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Abstract  
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I. INTRODUCTION  
After the introduction of the concept of fuzzy sets by Zadeh [12] several researches were conducted on 

the generalizations of the notion of fuzzy sets. The idea of “intuitionistic fuzzy set” was first published by 
Atanassov [1], as a generalization of the notion of fuzzy set. In 1995, Florentin Smarandache [2,3] initiated the 
concept of neutrosophic set. Recently H.Wang et.al [4] introduced an instance of neutrosophic set known as 
single valued neutrosophic set which was motivated from the practical point of view and that can be used in real 
scientific and engineering applications. 
BCK/BCI-algebras are algebraic structures, introduced by K. Iseki [5,6] in 1966, that describe  ́fragments of the 
propositional calculus involving implication known as BCK/BCI-logics. It is known that the class of BCK-
algebras is a proper subclass of the class of BCI-algebras. 
Y. B. Jun (together with Hong, Kim, Meng, Roh, and Song) considered the fuzzification of ideals and sub-
algebras in BCK-algebras ( [7, 8, 9, 10, 11]). In this paper, we establish the single valued neutrosophication of 
the concept of sub-algebras and ideals in BCK-algebras, and investigate some of their properties.  

II. PRELIMINARIES 
Definition 2.1 
An algebra (X, )0, of type (2, 0) is called a BCK-algebra if it satisfies the following axioms: 
(a1)  ,0)())()((  yzzxyx  
(a2) ,0))((  yyxx  
(a3) 0 xx , 
(a4)  0 yx and 0 xy  imply that yx   
(a5)  00  x     for all Xzyx ,, . 
Definition 2.2 
A partial ordering “ ” on X can be defined by yx   if and only if 0 yx .  
Definition 2.3 
In any BCK-algebra X the following holds: 
(P1)  xx 0  
(P2)  xyx   
(P3)  yzxzyx  )()(  
(P4)  yxzyzx  )()(  
(P5)  yxyxxx  ))((  
(P6)  zyzxyx   and xzyz  , for all Xzyx ,, . 
Definition 2.4 
A subset S of a BCK-algebra X is called a subalgebra of X if Syx   whenever Syx , . 
Definition 2.5 
A non-empty subset I of a BCK-algebra X is called an ideal of X if it satisfies: 
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      (C1)  ,0 I  
      (C2)  Iyx   and Iy imply Ix  
Proposition 2.6  
In a BCK-algebra X, the following holds, for all  Xzyx ,, . 
   (i)   .)()())(( zyxzyzzx   
   (ii)  zzxzxxzx  )())(()(  
  (iii) yxxyyxyxyyx  ))))(((()))((( . 

III .SINGLE VALUED NEUTROSOPHIC IDEALS 
In what follows, let X denote a BCK-algebra unless otherwise specified. 

Definition 3.1  
An SVNS  AAAA  ,,  in X is called a single valued neutrosophic sub-algebra of X if it satisfies: 

1. })(),(min{)( yxyx AAA    

2. })(),(min{)( yxyx AAA    

3. })(),(max{)( yxyx AAA     for all x,y ∈ X. 

Example 3.2 
Consider a BCK-algebra X={0,a,b,c} with the following Cayley table: 

∗ 0 a b c 

0 0 0 0 0 

a a 0 0 a 

b b a 0 b 

c c c c 0 
 

Let AAAA  ,, be a SVNS in X defined by 

αA(0) = αA(a) = αA(c) = 0.7 > 0.3 = αA(b),  
βA(0) = βA(a) = βA(c) = 0.6 > 0.2 = βA(b), 
A(0) = A(a) = A(c) = 0.2< 0.5 = A(b). 

Then AAAA  ,,  is a single valued neutrosophic sub-algebra of X. 

Proposition 3.3                                                                                                                                                            
Every single valued neutrosophic sub-algebra AAAA  ,,  of X satisfies the inequalities αA(0) ≥ αA(x) , 

βA(0) ≥  βA(x) and A(0) ≤ A(x) for all x ∈ X. 

