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Abstract

In this paper,we prove a common coupled fixed point re-
sults for generalized rational type contractions in complex val-
ued metric spaces which generalize common coupled fixed point
theorems due to Marwan Amin Kutbi et al.,[1].
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1 Introduction

Azam et al.[2] introduced new spaces called complex valued metric spaces and
established the existence of fixed point theorems under the contraction condi-
tion.Subsequently,Rouzkard and Imdad [3] established some common fixed point
theorems satisfying certain rational expressions in complex valued metric spaces
which generalize,unify and complement the results of Azam et al.[2].Sintunavarat
and Kumam [4] obtained common fixed point results by replacing constant of
contractive condition to control functions.Recently,Klin-eam and Suanoom [5]
extend the concept of complex valued metric spaces and generalized the results
of Azam et al.[2] and Rouzkard and Imad [3].
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The concept of coupled fixed point was first introduced by Bhaskar and Laxikan-
tham [10] in 2006.Recently some researchers prove some coupled fixed point the-
orems in complex valued metric space in [11],[12]. In [1],Marwan Amin Kutbi
et al.,gave a common coupled fixed point results for generalized contraction in
complex valued metric space and proved following theorem.

Theorem 1.1. Let (X,d) be a complete complex valued metric space,and let
the mappings S, T: X x X — X satisfy

d(S(z,y), T(u,v) = O‘w

pd(x, S(z, y)d(u, T (u, v)) +yd(u, S(z, y)d(z, T (u, v))

+ 1+ d(z,u) +d(y,v)

forallz,y,u,v € X and a, 5 and v are non negative real with a+ 5+~ < 1.Then
S and T have a unique common coupled fixed point.

Theorem 1.2. Let (X,d) be a complete complex valued metric space,and let
the mappings S,T: X x X — X satisfy

afd(z,u)+d(y,v)) |

2
B(d(z,S () d(S (@.y),T (u,v))) ~
d(S(x,y), T(u,0) 2 { TEator .Sy ra@otdee 4D #0
0 ifD =0.

for all z,y,u,v € X,where D = d(z,T(u,v)) + d(u, S(z,y)) + d(z,u) + d(y,v)
and «a, B are nonnegative reals with o + 8 < 1.Then S and T have a unique
common coupled fized point.

2 Preliminaries

Let C be the set of complex numbers and z1, zo € C.Define a partial order < on
C as follows:

z1 222 iff Re(z1) < Re(zz), Im(z1)<Im(za).

Note that 0 < z1 and 21 # 22,21 < 2o implies |2z1| < |2z2].
The following definition is recently introduced by Azam et al.[2]

Definition 2.1. Let X be a non empty set.Suppose that the mapping d: X X
X — C satisfies the following conditions:

1. 0 2 d(z,y),for all x,y € X and d(x,y) =0 if and only if v = y;
2. d(z,y) =d(y,z) for all z,y € X;
3. d(z,y) 2 d(z,2) +d(z,y),for all z,y,z € X.
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Then,d is called a complex valued metric on X,and (X, d) is called a complex
valued metric space.

Example 2.1. Let X = C.Define the mapping d: X x X — C by
dlz,y)=ilz—vy|, V z,yeX.

Then,(X,d) is a complex valued metric space.

Definition 2.2. Let (X,d) be a complex valued metric space.

1. A point x € X is called interior point of a set A C X whenever there
exists 0 < r € C such that B(z,r) :={y € X : d(z,y) <r} C A.

NS}

. A point x € X is called a limit point of a set A whenever for every 0 <

r € C,B(z,r)N (A —{z}) # ¢.

3. A subset A C X is called open whenever each element of A is an interior
point of A.

B S

. A subset A C X is called closed whenever each element of A belongs to A.

O

. A subset A C X is called closed whenever each element of A belongs to A.

=

. A sub-basis for a Hausdorff topology 7 on X is a family F := {B(x,r) :
xz € Xand0 <r}.

