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ABSTRACT
In this paper we introduce new types of topological ordered spaces with the help of g-closed, g*-closed

sets and sg-closed sets. We define giT1/2'ng1/2'ng1/2'g*iT1/2' g*dT1/2'g*bT1/2’SgiT1/2’
Sng1/2 , Sngl | 2 spaces and study the relations between these spaces.
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1. INTRODUCTION

A topological ordered space is a topological space in which a partial order is available. Using order
relation one can think of increasing, decreasing and balanced sets. N.Levine in 1970 defined generalized closed
(briefly g-closed) set by slightly weakening the notion of closedness. They are not only the natural generalizations
of closed sets but they can suggest more properties of topological spaces. In recent years, some authors have
introduced notions which uses both topological and order structure, for example generalized increasing sets. Using
these notions we define some new type of separation axioms. L.Nachbin [1] initiated the study of Topological

ordered spaces (TOS). ATOS isatriple (X, t, <) where “1” isatopology on X and “<” is a partial order on

X. For anyXxe X, the sets [X,—] and [<—,X] are defined as [X,—]= {y e X/x< y} and
[« x]={ye X /y<x}.Asubset AofaTOS (X,r,<)issaid to be increasing if A=i[A] and decreasing

if A=d[A] where I[A]= U[a, —] and d[A]= U[(—, a] .The complement of an increasing set is a

acA acA
decreasing set and vice versa. A subset of a TOS (X, 1, <) is said to be a balanced set if it is both increasing and
decreasing.M.K.R.S.Veera Kumar [2] introduced the study of i-closed, d-closed and b-closed sets in 2001.Norman
Levine [4] introduced semi open sets. The complement of a semi open set is called semi-closed. The author [5]
also introduced generalized closed (briefly sg-closed) sets in 1970.Bhattacharya & Labhiri [6] introduced and

studied sg-closed sets. g*-closed sets were introduced and studied in [3].

2. PRELIMINARIES

Throughout this paper (X, 1) represent non-empty topological space on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of a space (X, 1), the closure and the interior of A respectively are
denoted by cl (A) and int(A).
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DEFINITION 2.1. A subset A of a topological space (X, 1) is called a semi-open set [4] if A < cl(int(A))and
a semi-closed set if int(cl(A)) < A.

The intersection of all closed sets containing a subset A of (X, t) is called closure of A denoted by cl(A) and the
intersection of semi-closed sets containing a subset A of (X, 1) is called the semi-closure of A and is denoted by

SCl(A).
DEFINITION 2.2. A subset A of a topological space (X, 7) is called
(1) ageneralized closed set (briefly g-closed)[5] if cl(A) < U whenever A U and
U is open in (X, t).The complement of a g-closed set is a g-open set.
(2) asemi-generalized closed set (briefly sg-closed) [6] if scl(A) < U whenever A c U
and U is semi-open in (X, t).The complement of a sg-closed set is a sg-open set.
(3) ag*-closed set [3]if cl(A) < U whenever A < U and U is g-open in (X, 7).
We have taken a topological ordered space (X, t, <) in order to introduce the following concepts.
DEFINITION 2.3[7]: A subset A of a topological space (X, t, <) is called

(1) ageneralized increasing closed set (briefly gi-closed) if A is a g-closed set and an increasing set.

(2) asemi generalized increasing closed set (briefly sgi-closed) if A is a sg-closed set and an
increasing set.

(3) ag*i-closed set if Aisa g*-closed set and an increasing set.

In a similar way we can introduce decreasing, balanced type closed sets.
3. T2 SPACES USING g-CLOSED TYPE SETS.

In this section we introduce new types of Ty, spaces using generalized increasing, decreasing and balanced
closed sets.

We introduce the following spaces.

DEFINITION 3.1: [8] A topological ordered space (X, t, <) is called

1) a space if every gi-closed set is closed.

gi /2

(2 a space if every gd-closed set is closed.

gd 1/2

) a space if every gb-closed set is closed.

ng1/2

In view of the above definitions, we observe that every gb-closed set is both gi-closed and gd-closed. So, we
have the following theorems.

THEOREM 3.1: EverygiTll2 space is a ng1/2 space.

THEOREM 3.2: Every gd Tl/ 5 space isa ngl/ o Space.