Proof: 

For any x ∈ X, we have 

)()}(),(min{)()0( xxxxx AAAAA   , 

)()}(),(min{)()0( xxxxx AAAAA   , 

)()}(),(max{)()0( xxxxx AAAAA   . 

This completes the proof.  
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Definition 3.4 
An SVNS AAAA  ,,  in X is called a single valued neutrosophic  ideal of X if it satisfies the following 
inequalities: 

1. αA(0) ≥ αA(x), βA(0) ≥ βA(x) and A(0) ≤ A(x), 

2. αA(x) ≥ min{αA(x∗y),αA(y)}, 

3. βA(x) ≥ min{βA(x∗y),βA(y)}, 

  4. A(x) ≤ max{A(x∗y),A(y)}, for all x,y ∈ X. 

Example 3.5 
 Let X ={0,1,2,3,4} be a BCK-algebra with the following Cayley table: 

∗ 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 1 0 0 

2 2 2 0 0 0 

3 3 3 3 0 0 

4 4 3 4 1 0 

Define a SVNS AAAA  ,, in X as follows: 

αA(0) = αA(2) = 1, αA(1) = αA(3) = αA(4) = r,  
βA(0) = βA(2) = 1, βA(1) = βA(3) = βA(4) = s, 
A(0) = A(2) = 0, A(1) = A(3) = A(4) = t 

where r ∈ [0,1], s ∈ [0,1], t ∈ [0,1] and 3 tsr . By routine calculation we know that AAAA  ,,  
is a single valued neutrosophic  ideal of X. 
Lemma 3.6                                                                                                                                                                              
Let a SVNS AAAA  ,,  in X be a single valued neutrosophic  ideal of X. If the inequality x∗y ≤ z holds in 
X, then 

)}(),(min{)( zyx AAA   , )}(),(min{)( zyx AAA   and )}(),(max{)( zyx AAA    

Proof:                                                                                                                                                                                   
Let x,y,z ∈ X be such that x∗y ≤ z. Then (x∗y)∗z = 0, and thus  

)}(),(min{)( yyxx AAA    

          )}()},(),)((min{min{ yzzyx AAA    

          )}()},(),0(min{min{ yz AAA   

          )}(),(min{ zy AA   

)}(),(min{)( yyxx AAA    

          )}()},(),)((min{min{ yzzyx AAA    

          )}()},(),0(min{min{ yz AAA   

          )}(),(min{ zy AA  . 
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)}(),(max{)( yyxx AAA    

          )}()},(),)((max{max{ yzzyx AAA    

          )}()},(),0(max{max{ yz AAA   

          )}(),(max{ zy AA  . 

this completes the proof.  

Lemma 3.7                                                                                                                                                                               
Let AAAA  ,, be a single valued neutrosophic  ideal of X. If x ≤ y in X, then 

αA(x) ≥ αA(y), βA(x) ≥   βA(y), A(x) ≤ A(y) that is, αA and  βA are order-reserving and A is order-preserving. 

Proof:                                                                                                                                                                                 
Let x,y ∈ X be such that x ≤ y. Then x∗y = 0 and so 

)()}(),0(min{)}(),(min{)( yyyyxx AAAAAA    

)()}(),0(min{)}(),(min{)( yyyyxx AAAAAA    

)()}(),0(max{)}(),(max{)( yyyyxx AAAAAA    

This completes the proof.  

Theorem 3.8 
 If AAAA  ,, is a single valued neutrosophic  ideal of X, then for any x,a1,a2,...,an ∈ X, 
(···((x∗a1)∗a2)∗···)∗an = 0 implies 

)}(),...,(),(min{)( 21 nAAAA aaax   )}(),...,(),(min{)( 21 nAAAA aaax    

)}(),...,(),(max{)( 21 nAAAA aaax    
Proof: 
Using induction on n and Lemmas 3.6 and 3.7, the proof is straightforward. 
Theorem 3.9 

Every single valued neutrosophic ideal of X is a single valued neutrosophic sub-algebra of X. 

