14)
for all ¥; with X7_; | ¥;| = 1. Assume that (2.14)

does not hold. Then there exists a sequence

(€ ) o

(m)
Ym=h

vectors

xy+ }f;”ﬂxz + -+ r,,fm}xn with
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X7 | E‘mﬁ| =1 such that

~ 1 1

Flomz)za-2

since X7y | ﬁ-"”ﬁl =1 , we have
(m) .

0=y, | =1forj=12,..,n So for each

fixed j the sequence (]G!‘m}:] is bounded and hence

[rf”ﬂ] has convergent subsequence, let ¥; denote

the limit of that subsequence and let {[}’me i}}

denote the corresponding subsequence  of

{[F’“’i)} By the same argument {(},Lwi}}

1
has a subsequence {[}F:Jm,;)} for which the

corresponding subsequence of scalars (yi:‘”ﬁj

convergent to ¥; . Continuing in this way after n

1
steps we obtain a subsequence {[ ¥nm? }} where

=Xz G x}W|tthllcr”ﬂ|=1

(m)

and a. —Y; as m— o Let

V=¥ x+-+yx, thus we have

n{l_l!‘i: F[}rmm - }r,j,] =1 and
lim Fly, — v, 4] =1. Now
FIL—*+ 03

Flyv,Al =Fly—yp, +vmil =
L —*+ 00
VoAl = lim Fly,, 4] =1=1=1
FHL—oo
It follows that =0 . But since

27y | }’-"mjl =1 and

{(xy ay), (g ,03),

independent  set of  fuzzy

oz, @)} are linearly
vectors SO
V=¥ X ¥+ +yx, #0 this is a
contradiction.
Theorem 4.2:

Let (4, F; ,*) be a finite dimensional fuzzy length
space. If f’: is another fuzzy length on A then F'l is

fuzzy equivalent to Fz .

Proof:
Let {(Ej_ rfxljr (E: razjr ey (ek rkaj} be a

basis for 4 and let (¥, 4,,,) be a sequence in A

fuzzy converge to (v, A) Let
(v 2a) = (B ey + ;e + -+
B e Ay)

, A, = mm{ﬁ‘ .1 <j< k} . Where ﬁ;n}

are scalar, so lim F'l[vm — v, A] =1, that is
I —roo

(m) _
(2.14]
. Now from Theorem 2.8.5

(m) (m)
B [T, [B77 B lep 2 2oy |8
JB_J|:| = [1 - T:]
for some 0 << = < 1 from (2.14) it follows that

there is a positive integer K such that

B[z, B -Bler]>a-m o

gach =K .now
B[z, |87 - Blen 2, |67 -

8]

for j = K . Now, 4 Ejfzi ‘ﬁ}'nﬁ — E}-‘ =A

(m) _
So _J;:l ‘ﬁ} _ﬁ}‘ =1

Hence ‘ﬁ;”ﬂ — ,B}-‘ <1 for all j=K
. (m) _
Therefore  lim ,B}. —ﬁj =0 . Hence
m—}DC

mo— 0D, Now

(‘Gjlm}) = B when
Elv,—v 1 =F [ kL ‘ﬁ;nﬂ B
Bilepa], Blv,—v. 212 B | -
1‘91|‘91ﬂ1] *F [ 5 e:,j,] *
B [~ Ao

when 11 —* 00  then (E}m} — ﬁ}-) -0

(m)
7 - J@

B™ B o =12,k

lim F[

FIL—*+ 03

v, —v,A] >1=1%_.%1  Hence
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lim F [v,, —v,A] = 1. The proof of the case
=+ 00

(Vs Ap) = (.4)  in
(v, A) = (v, ) in (4, F =) is similar hence is

omitted.
Theorem 4.3:

(A, F, %)  implies

Let (A, F ,#) be a fuzzy length space. If A is a
finite dimensional then A is fuzzy complete.