REMARK 3.3: A ngll ) space need not be a giTll ) space. This can be seen in the following example.
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EXAMPLE 3.4: Let X = {a, b, ¢}, T2 = {P, X, {a}} and <1 = {(a, a), (b, b), (c, ¢), (a, b), (&, ¢), (b, c)}.Then,
(X, 12, <1) is a topological ordered space. The closed sets in this space are ¢, X, {b, c}.The balanced sets are
¢, X and the g-closed sets are ¢, X, {b}, {c}, {a, b}, {b, c}, {c, a}.Then, the gb-closed sets are ¢, X. The
increasing sets are ¢, X, {c}, {b, c}.So, the gi-closed sets are ¢, X, {b, c}, {c}.Clearly, every gh-closed set is a

closed set. Hence, the space (X, 12, <1) isa ng1/ 5 space. The subset {c} is a gi-closed set but not a closed

<)i . .
set. Hence, the space (X, 12, <1) isnot a gITll 2 space

REMARK 3.5: A space need not be a space. This can be seen in the following example.

gb'1/2 gd 1/2

EXAMPLE 3.6: Let X = {a, b, ¢}, 2 = {¢p, X, {a}} and <1 = {(a, a), (b, b), (c, ¢), (a, b), (a, c), (b, ¢)}.Then,
(X, 12, <1) is a topological ordered space. The balanced sets in this space are ¢, X and g-closed sets are ¢, X, {b},
{c}, {a, b}, {b, c}, {c, a}.Then, the gb-closed sets are ¢, X. The closed sets in this space are ¢, X, {b, c}.The
decreasing sets are ¢, X, {a, b}, {a}. So, the gd-closed sets are ¢, X, {a, b}.It is clear that, every gb-closed set in

X is a closed set. So, the topological ordered space (X, 12, <1) is a space. The subset {a, b} is a gd-

ng1/2

closed set but not a closed set. Hence, the space (X, 12, <1) isnota gd Tl /2 space.

We say that two notions P and Q are independent if there are examples satisfying notion P but not Q and

vice versa. In view of this we have the following independency.

THEOREM 3.7: The notions space and space are independent notions.

gi 1/2 gd '1/2

PROOF: This follows from the following examples.

EXAMPLE 3.8: Let X = {a, b, c}, 11 = {d, X, {c}, {b, c}} and <, = {(a, a), (b, b), (c, ¢), (a, b), (c, b)}.Then,
(X, 111, <2) is a topological ordered space. The closed sets in this space are ¢, X, {a}, {b, a}.The increasing sets
are ¢, X, {a, b}, {b, c}, {b} and g-closed sets are ¢, X, {a}, {a, b}, {a, c}.Then, the gi-closed sets are ¢, X,

{b, a}.Clearly, every gi-closed set is a closed set. So, the space (X, 111, <p) is a space. Decreasing sets

gi /2
in this space are ¢, X, {a}, {c}, {a, c}.So, the gd-closed sets are ¢, X, {a}, {c, a}.The subset {a, c} is a gd-closed

set but not a closed set. Hence, the space (X, 111, <2) iS not a gd Tl/ ) space.

EXAMPLE 3.9: Let X = {a, b, ¢}, 111 = {d, X, {c}, {b, c}} and <5 = {(a, a), (b, b), (c, ¢), (b, ¢), (a, c)}.Then,
(X, 111, <s) is a topological ordered space. The closed sets in this space are ¢, X, {a}, {a, b}. The decreasing sets
are ¢, X, {a}, {b}, {a, b} and g-closed sets are ¢, X, {a}, {a, b}, {a, c}.Then, the gd-closed sets are ¢, X, {a},

{a, b}.We observe that, every gd-closed set in X is a closed set. Hence, the space (X, 111, <s) iS a gd Tl/ ) space.

The increasing sets in this space are ¢, X, {c}, {c, b}, {a, c}.Then, the gi-closed sets are ¢, X, {a, c}.The subset

{a, c} is a gi-closed set but not a closed set. Hence, the space (X, 111, <s) iS hot a giTll 2 space.
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The following figure 1 indicates the relationships between the spaces discussed above. Here, A——B

(A<—|—> B) indicates A implies B but not conversely (A and B are independent notions).
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v

Fig. 1

4. Ti2 SPACES USING g*-CLOSED TYPE SETS

In this section we introduce new types of Ty, spaces using g*-increasing, g*-decreasing and g*-balanced closed
sets.

We introduce the following definitions:

DEFINITION 4.1: [8] A topological ordered space (X, t, <) is called

1) a space if every g*i-closed set is a closed set.

g*i1/2

(2 a space if every g*d-closed set is a closed set.

g*d'1/2

3) a g *le /2 space if every g*b-closed set is a closed set.

In view of the above definitions, we observe that every g*b-closed set is both g*i-closed and g*d-closed. So, we
have the following theorems.