Proof: 

 Let AAAA  ,,  be a single valued neutrosophic ideal of X. Since x∗y ≤ x for all x,y ∈ X, it follows from 

Lemma 3.7 that   )(xyx AA   ,   )(xyx AA   ,   )(xyx AA    so by Definition 3.4, 

)}(),(min{)}(),(min{)()( yxyyxxyx AAAAAA    

)}(),(min{)}(),(min{)()( yxyyxxyx AAAAAA    

)}(),(max{)}(),(max{)()( yxyyxxyx AAAAAA    

This shows that AAAA  ,,  is a single valued neutrosophic sub-algebra of X.                                         
The converse of Theorem 3.9 may not be true. For example, the single valued neutrosophic sub-algebra 

AAAA  ,, in Example 3.2 is not a single valued neutrosophic ideal of X since 

)}(),(max{2.05.0)( aabb AA   . 
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We now give a condition for a single valued neutrosophic sub-algebra to be a single valued neutrosophic ideal. 

Theorem 3.10                                                                                                                                                                      
Let AAAA  ,, be a single valued neutrosophic sub-algebra of X such that 

)}(),(min{)( zyx AAA   , )}(),(min{)( zyx AAA   , )}(),(max{)( zyx AAA    for all x,y,z 

∈ X satisfying the inequality x∗y ≤ z. Then AAAA  ,,  is a single valued neutrosophic ideal of X.   
Proof:                                                                                                                                                                              
Let AAAA  ,, be a single valued neutrosophic  sub-algebra of X. Recall that 

)()0(),()0( xx AAAA    and )()0( xAA   for all X. Since x∗(x∗y) ≤ y, it follows from the 

hypothesis that )}(),(min{)()},(),(min{)( yyxxyyxx AAAAAA    and 

)}(),(max{)( yyxx AAA   .Hence AAAA  ,,  is a single valued neutrosophic ideal of X.                                                        
Lemma 3.11                                                                                                                                                                          
A SVNS AAAA  ,,  is a single valued neutrosophic ideal of X if and only if the fuzzy sets A  , A and 

A are fuzzy ideals of X.                                                                                                                                                    
Proof:                                                                                                                                                                                       
Let AAAA  ,,  be a single valued neutrosophic ideal of X. Clearly, A  , A  is a fuzzy ideal of X. For 
every x, y ∈ X, we have 

),()(1)0(1)0( xx AAAA   )}(),(max{1)(1)( yyxxx AAAA    

)}(1),(1min{ yyx AA    )}.(),(min{ yyx AA   Hence A is a fuzzy ideal of X.             

Conversely, assume that AA  ,  and A are fuzzy ideals of X. For every x,y ∈ X, we get 

)()0( xAA   , )()0( xAA    , )(1)()0()0(1 xx AAAA    that is, 

)()0( xAA   ; )}(),(min{)( yyxx AAA    and 

)}(),(min{)()(1 yyxxx AAAA   )}(1),(1min{ yyx AA  
)}(),(max{1 yyx AA   that is, )}(),*(max{)( yyxx AAA   . Hence AAAA  ,, is a 

single valued neutrosophic  ideal of X.                                                                                                                          
Definition 3.12                                                                                                                                                                       
For any ]1,0[,, tsr  and a single valued neutrosophic set AAAA  ,,  in a non-empty set X ,the set 

   txsxrxXxtsrAU AAA  )(,)(,)(/,,;   is called an upper tsr ,, level cut of A  

and the set    txsxrxXxtsrAL AAA  )(,)(,)(/,,;   is called a lower tsr ,, level 

cut of A .                                                                                                                                                                         
Definition 3.13                                                                                                                                                                       
Let  )(XSVNS  be the family of all single valued neutrosophic ideals of  X  and let ]1,0[,, tsr .Define 

