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Abstract 
 
A radio labeling of a graph G is an injective function f :V(G)  N {o} such that for every u, v  V, |f(u) – 
f(v)|  diam (G) +1 – d(u,v). In this paper we investigate Radio mean square labeling of some graphs such as 
incentr ic Subdivision of spoke wheel graph and Bi-wheel graph  . 
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I. Introduction 
 By a graph G = (V(G), E(G)) with P vertices and q edges we mean a simple, connected and undirected 
graph. The distance between two vertices x and y of G is denoted by d(x,y) and diam(G) indicate the diameter of 
G. Radio labeling is motivated by the channel assignment problem introduced by Hale(1980). Chartrand et. al. 
investigated the upper bound for the radio number of path Pn. The exact value for the radio number of path was 
given by Liu and Zhu[4]. R. Ponraj and S. Kala[3] have introduced the notion of Radio Mean labeling of graphs. 
In this paper we investigate Radio mean square labeling of some graphs such as incentr ic Subdivision of 
spoke wheel graph and Bi-wheel graph. 
Definition 1.1 [3] A Radio mean  label ing is a one to one mapping f : V(G)  N satisfying the 

condi tion   d(u,v) + 
) )

2
    

f(u f(v   1 + diam(G) ,for every 

 u,v  V(G).
 Definition1.2  A radio mean square labeling is a one to one mapping f from V(G) to N Satisfying the 

condition 
   2 2f(u) + f(v)

d(u,v) 1 diam(G)
2

 
   
  

, for every     

 u, v  V(G). The radio mean  square number of G is denoted by rmsn(G) 

2.RadioMean Square Labeling of incentric Subdivision of spoke wheel graphs 

Definition 2.1  Incentric subdivision is the graph obtained by inserting a vertex of degree two 
in to every edge inside the original graph. If every edge inside a wheel graph is subdivided then 
the resulting graph is called incentric subdivision of spoke wheel  graph.  

Definition 2.2  The graph SS(Wn) is obtained from the wheel W
n
 by subdividing each spokes by 

a vertex. Let W
n
 = C

n
+ K

1
 where C

n
= v

1
v

2
. . .v

n
v

1
 and V(K

1
) = {u} and the spokes are 

subdivided by the vertices u
i
(1  i  n). 

Note that the diameter  of SS(Wn) is 4. 

Theorem 2.1  nrmsn(SS(W )) 2n 1  ,  n 8  

Proof   Let u be the centre vertex. The cyclic vertices are   v
1
, v

2
, .  .  .v

n
 and the vertices of 

subdivision  of spokes are   u
1
,  u

2
,  .  .  .u

n
.  

Clearly SS(Wn) has 2n+1 vertices and diam (SS(W
n
)) = 4 
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Define the radio mean label ing f : VN satisfying the condition 

   2 2

n
f(u)  + f(v)

d(u, v)   1 diam (SS(W )) = 5
2

 
   
  

 for  every pair of distinct 

vertices u and v.  

Consider the rim vertices v
i
  (1 i n)   

Define the radio mean label ing f : V N by      

i

1 if i = 1
n i if i = 2

n i+2 if i = 3
f(v )

2 if i = 4
n if i = 5

i 3 if i = 6,7,...n


 
 

 






 

if(u ) = n + i, i 1,2,...,n   and f(u) = 2n 1  

Now we check the radio mean  square condition for  the above labeling f.  

Case 1    Consider the pair (u
i
,  u

j
)   

Subcase a  Verify the pair (v
1
,  v

i
) .   

It is easy to verify that the pairs (v
1
, v

i
),   i 4,  6,  7,  8  

For  i {4,  6,  7,  8}  we have 

 
   2 2

1 i
1 i

f(v ) f(v ) 1 36d(v ,v )   1   20
2 2

            
.  

Subcase b   Verify the pair (v
4
, v

i
) 

The pairs (v
4
, v

6
),  (v

4
, v

7
)  satisfy the radio mean  square condition. 

For   i 1,  6,  7 ,  
   2 2

4 i
4 i

f(v ) + f(v ) 4 25d(v ,v )   1 16
2 2

            
. 

Subcase c   Check the pair (v
i
, v

j
), i,  j {1,  4}  

   22
i j

i j

f(v )  + f(v ) 9 16d(v ,v ) 1 14
2 2

           
 

 

Case 2   Check the pair (u
i
,  u

j
)  
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       
22 2 2

i j
i j

f(u ) f(u ) n 1 n 2
d(u , u ) 2 93

2 2

           
     

 

Case 3   Check the pair (v
i
,  u

j
)  

     
22 2

i j
i j

f(v ) f(u ) 1 n 1
d(v ,u ) 1 42

2 2

          
     

 

Case 4   Examine the pair (u, u
i
)  

 
       2 2 2 2

i
i

f(u) f(u ) 2n 1 n 1
d(u,u ) 1 186

2 2

      
      
      

 

These cases establish the radio mean  square condi tion. 

Hence rmsn(SS(Wn))  2n + 1. 

Since the number of vertices is 2n+1 and the labels are unique, it follows that  rmsn(SS(Wn))  
2n + 1 .  

Hence rmsn(SS(Wn)) = 2n + 1  

Example 2.1 The radio mean square number of some incentr ic subdivision of spoke wheel 
graphs are given in Fig1 

 

        (a) rmsn(SS(W8)) = 17                                   (b) rmsn(SS(W9)) = 19 

Figure 1 

3. Radio Mean square  Labeling of Bi-wheel graph 

Definition 3.1  The graph Wm, n   is obtained from the wheels Wm and Wn by  join ing the r im 
vertices of the two wheels with an edge. Let  Wm = C

m 
+ K

1
 and  Wn  = C

n
+ K

1
  where C

m
 is the 

cycle u
1
u

2
 .  . .  u

m
u

1
 and C

n
 is the cycle   

v
1
v

2
 .  . .v

n
v

1
 .Let V(Wm) = V(Cm)  {u1}, V(Wn) = V(C

n
){v

1
} and  
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E(Wm,  n)  =  E(Wm)  E(Wn) {u
1
v

1
} . 