THEOREM 4.2: Ever T, space is a space.
v yg*l 1/2 Space! P

g*b'1/2

THEOREM 4.3: Every g *d Tl/ 2 space is a space.

g*b'1/2

REMARK 4.4: A space need not be a g *iT1/ ) space. This can be seen in the following

g*b'1/2

example.
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EXAMPLE 4.5: Let X={a, b, c}, 4= {d, X, {a}, {a, c}} and <, = {(a, a), (b, b), (c, ¢), (a, b), (c, b), (c, a)}.Then,
(X, 4, <4) is a topological ordered space. The closed sets in this space are ¢, X, {b, c}, {b}. The balanced sets are

¢, X and g*-closed sets are ¢, X, {b}, {a, b}, {a, c}.Then, g*b-closed sets in this space are ¢, X. Clearly, every

g*b-closed set is a closed set. Hence, the space (X, 14, <) isa g *le /2 space. The increasing sets in this space

are ¢, X, {b}, {a, b}.The g*i-closed sets are ¢, X, {a, b}, {b}.The subset {a, b} is a g*i-closed set but not a closed
< i . .
set. Hence, the space (X, 14, <4) isnot a g *ITl | o SPace

REMARK 4.6: A space need not be a g*d Tl/ 2 space. This can be seen in the following

g*b /2

example.

EXAMPLE 4.7: Let X = {a, b, ¢},}, i1 = {&, X, {c}, {b, c}}and <> ={(a, a), (b, b), (c, ¢), (a, b), (c, b)}.Then,
(X, m11, <2) is atopological ordered space. The closed sets in this space are ¢, X, {a}, {a, b}.The balanced sets in

this space are ¢, X and g*-closed sets are ¢, X, {a}, {a, b}, {a, c}.Then, g*b-closed sets in this space are ¢, X.

Every g*b-closed set is a closed set. So, the space (X, 111, <2) is a g *le /2 space. The decreasing sets in this

space are ¢, X, {a}, {c}, {a, c}. The g*d-closed sets are ¢, X, {a}, {a, c}.The subset {a, c} is a g*d-closed set
but not a closed set. Hence, the space (X, 111, <) iS not a g*d Tl/ ) space.
THEOREM 4.8: The notions

space and space are independent notions.

g*i'/2 g*d /2

PROOF: This follows from the following examples.

EXAMPLE 4.9: Let X = {a, b, c},}, 11 = {}, X, {c}, {b, c}} and <= {(a, a), (b, b), (c, ¢), (a, b), (c, b)}.Then,
(X, 111, <2) is a topological ordered space. The closed sets in this space are ¢, X,{a}, {a, b}.The increasing sets
are ¢, X, {b}, {a, b}, {b, c} and g*-closed sets are &, X, {a}, {a, b}, {a, c}.Then, g*i-closed sets in this space

are ¢, X, {a, b}.Clearly, every g*i-closed set is a closed set. So, the space (X, 111, <2) is a space. The

g*i1/2
decreasing sets are ¢, X, {a}, {c}, {a, c}.The g*d-closed sets are ¢, X, {a, c}, {a}.The subset {a, c} is a g*d-

closed set but not a closed set. Hence, the topological space (X, 111, <2) is not a space.

g*d /2

EXAMPLE 4.10: Let X = {a, b, c}, 110 = {d, X, {a}, {b, a}} and <s = {(a, a), (b, b), (c, ¢), (a, ¢), (b, c)}.Then,
(X, 110, <s) is a topological ordered space. The closed sets in this space are ¢, X, {c}, {c, b}.Decreasing sets in
this space are ¢, X, {a}, {b}, {a, b} and g*-closed sets are ¢, X, {c}, {c, b}, {a, c}. Then, g*d-closed sets are

¢, X. Clearly, every g*d-closed set is a closed set. So, the space (X, T10, <s) iS a g*d Tl /2 space. Increasing

sets in this space are ¢, X, {c}, {b, c}, {a, c}.The g*i-closed sets are ¢, X, {c}, {b, c}, {a, c}.The subset {a, c} is

a g*i-closed set but not a closed set. Hence, the topological ordered space(X, t10, <s) iS not a g *iT]./ ) space.
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The following figure 2 indicates the relationships between the spaces discussed above. Here, A——B

(A4+> B) indicates A implies B but not conversely (A and B are independent notions).
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Fig. 2

5. T2 SPACES USING sg-CLOSED TYPE SETS

In this section we introduce new types of Ty spaces using sgi-closed, sgd-closed and sgb- closed sets.

We introduce the following definitions.

DEFINITION 5.1: [8] A topological ordered space (X, 1,<) is called

1 a sg iT1/2 space if every sgi-closed set is a closed set.
2. a Sng1/2 space if every sgd-closed set is a closed set.

3. a Sngl/2 space if every sgb-closed set is a closed set.