Definition 2.3. Let (X,d) be a complex valued metric space.A sequence {x,}
in X s said to be

1. convergent to x,if for every c € C with o < c there is k € N such that,for all

n > k,d(x,,z) < c.we denote this by {x,} = x asn — oo or lim z, = x;
n—oo

2. Cauchy,if for every ¢ € C with 0 < ¢ there is k € N such that,for all
n > k,d(xn, Tnim) < c,where m € N;

3. complete,if every Cauchy sequence in X converges in X.
In[2],Azam et al.established the following two lemmas.

Lemma 2.2. [2] Let (X,d) be a complex valued metric space,and let {x,} be
a sequence in X.Then{x,} converges to x if and only if |d(Zn, Tntm)| — 0 as
n — oo.

Lemma 2.3. [2] Let (X,d) be a complex valued metric space,and let {x,} be a
sequence in X.Then,{x,} is a Cauchy sequence if and only if |d(Zn, Tntm)| — 0
as n — oo,where m € N.

Definition 2.4. [10] An element (z,y) € X x X is called a coupled fixed point
of T: X x X — X if

r="T(v,y) y=T(y,x)
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Definition 2.5. [1] An element d(z,y) € X x X is called a coupled coincidence
point of S,T: X x X — X if

S(z,y) =T(z,y), S(y,x)=T(y,x).

Example 2.4. An element (z,y) € X x X — X is called a coupled coincidence
point of S,T: X x X — X defined as S(z,y) = x*y? and T(x,y) = (%(x +))
for all z,y € X.Then (0,0),(1,2),and (2,1) are coupled coincidence points of S
and T.

Example 2.5. Let X =R and S,T: X x X — X defined as S(z,y) =z +y+
sin(z +y) and T(x,y) = v +y + 2y + cos(x +y) for all x,y € X.Then (0,7)
and (7,0) are coupled coincidence points of S and T.

Definition 2.6. [1] An element (x,y) € X x X is called a common coupled
fized point of S, T: X x X — X if

= 8(x,y) =T(z,y) y=Sy,x)=T(y,x).

Example 2.6. Let X =R and S,T: X x X defined as S(x,y) = x(%)
and T(x,y) = x(\/22 +y?> +4—2) for all x,y € X.Then (0,0),(1,2) and (2,1)

are common coupled fixed points of S and T'.

The purpose of this paper is to generalize the theorem of Marwan Amin
Kutbi et al.,[1] to common coupled fixed point results for generalized rational
type contractions in complex valued metric Spaces .
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3 Main Results

Theorem 3.1. Let (X,d) be a complete complex valued metric space,and let
the mappings S,T: X x X — X satisfy

) d(z,u) + d(y,v)

d(S(z,y), T(u,v) X a 5

+a d(z, S(z,y))d(u, T(u,v))
1+ d(z,u) + d(y,v) + d(u, S(x,y))

ta d(u, S(z,y))d(x, T (u,v))
31+d(x u) + d(y,v) + d(u, S(z,y))

tas d(S(z,y), T(u,v))d(z, u)
14 d(x,u) +d(y,v) + d(u, S(z,y))

v as d(S(z,y), T(u,v))d(y, v)
S(z,y))

1+ d(z,u) + d(y,v) + d(u,
d(u, T'(u,v))d(y,v)
1+ d(z,u) + d(y,v) + d(u, S(x,y))
d(u, S(z,y))d(z, u)
1+ d(z,u) +d(y,v) + d(u, S(z,y))
d(u, S(z, y))d(y, v)
(

+ ag

+ arz

+ ag

L +d(z,u) +d(y,v) + d(u, S(z,y))
z,y), T(u,v))}
for all x,y,u,v € X and ay,as,as,as,as, ag, az,as,ag > 0 with a1 + as + az +

as+as+ag+ag <1 anday+az+ag+as+ay+ag+ag <1.Then S and T
have a unique common coupled fixed point.