Proof:

Let dimd =K . Let
{(‘91 ,a:l:],(e: :ﬂ’:jr ey (E;{ :ﬂf;{]} be a basis

for A . Let {(x, .a)} be a fuzzy Cauchy sequence

in A . Put
(x,.0) = BV ey + B e, + o+
,B;;”}ek N
where @ =min {a,,a,, ..., } Where
;n},ﬁén}, ---,,5’,';”} are scalars.
Then lim Flx, —x,a]l=1 . Also by
TH, FL—* o2

Theorem 4.1 thereis ¥, 0 < r == 1

= i) in) (m)

F[Z;F:l (5; _Jgjn Jepa Xy |‘8J -
(r)

JG_;I'H |] = (1_T:]

Also there is K such that
= [ (m) (7}
FlZizy (B —B; Depa|=(1—r) for
all n=K ) Now
= (am) (»)
F[zj::l B — g jej.,rx] >(1-7) >
& (m) (n) (m)
F[ iz1 (Jg_;l _ ﬁj” )E}-,fx Z_J;=1 ‘ﬁ} —

(m)

for all mmurn=K . This implies that
(m) (n)

ch?:i ‘ﬁ}- —ﬁ}-n =a or

=1 |J‘9;nﬁ_ﬁ;n} =1 or thus

lim ‘,@'?m} " =0<1  for al

mn—vozl J 1

m,n =K so {ﬁ;n}} is a Cauchy sequence of

scalars for each j=12, ...k Let

lim ,@;.‘n} =[; for each j=12,... k. Put

(x,a) = (Z¥, Byey, ). Nowforallm = K
Flx, —x,a] = F’[Z;szl [ﬁ}'n} _

E;le; a ] = F[(ﬁlin} —Byleya ] ®
BB - Besa | = .x F (B -
Jgkjek’fx]

lim Flx, —x,a] = lim F’[[ﬁi”} —

1 —+00 nT}a:
Boepa )= im (B - B)esa | s
f—* oo
tim (8, — B)ey |
1 —oo
. Hence lim Flx, —x,a]l = 1=1* .51 or
B —oo

lim f’[xn —x,&] =1. This

—oa

implies  that
(x, ,a,) = (x,a). Thus 4 is fuzzy complete.
Theorem 4.5:

Let (A, F =) be a finite dimensional fuzzy length
space. A subset Cofdis fuzzy compact if and only

if Cis fuzzy closed and fuzzy bounded.

Proof:

First we assume that C is fuzzy compact and let
x, € C then there exists a sequence of fuzzy
points {(x,, ,e¢, )} in C such that (x,, , &, ) = x_
by lemma (2.22). But Cis fuzzy compact then there
(2, @n, )} of

{(xn ,rxn]} fuzzy converges to a fuzzy point of c

exists a  subsequence

Again (xn ,fxn] —+ X, S0 Cis fuzzy closed. Now
suppose that C is not fuzzy bounded then there

exists ¥, O <<+ <I 1 such that for each positive

integer Tt there exists (xn,l?ﬁ) € C such that

F’[xn,ln:]i(l—r]. Since € is fuzzy

compact there is a subsequence {{xn;{lj_:: }} of
k

{(xn,lnz}} fuzzy converges to some fuzzy

element x.eC .Thus
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- _ ny |
;}EEF [xnk x“"1+n;f] : Also
- ny
= —
F[x”k’un;{]— (1—7) : Now

[l—T]EF’[x » n;‘1]=F[xnk—x+

e ~ e - e
x,—= EF[xn,—x, "’]#F[x, "]E
l+ny R 14ny l+ny

- ne 1 4 = -
hmF[xn,—rx, "']HhmF[x, "']E
r—+ oo " +ny I —+oo 1+ng

1=1=1

Which implies 7 =0 which is contradiction.
Hence € is fuzzy bounded.

Conversely, suppose that C is fuzzy closed and
fuzzy  bounded. Let dimA =n  and
{(ey ) (e5,a;), ... (e, , @)} be fuzzy

basis for A choose a sequence {(xk;’f’]} in € so

Cewr) = (B ey + B er+ -+

(%)

B e, v)

where ¥y = min {a,, &,,..,a,}  where
|:;l{ |:;l{ [
] },ﬁ‘: },...,,G‘,';k} are scalars.