In view of the above definitions, it is observed that every sgb-closed set is both sgi-closed and sgd-closed. So, we
have the following theorems.

THEOREM 5.2: Every SgiT1/25pace is a Sngl/zspace.

THEOREM 5.3: Every sqd T1/ o Space isa sngll o Space.

REMARK 5.4: A space need not be a SgiTll 2space. This can be seen in the following example.

sngl/ 2

EXAMPLE 5.5: Let X = {a, b, ¢}, 111 = {, X, {c}, {b, c}} and <, = {(a, a), (b, b), (c, ¢), (a, b), (c, b)}.Then,

(X, 11, <p) is a topological ordered space. The closed sets in this space are ¢, X, {a}, {a, b}.Balanced sets in this space

are ¢, X and sg-closed sets are ¢, X, {a}, {b}, {a, b}.Then, sgb-closed sets are ¢, X. Increasing sets in this space are
d, X, {b}, {a, b}, {b, c}.So, sgi-closed sets are ¢, X, {b}, {a, b}.Clealry, sgh-closed set in X is a closed set. So, the
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space (X, tu1, <2) is a Sngl/ 2 space. The subset {b} is a sgi-closed set but not a closed set. Hence, the space

(X, 111, <2) isnot a space.

sgiT1/2

REMARK 5.6: A space need not be a space. This can be seen in the following example.

sng1/2 sgd T1/2

EXAMPLE 5.7: Let X = {a, b, ¢}, T11 = {}, X, {c}, {b, c}} and <5 ={(a, a), (b, b), (c, ¢), (a, ¢), (b, ¢)}.Then,
(X, 111, <s) is a topological ordered space. The closed sets in this space are ¢, X, {a}, {a, b}.Balanced sets in this
space are ¢, X and sg-closed sets are ¢, X, {a}, {b}, {a, b}.Then, sgb-closed sets in this space are ¢, X.
Decreasing sets in this space are ¢, X, {b}, {a, b} and sgd-closed sets are ¢, X, {b}, {a, b}.Clearly, every sgb-

closed set in X is a closed set. So, the space (X, 111, <s5) is a Sngl /2 space. The subset {b} is a sgd-closed set

but not a closed set. Hence, the space (X, 111, <s) iS not a sqd Tl/ 2 space.

THEOREM 5.8: The notions space and space are independent notions.

sgi 1/ 2 sgd '1/2

PROOF: This follows from the following examples.

EXAMPLE 5.9: Let X = {a, b, ¢}, 11 = {b, X, {c}, {b, c}} and <> ={(a, a), (b, b), (c, ¢), (a, b), (c, b)}.Then,
(X, 111, <2) is a topological ordered space. The closed sets in this space are ¢, X, {a}, {a, b}.Decreasing sets in
this space are ¢, X, {a}, {c}, {a, c} and sg-closed sets are ¢, X, {a}, {b}, {a, b}.Then, sgd-closed sets are ¢, X,
{a}.The increasing sets are ¢, X, {b}, {a, b}, {b, c}.So, sgi-closed sets in this space are ¢, X, {b},{a, b}.Clearly,

every sgd-closed set in X is a closed set. So, the topological ordered space (X, 111, <2) is a sqd Tl /2 space.

The subset {b} is a sgi-closed set but not a closed set. Hence, the space (X, 111, <2) iS not a space.

sgiTll 2
EXAMPLE 5.10: Let X = {a, b, c}, t11 = {d, X, {c}, {b, c}} and < = {(a, ), (b, b), (c, ¢), (b, a), (a, ¢),
(b, €)}.Then, (X, 111, <g) is a topological ordered space. Closed sets in this space are ¢, X, {a}, {a, b}.Decreasing
sets in this space are ¢, X, {b}, {a, b} and sg-closed sets are ¢, X, {a}, {b}, {a, b}.Then, the sgd-closed sets in
this space are ¢, X, {b}, {a, b}.Increasing sets are ¢, X, {c}, {a, c}.So, the sgi-closed sets are ¢, X. Clearly,

every sgi-closed set in X is a closed set. So, the space (X, 111, <¢) iS a SgiTll 2 space. The subset {b} is a sgd-

closed set but, it is not a closed set. Hence, the space (X, 111, <s) iS not a sqd Tl /2 space.
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The following figure 3 indicates the relationships between the spaces discussed above. Here, A——B

(A<—|—> B) indicates A implies B but not conversely (A and B are independent notions).

sgbl1/2

l | sedTin2

Fig. 3
6. CONCLUSION:

In this paper we defined new types of Ty, spaces using g-closed type, g*-closed type and sg-closed type sets.
We studied the relations between these spaces and provided examples for the independency between some
notions.
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