+ ag max{d(uv S(l’, y))a d(S

Proof. Let xg and yo be arbitrary points in X .Define xox+1 = S(z2k, Y2k ),y26+1 =
S(Y2r, v2r) and xop o = T(Top11, Yort1)Yokt2 = T (Y2r+1, Tong1)for k= 0,1,. ..
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Then,

d(22ky1, Tort2) = d(S(z2r, Y2r ), T(T2r41, Y2r+1))
d(zor, Takt+1) + d(Yok, Yor+1)
2
) d(xak, S(22k, y2r))d( okt 1, T (Tor41, Y2r+1))
1+ d(zor, org1) + d(yor, yort1) + d(Tori1, S(@2r, Yor))
d(2or41, S(Tar, Y2k ))d(Tor, T(Top41, Y2r+1))
1+ d(@ok, Tart1) + d(yor, yor+1) + d(X2r41, S(T2r, Yor.))
, d(S(xak, y2r), T (Tok+1, Yor+1))d( 2ok, Takt1))
1+ d(@ok, Tart1) + d(yor, yar+1) + d(T2ry1, S(T2r, Yor.))
d(S(xar, y2r ), T(Tor+1, Yor+1))d(Y2r, Y2r+1)
1+ d(zor, ort1) + d(yor, yort1) + d(T2ri1, S(@2r, Yor))
as d(wor 11, T(T2r41, Yort1))d(Yar, Yar+1)
1+ d(@ok, Tart1) + d(yor, yar+1) + d(x2r41, S(T2r, Yor.))
d(@ory1, S(Tor, Yor))d(Tog, Tory1)
1+ d(xok, Tart1) + d(yor, yar+1) + d(T2ry1, S(T2r, Yor.))
d(ory1, S(war, Y2r) ) d(Yor, Yor+1)
1+ d(zor, 2org1) + d(yor, yort1) + d(xors1, S(@2r, Yor))
+ ag max{d(ror+1,S(z2r, y2r)), d(S(x2r, yor ), T(@2k+1, Yor+1)) }
o d(22k, Toky1) + d(Yok, Yor+1)
2
d(z2k, Tog+1)d(T2k+1, T2k+2)
1+ d(zo, art1) + d(yak, yors1) + d(T2ry1, Tary1)
d(22r+1, Tort1)d(2ok, Toki2)
1+ d(wak, art1) + d(Yor, Yart1) + d(Tapy1, Tart1)
o d(Toky1, okt 2)d(Tog, Taky1)
1+ d(zor, ort1) + d(yor, Yor+1) + d(Topy1, Toary1)
d(Zoky1, Torg2)d(Yor, Yori1)
1+ d(zor, ort1) + d(yak, yor+1) + d(T2ry1, Tary1)
d(Tor+1, Tort2))d(Yor, Yor+1)
1+ d(zor, ort1) + d(yar, Yor+1) + d(Tory1, Toary1)
o d(z2k+1, Tort1)d( 2ok, Tori1)
1+ d(zor, ort1) + d(yar, Yor+1) + d(Topy1, Toary1)
d(2oky1, Tory1)d(Yor, Yort1)
1+ d(zor, art1) + d(yar, yor+1) + d(T2ry1, Tary1)
+ ag max{d(Tor+1, Tor+1), A(T2k+1, Taks2)}

=a

+a

+ as

+a

+ as

+

+ay

+ asg

+ ao

+ asz

+

+a5

+ ag

+

“r@g
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which implies that

|d(x2k, Tak41)|
2

|d(y2k; y2k+1)|
2

(1 — (ag + a4+ as + ag + ag))|d(x2k+1,x2k+2)| <a

+ax

|d(z2r, Tar+1)|
2(1 — (az + a4 + a5 + ag + ag))

|d(Y2ks Y2r+1)] (1)
2(1 — (ag + a4 +as + ag + ag))

|d(z2k+41, Tort2)| < a1

+ay

Proceeding similarly one can prove that
|d (Y2, Y2r+1)]
| <ax
2(1 — (az + a4 + a5 + ag + ag))
|d(z2k, ok+1)| )
2(1 — (a2 + a4 + as + ag + ag))

|d(Y2r+1, Y2k+2)