Definition 3.2  Bi-wheel graph BWm,n [6] consist of two disjoint copies of wheel which are joined by an edge 
between two rim vertices. 

Theorem  3.1  rmsn(Wn ,n) = 2n + 2,  n > 3 

Proof:  Clearly there are 2n+2  vertices and diam(BWn ,n) = 5. 

Define f : V  N and satisfies the radio mean square  condition  

   2 2

n,n
f(u)  f(v)

d(u,v)    1  diam(BW )  6
2

 
    

  
 

Let v be the central vertex of  second wheel Wn.  

The vertices adjacent to v are labeled sequentially by {v
1
,  v

2
, . .  .  ,  v

n
} in counter clockwise 

direction . 

Let u be the central vertex of  first wheel Wn .  

The vertices adjacent to u are labeled sequentially by {u
1
, u

2
, .  . . ,u

n
}in clockwise direction 

respectively.  

First consider the vertices of Wn .  Define f : V  N  by 

i

3 if i 1
n i if i 2

f(v )
2 if i 3

i 1 if 4 i n


    
   

               ,   f(v) = n + 3 

i

4 if i 1
2n i-1 if i 2

f(u )
1 if i 3

n i if 4 i n


    
   

            ,   f(u) = 2n + 2 

We check the radio mean square condition  
   2 2f(u) f(v)

d(u,v)   6
2

 
  
  

 holds for  

every pairs (u, v) with u  v. 

Case a     Examine the pair (u, u i), 

     2 2 2
i

i
f(u) f(u ) n 4 1

d(u, u )  1   34
2 2

     
      
      

 

Case b Examine the pair  (u i,  u j), Clearly (u3 ,u1) satisfies the radio mean square condition.  

Subcase 1   Examine the pair  (u3,  u i), i  1  
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     2 2 2
3 i

3 i
f(u ) f(u ) 1 n 4

d(u ,u )   1   34
2 2

     
      
     

 

Subcase 2     Examine the pair (u1 , u i), i  3  

     2 2 2
1 i

1 i
f(u ) f(u ) 16 n 4

d(u ,u )   1  41
2 2

     
      
      

 

Subcase 3  Check the pair  (u i,u j),i, j  {1, 3}   

       
22 2 2

i j
i j

f(u ) f(u ) n 4 n 5
d(u ,u )   1   74

2 2

           
     

 

Case c  Consider  the pair  (u i,vj)  

 Subcase 1 Verify the pair (u3,v3) satisfies the radio mean square condition. So take j   3. 

   22
3 j

3 j

f(u )  + f(v ) 1 9d(u ,v )   3   8
2 2

           
 

 

Subcase 2  Examine the pair (u1 , vj)  

Since d(u
1
,v

3
) = 3, (u

1
,v

3
) satisfies the radio mean square condition. 

Consider (u
1
,v

j
) with  j   3  

   22
1 j

1 j

f(u ) f(v ) 16 9d(u ,v )   1   13
2 2

           
 

 

Subcase 3  Check the pair (u
i
,v

j
), i   1,3 

     
22 2

i j
i j

f(u )  + f(v ) n 4 9
d(u , v )   2   39

2 2

         
     

 

Case d    Consider the pair (u,v
j
),   

Similar to subcase 3 of case c 

Case e     Consider  the pair  (u
i
, v)  

     2 2 2
i

i
f(u ) f(v) 1 n 3

d(u ,v)   2   27
2 2

     
      
      

 

Case f   Check the pair (u,v) 
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       2 2 2 2f(u) f(v) 2n 2 n 3
d(u,v)   3   78

2 2

      
      
      

 

Case g   Verify the pair (v, v
i
) 

     2 2 2
i

i
f(v) f(v ) n 3 4

d(v,v )   1   28
2 2

     
      
      

 

Case h Examine the pair   (v
i
,  v

j
) 

Subcase 1 Consider to check that the pair (v
1
, v

3
)  

It is easy to check that  the pair (v
1
, v

3
) satisfies the radio mean square condition. 

Subcase 2    Veri fy the pair  (v
3
,  v

j
), j   1  

   22
3 j

3 j

f(v ) f(v ) 4 25d(v ,v )   1   16
2 2

           
 

 

Subcase 3   Examine the pair  (v
1
,  v

j
), j  3  

   22
1 j

1 j

f(v ) f(v ) 9 25d(v ,v )   1   18
2 2

           
 

 

Subcase 4  Check the pair (v
i
,  v

j
), i  1, 3  and j  1, 3 

   22
i j

i j

f(v ) f(v ) 25 36d(v ,v )   1  32
2 2

           
 

 

Hence these cases establishes the radio mean  square condition.  

 Therefore  rmsn(BWn , n)  2n+2  

Since diam(BWn ,n) = 5, it follows that 1 and 2 cannot  be labels of the same wheel.  

This implies rmsn(BWn ,n) > 2n+1   

But  rmsn(BWn , n)  2n+2   

Hence rmsn(BWn ,n) = 2n+2   

Example 3.1  For  the graph BW1 1 ,1 1 in Fig 2 , rmsn(BW1 1 , 11) = 24 
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Fig 2 

Observation   rmsn(BWn ,n) = rmsn(BWn -1,n -1) + 2  
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