binary relations tsrU ,,  and tsrL ,,  on )(XSVNS  as follows: 

   tsrBUtsrAUUBA tsr ,,;,,;),( ,,               

   tsrBLtsrALLBA tsr ,,;,,;),( ,,   respectively, for AAAA  ,,  and 

BBBB  ,, in )(XSVN .Then clearly tsrU ,,  and tsrL ,,  are equivalence relations on )(XSVN .              
Definition 3.14                                                                                                                                                                            
A SVNS AAAA  ,, in a BCK-algebra X is a single valued neutrosophic implicative ideal (SVNI-ideal) 
of X if it satisfies                                                                                                                                                                 
(1) )()0(),()0( xx AAAA   and )()0( xAA                                                                                                      

(2) )}(),))(((min{)( zzxyxx AAA    
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(3) )}(),))(((min{)( zzxyxx AAA      

(4) )}(),))(((max{)( zzxyxx AAA   , for all x, y, z ∈ X.  
Definition 3.15 
An SVNS AAAA  ,,  in X is a single valued neutrosophic commutative ideal (SVNCI-ideal) of X if it 
satisfies   
(1) )()0(),()0( xx AAAA    and )()0( xAA    

 (2) )}(),)((min{)))((( zzyxxyyx AAA     

(3) )}(),)((min{)))((( zzyxxyyx AAA    

(4) )}(),)((max{)))((( zzyxxyyx AAA    
for all x,y,z ∈ X.   
Definition 3.16 
 A SVNS AAAA  ,, in a BCK-algebra X is a single valued neutrosophic positive implicative ideal 
(SVNPI-ideal) of X if it satisfies   
(1) )()0(),()0( xx AAAA    and )()0( xAA    

 (2) )}(),)((min{)( zyzyxzx AAA     

(3) )}(),)((min{)( zyzyxzx AAA    

(4) )}(),)((max{)( zyzyxzx AAA    
for all x,y,z ∈ X.   
Theorem 3.17  
A single valued neutrosophic ideal AAAA  ,, of X is a single valued neutrosophic implicative if and 
only if A is both single valued neutrosophic commutative and single valued neutrosophic positive implicative.  
 Proof:  

Assume that AAAA  ,, is a single valued neutrosophic implicative ideal of X.  

By Definition  2.6(i) and. Lemma 3.6, we have 
 ))(()}(),)((min{ zzxzyzyx AAA    

)))(()(( zxxzxA   by (2.6(ii)) 

)( zxA                          

))(()}(),)((min{ zzxzyzyx AAA    

)))(()(( zxxzxA    by (2.6(ii)) 

)( zxA                                               

and  ))(()}(),)((max{ zzxzyzyx AAA    

)))(()(( zxxzxA    by (2.6(ii)) 

)( zxA                                                 

for all x,y,z ∈X.   
Then AAAA  ,,  is a single valued neutrosophic positive implicative ideal of X.   

)))((()))))(((()))(((()( xyyxxyyxyxyyxyx AAA    

)))((()))))(((()))(((()( xyyxxyyxyxyyxyx AAA    
and   

)))((()))))(((()))(((()( xyyxxyyxyxyyxyx AAA    

Therefore, AAAA  ,, is a single valued neutrosophic commutative.   
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Conversely, suppose that AAAA  ,, is both single valued neutrosophic positive implicative and 
single valued neutrosophic commutative.  
Since, (y∗(y∗ x))∗(y∗ x) ≤ x ∗(y∗ x), it follows from Lemma 3.7. 

)),(())())((( xyxxyxyy AA    

 ))(())())((( xyxxyxyy AA   and  

))(())())((( xyxxyxyy AA    

Then, we have         xyyxyxyy AA    

       xyyxyxyy AA    

and        xyyxyxyy AA    . 
Therefore   

     xyyxyx AA   ,      xyyxyx AA    

and .      xyyxyx AA                                                                      ………… (1) 

On the other hand since x ∗ y ≤ x ∗(y∗ x), we have, by Lemma 3.7 
    xyxyx AA     ,     xyxyx AA    and     xyxyx AA   . 