+a;
Adding (1) and (2),we get

a1
1—(as + a4 + a5 + ag + ag))
[|d(@2k, T2r+1)] + |d(y2r, Y2k+1) ]
= k[|d(zar, Tar+1)| + |d(Yar, Y2r+1)]-

|d(T2k+1, Takt2)| + |d(Y2r+1, Y2rt2)| < (

where k = (1_(a2+a4—7-115+0«6+ﬂ9)) <L
Also,

|d(w2p 41, Tant2)|
2(1 — (a2 —+ a4 —+ as —+ ag —+ CLg))

|d(y2k+1, y2k+2)\
+a 3
12(1—((12—|—a4—|—a5—|—aﬁ—i—ag)) (3)

|d(zok+2, Tor+3)| < a1

|d(Y2r+1, Y2r+2)|
2(1 — (CL2 + (o7} + as + ag + ag))

|d(zor41, Tart2)| ()
2(1 — (a2 + a4 + as + ag + ag))

|d(Y2r+2, Yor+3)| < a1

+ aq

Adding (3) and (5),we get

ai
1—(ag + ag + a5 + ag + ag))
[|d($2k+17$2k+2)| + |d(y2k+1792k+2>|]
= k[|d(z2r+1, Tart2)| + |d(y2r+1, y2r+2)|]
< K[| d(xan, Tort1)| + [d(y2r, yarr1)]]-

|d(zor+2, Tor+3)| + |d(Y2r+2, Yor+t3)| < (
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Continuing this way,we have

| (%0, Tpy1)] + |d(Yns Ynt1)| < klld(@n—1, )] + |d(Yn—1,Yn)]]
< k|d(@n—2, n-1)| + |d(Yn—2, Yn—1)]]
<

o < EMd(wo, 1) + 1d(yo, y1)]]

Now if |d(zn, Zn+1)| + |d(Yn, Ynt1)| = On,then

5n S kan—l S e S kn50
Without loss of generality,we take m > n.Since 0 < k < 1,50 we get

|d(@n, Zm)| + 1d(Yn,s Ym)| < d(@n, Tns1)] + [d(Yns Yntr)]
+ |d(Tnt1; Tpt2)| + [d(Ynt1, Ynt2)| + - -
+ d(@m—1, 2m)| + [d(Ym—1, ym)|
< [K"60 + k" TS0 + -+ + K™ 1)
<E'[l+k+k+...]0
n

:1—]450_)0 as n — oo.

This implies that {x,} and {y,} are Cauchy sequence in X.Since X is com-
plete,there exists z,y € X such that x,, — x and y,, — y as n — 0o.We now show
that © = S(x,y) and y = S(y, z).We suppose on the contrary that x # S(z,y)
and y # S(y,z) so that 0 < d(x,S(z,y)) = 13 and 0 < d(y, S(y,z)) = la;we
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would then have

Iy =d(z,S(z,y)) = d(x, Top42) + d(Tor42, S(2,y))

= d(z, w242) + d(S(z,y), T(T2h+1, Y2k+1))

d(, xor41) + d(Y, Yar11)
2

= d(z,zop+2) + a1

ta d(x, S(z,y))d(w2r+1, T(T2r41, Y2r+1))
1 +d(z, zort1) + Ay, Yar+1) + d(z2r41, S(2, y))
d(wop41, (7, y))d(x, T(T2k+1, Y2r+1))
+ a3
1+ d(z, xop+1) + Ay, yart1) + d(x2r+1, S(z,y))
+ay d(S(x,y), T(2k+1,Y2r+1))d(T, Top41)
1+ d(x, zok+1) + Ay, yor+1) + d(x2rt1, S(x, )
+as d(S(z,y), T(Tar+1,Y2k+1)) Y, Y2r+1)
1+ d(x, zok+1) + d(y, yor+1) + d(2r41, S(2,y))
d(xor41, T (Tort1, Yort1))d(Y, Yors1)
+ Qg
1+ d(z, xop+1) + Ay, yort1) + d(x2r+1, S(z,y))
d(xop41,S(x,y))d(z, Tog11)
+ ar
1+ d(x, xokt1) + d(y, yors1) + d(@ak41, S(z, v))
d(l‘2k+1, S(xv y))d(yv y2k+1)
+ asg