Now by Theorem 4.1 there exists , 0 <<r =<1
such that

FlZn, B¥er Ty 57| < a-n).

Since ¢ is fuzzy bounded we have

Flx,al > (1—7) for each x,eC . So
& £13]
F[ijzl B; e}-,}*]:: (1—7)
Now we have
= 3 (%)
F[E;'!:j_ Ej EJ'JT E_:;'!:j_ ‘ﬁ} |] {
7 (%)

(1—7) ﬂF[E?Zl B! e}.,y]

3]

n 3] - 3 '

¥ Xi=y B = X0y B;7 | so |B;7| <1

foreach j = 1,2, ...,7. Hence foreachj=1,2,...n

which  implies  that

the sequence are bounded. By using Bolzano-

. (x
Weierstrass theorem. It follows that {3; }} has a

|;km:|

subsequence {ff;"™ } converges to B; Put

[ka,}-r) — (Jgikm}el_l'ﬁgkm}eg ot

glmle, y)
and (x, ¥) =(By ey + By es + -+ G, e, 7).

Now

Pl 2] = F S (8% -

lim Flx, —xy] =z Jli_rﬂcf'[[ fem) _
181) Eer] ® nll_Ig;lcﬁr [(ﬁgk"“} - ﬁ:}ez,}-’ ] ®
o lm P[0 =) e,y | =1+ 1+

n—oe

el =1

It follows that {[ka,}’)} is a fuzzy convergent
subsequence of {(xy,¥)} and fuzzy converges
to (x,%). Since Cis fuzzy closed so (x,¥) € C.

Hence C is fuzzy compact. Since £(x,.¥)} was
arbitrary sequence of fuzzy points in C.

Theorem 4.6:

Let ¥and Z be a subsequence of the fuzzy length
space (A, F #)and ¥ is a fuzzy closed and proper
subset of Z. Then there exists Z,E Z such that
Flz,] > 0and Flz— v, 4] <8 for all v € ¥
and forsome 0 << & =< 1 where A = a A5,
Proof:

Let ¥ be a proper subset of Z then there is
x,€Z—V Leta=sup {Flx—vy 4] > 0},
A=anf

Now we <can take bg €Y such that

sup{F[x— b, 1] = 0} < a where
A=aApf..(215) Let z,=(x—bA).
From (2.15) F[z,] = 0. Now for any y5 € ¥, we

have
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sup{F[z—v,A] = 0} = sup{F[x— b —
}r,ﬂ,]:bl]}
,{b+}re?}=:a5§=ﬁ

Theorem 4.7:

Let (A, F ,#) be a fuzzy length space. If the fuzzy
set €= {Z,x: F'[Z,x] = 0}is fuzzy compact then
A is finite dimensional.

Proof:

Let € be fuzzy compact but dim 4 = o take any
(zi,a:ij € C and let },1.1 be a subspace of A whose
basis is {(Zlﬂﬂ} then J’flul is fuzzy closed and
proper subset of A since dimA4 =0 5o by
Theorem 4.6 there is (Z;.@,) €C such that

o

Flz, —z,, Al <8 =

B3| =

with A= ﬂfl..'ﬁl. . Let

151'2 be the subspace of A whose basis is
{(zy,2y),(z5,@5)} s0 A5 is a proper subset of A
and fuzzy closed. Again by lemma 2.8.9 there is
(z3.@3) in C such that Flz; — z,,4] < % and

= 1

Flzg—z5,4] <> with A=a;Aa,Aag

b

Hence by induction we obtain a sequence of fuzzy
points £(z,, e, )} whose element (z,,&,) € C

= 1
such that Flz,, —z,,A == with

A =a, Aa,. It follows that neither the sequence

{(Zn,ﬂnj} nor its any subsequence fuzzy

converges. This contradicts the fuzzy compactness
of €. Hence dim A4 is finite.

Conclusion

In the present paper our aim is to prove the fixed
fuzzy point theorems for fuzzy complete fuzzy
length spaces. Also we proved some properties for

finite dimensional fuzzy length spaces on a fuzzy set.
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