Since AAAA  ,,  is a single valued neutrosophic commutative ideal of  X, then  we have  

   xyyxyx AA   )( ,    xyyxyx AA   )(  and 

   xyyxyx AA   )(  . 

Hence       xyyxxyx AA   ,       xyyxxyx AA    and 

      xyyxxyx AA                                                               .………(2) 
Combining (1) and (2), we obtain   

           )(,min xxyyxyyxxyx AAAA    

           )(,min xxyyxyyxxyx AAAA    

 and             )(,max xxyyxyyxxyx AAAA    

So AAAA  ,,  is a single valued neutrosophic implicative ideal of X .  
 The proof is complete.   
Theorem 3.18 
 If AAAA  ,,  is a single valued neutrosophic ideal of X with the following conditions holds   

 
     )(,min)()( zzyyxyxi AAA    

    )(,min)()( zzyyxyxii AAA    

    )(,max)()( zzyyxyxiii AAA    for all Xzyx ,, .Then A  is single valued 
neutrosophic positive implicative ideal of X. 
Proof:  
Suppose AAAA  ,, is single valued neutrosophic ideal of X.  
 with condition (i) , (ii) and (iii).  Using (P3) and (P4), we have   
 ((x ∗z)∗z)∗(y∗z)) ≤ (x ∗z)∗ y = (x ∗ y)∗z, for all x, y, z ∈X, therefore by Lemma 3.7 

        zyxzyzzx AA         

        zyxzyzzx AA    and                     zyxzyzzx AA     

Now            zyzyzzxzx AAA   ,min  

     zyzyx AA   ,min , for all Xzyx ,,  

          zyzyzzxzx AAA   ,min  
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     zyzyx AA   ,min , for all Xzyx ,,  

 and   
          zyzyzzxzx AAA   ,max  

     zyzyx AA   ,max , for all Xzyx ,, . 

Hence AAAA  ,, is a single valued neutrosophic positive implicative ideal of X.   
Lemma 3.19 

 Let AAAA  ,, be a fuzzy ideal of X, then A is a single valued neutrosophic positive implicative ideal 

of X if and only if        zyxzyzx AA    ,        zyxzyzx AA    and 

       zyxzyzx AA    for all Xzyx ,, .  

Proof:  

Suppose that AAAA  ,,  is a fuzzy ideal of X and         zyxzyzx AA   , 

       zyxzyzx AA    and        zyxzyzx AA    for all Xzyx ,, .  

Therefore                 zyzyxzyzyzxzx AAAAA   ,min,min  

                zyzyxzyzyzxzx AAAAA   ,min,min  

               zyzyxzyzyzxzx AAAAA   ,max,max  for all 

Xzyx ,, . Thus A  is a single valued neutrosophic positive implicative ideal of X . Conversely, assume 

that AAAA  ,,  is a single valued neutrosophic positive implicative ideal of X implies that 

AAAA  ,, is a single valued neutrosophic ideal of X.     

Let  zyxa   and yxb  , 
Since ((x ∗(y∗z))∗(x ∗ y)) ≤ y∗(y∗z) ,  we have that   

              )0(AAAA zzyyzyxzyxzba      

and so,                  zbzbazazzyxzyzx AAAAA   ,min  

         zbzbzbzba AAAAA   )(),0(min,min
   zyxA  .  

Therefore         zyxzyzx AA   , for all Xzyx ,, . 

Similarly        zyxzyzx AA   , for all Xzyx ,,  

And                )0(AAAA zzyyzyxzyxzba      

and so,                  zbzbazazzyxzyzx AAAAA   ,max  

         zbzbzbzba AAAAA   )(),0(max,max
   zyxA   .  

Therefore         zyxzyzx AA   , for all Xzyx ,, . 