L +d(x, xops1) + d(y, Yors1) + d(v2rg1, S(2,9))

+ ag max{d(z2r+1, S(2,9)), d(S(, y), T(x2r41, Y2r+1)) }

d(@, xop41) + d(y, yor+1)

2

d(x, S(z,y))d(Top 41, Tori2)

1+ d(x, v2p+1) + d(Y, yor+1) + d(v2p+1, S(2,y))
d(T2r41, Tort1)d( 2ok, Tokt2)

1 +d(x, xop11) + d(y, Yarg1) + d(w2rq1, S(2,9))
d(S(z,y), xakt2)d(z, Tok+1)

1+ d(z, vop11) + d(y, yors1) + d(22rg1, S(,y))
d(S(z,y), xor12)d(y, yari1)

1+ d(x, v2p+1) + d(Y, yor+1) + d(v2p+1, S(2,y))

d(T2p+1, Tart2)d(Y, Yar+1)

1 +d(x, xopr1) + d(y, Yors1) + d(w2rg1, S(2,9))
d(zox+1,S(x,y))d(z, T2k +1)

1+ d(z, vop11) + d(y, yors1) + d(2ors1, S(, y))
d(war 11,52, y))d(y, yari1)

1+ d(x, v2p+1) + d(Y, yok+1) + d(v2p+1, S(2,y))

+ ag max{d(Taps1, Tart1), d(Tops1, Tort2)}

= d(x, xak42) + a1

+ az

+ as

+ as

+ as

+ ag

+ar

+ asg

ISSN: 2231-5373 http://www.ijmttjournal.org Page 131



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 39 Number 2- November2016


K DURAISAMY
Text Box







ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 131



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 39 Number 2- November2016

which implies that

(e, 2a1)] + 1y, )
2
|d(z, S(z,y))||d(2r+1, Tor+2)|
|14 d(x, 2or41) + d(y, yar+1) + d(T2p41, S(2,9))]
|d(@2k+1, Tok+1)||d(@2n, Ton2)|
|1+ d(z, xorq1) + d(y, yors1) + d(x2r41, S(z,y))]
\ |d(S (@, y), Tar+2)||d(z, Tog+1)|
11+ d(z, 2ory1) + d(y, yars1) + d(z2ry1, S(z,y))]
d(S(x,y), T2r+2)||d(y, Y2r-+1)]
|14 d(x, 2or1) + d(y, yar+1) + d(w2p41, S(2,9))]
|d(@2n+1, Tar+2)|d(y, y2r+1)|
|1+ d(z, xors1) + d(y, yors1) + d(x2r41, S(2,y))|
|d(@2r41, S (@, y)||d(z, Top+1)|
|1+ d(z, 2ort1) + d(y, yary1) + d(z2ry1, S(2,y))]
|d(z2r+1, S(z,y))|d(y, Y2r+1)]
|14 d(x, zor41) + d(y, yar+1) + d(w2p41, S(2,9))]
+ ag max{|d(war 1, Tart1)l; |d(T2k+1, Tarr2)|}

L] < |d(z, xok42)| + a1

+ ag

“r(lg

+a

+a5

+a6

+ ay

+a8

Since {z,} and {y,} are convergent to x and y,therefore by taking limit as k —
oo we get |l1] < 0.Which is contradiction,so |d(x, S(z,y))] =0 = = = S(x,y).
Similarly we can prove that y = S(x,y).Also we can prove that x = T'(z,y) and
y = T(y,x).Thus (z,y) is a common coupled fixed point of S and T