Thus        zyxzyzx AA   ,        zyxzyzx AA    and 

       zyxzyzx AA   , for all Xzyx ,, . 
Theorem 3.20 
If   AAAA  ,, is a single valued neutrosophic positive implicative ideal of X , then  

(i) For any     )(),(min)(,,,, bayxbayyxXbayx AAA    

,  )(),(min)( bayx AAA    ,  )(),(max)( bayx AAA   . 
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(ii) For any          )(),(min,,,,, bazyzxbazyxXbazyx AAA    

,       )(),(min bazyzx AAA    ,       )(),(max bazyzx AAA   . 

Proof: 

Suppose AAAA  ,, is single valued neutrosophic positive implicative ideal of X . 

Let Xzyx ,,  be such that    bayyx  .Using Lemma 3.6, we have 

    )(),(min bayyx AAA   ,     )(),(min bayyx AAA   and 

    )(),(max bayyx AAA   . 
It follows that  

           )0(,min,min AAAAA yyxyyyyxyx    

    )(),(min bayyx AAA   . 

           )0(,min,min AAAAA yyxyyyyxyx    

    )(),(min bayyx AAA   . 

And            )0(,max,max AAAAA yyxyyyyxyx    

    )(),(max bayyx AAA   . 

(ii)Now let Xzyx ,,  be such that    bayyx  .Since AAAXA  ,,,  is single valued 

neutrosophic positive implicative ideal of X , it follows from the Lemma 3.19, 
         )(),(min bazyxzyzx AAAA   , 

         )(),(min bazyxzyzx AAAA    

 and          )(),(max bazyxzyzx AAAA   . 
This completes the proof. 
Theorem 3.21 
Let AAAXA  ,,,  be a single valued neutrosophic set in X  satisfying the condition 

      )(),(min)(,)(),(min)( bayxbayxbayyx AAAAAA    

And  )(),(max)( bayx AAA    for any ,,,, Xbayx  then AAAXA  ,,,  is single valued 

neutrosophic positive implicative ideal of X . 
Proof: 
First we prove that AAAXA  ,,,  is a single valued neutrosophic ideal of X . 

Let Xzyx ,,  be such that zyx  .Then       000  zyxzyx , that is 

    zzyx  00 . 
Since, for 

,,,, Xbayx 
      )(),(min)(,)(),(min)( bayxbayxbayyx AAAAAA    

And  )(),(max)( bayx AAA   . 
Put zbyay  ,,0 ,  

we get         )(),(min0)(,)(),(min0)( zyxxzyxx AAAAAAAA    

   )(),(max0)( zyxx AAAA   . It follows that AAAXA  ,,,  is a single valued 

neutrosophic ideal of X . 
Note that        00  yyxyyx implies        Xyxyyxyyx  ,,0 .From 

hypothesis we have         yyxyyxyx AAAA   )0(,min  

        yyxyyxyx AAAA   )0(,min  

        yyxyyxyx AAAA   )0(,min  and 
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        yyxyyxyx AAAA   )0(,max . 

And so AAAXA  ,,,  is single valued neutrosophic positive implicative ideal of X . 
Theorem 3.22 
Let AAAXA  ,,,  be a single valued neutrosophic set in X  satisfying    bazyx   imply 

      )(),(min bazyyx AAA   ,       )(),(min bazyyx AAA    and 

      )(),(max bazyyx AAA    for any Xbazyx ,,,, .Then AAAXA  ,,,  is a 

single valued neutrosophic positive implicative ideal of X . 
Proof: 
Let Xbayx ,,,  be such that    bazyx  , that is     0 bayyx  therefore 

           )(),(min0 bayyyxyxyx AAAAA    

           )(),(min0 bayyyxyxyx AAAAA  
           )(),(max0 bayyyxyxyx AAAAA   . It follows from Theorem 3.21, 

AAAXA  ,,, is a single valued neutrosophic positive implicative ideal of X . 
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