We now show that S and T have a unique common coupled fixed point.For
this,assume that (z1,y1) € X x X is a second common coupled fixed point of S
and 7. Then
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d(l‘,%l) = d(S(x7y)7T(xlayl))

d(.’II,.’L’]) + d(yu l/l)
D ay B

ta d(z, S(@,y))d(z1, T (21,91))
1+ d(w,z1) + d(y, y1) + d(w1, S(x,7))
+a d(z1,S(z,y))d(z, T(z1,91))
1+ d(w,z1) + d(y, y1) + (21, S(z.y))
v d(S(z,y), T (z1,y1))d(x, ¥1)
L+d(z,21) +d(y,y1) + d(z1, S(,y))
p o (S T )y )
L+d(z,z1) +d(y,y1) + d(z1, S(2,y))
ta d(z1, T (21, 1))d(y, y1)
T+ d(w,z1) + d(y, y1) + d(z1, S(z.y))
f oSy
L+d(z,21) +d(y,y1) +d(z1, S(,y))
tas d(z1, S(z, y))d(y, y1)
L+d(z,z1) +d(y,y1) + d(z1, S(2,y))
+ ag max{d(z1, S(z,y)), d(S(z,y), T(x1,y1))}

) ()
2
d(xz,x)d(z1,21))
L+ d(z, 21) + d(y,y1) + d(z1,2)
d(zy,x)d(x, z1)

L +d(z,z1) + d(y, y1) + d(z1,2)
d(z,z1)d(x, 1)
1+d(z,z1) +d(y,y1) + d(z1, )
d(z, x1)d(y, y1)

L+ d(z, 21) + d(y,y1) + d(z1,2)
d(x1,21)d(y, y1)
1+d(z,z1) +d(y,y1) + d(z1, x)
d(z1,x)d(x, 1)
1+d(x,z1) +dy,y1) + d(z1, )
(3?1, ) (yvyl)

L+ d(z,21) + d(y,y1) + d(z1,2)

+ ag max{d(z1,x),d(x,z1)}

+ ao

+ ag

+ aq

+a5

+ ag

+ a7

+a8
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Thus
d(x,z1)| + |d(y,
|d($,1’1)| §a1| ( 1)| 5 | (y yl)'
as |d(21, z)||d(z, 21)]

|1+ 2d(x, 1) + d(y, y1)]
|d(z, z1)]|d(z, z1)]

|1+ 2d(z, 1) + d(y, y1)]
)ity )

|1+ 2d(z,21) + d(y, y1)]
|d(21, z)||d(z, z1)]

U+ 2d(w, 21) + dly, y1)|
|d(z1, 2)||d(y, y1)]

|1+ 2d(z, 1) + d(y, y1)]

+ ag|d(x1, x)|

+ aq

+a

+a

+a8

Since |1 + 2d(z, 1) + d(y,y1)| > |d(x, x1),50 we get

a d )
(1- 51 —a3—ag—as —ay —ag — ag)|d(z,x1)| < al%
a1
d < d 5
(@, 21)] < (2 —ay — 2a3 — 2a4 — 2a5 — 2a7 — 2ag — 2ag)| (v, 91)] (5)
Similarly,
a
ld(y, y1)| < ~ jd(,21)|  (6)

(2 — a1 — 2a3 — 2a4 — 2a5 — 2a7 — 2ag — 2ay)

Adding (5) and (6),we get

ai

d d <
(@, 2l + ld(y y1)] < (2 — a1 — 2a3 — 2a4 — 2a5 — 2a7 — 2as — 2ag)
(dCy, yo)| + ld(z, z1)]]

ai

[1- [lld(y; y2)| + ld(z, z1)[] <0

(2—(11—2(13—2&4—2&5—2&7—2@8—2(19)
2(1—a1—a3—a4—a5—a7—a8—a9)
(2 — a1 — 2a3 — 2a4 — 2a5 — 2a7 — 2ag — 2ag)

Since a1 + a3 + a4 + as + ar + ag + ag < 1.
Therefore

201l—a1 —ag—ag —as — a7 —ag — a
( 1 3 4 5 7 8 9) -0

(2 — a1 — 2a3 — 2a4 — 2a5 — 2a7 — 2as — 2ag)

Hence

[ld(y, y1)| + |d(z, z1)[] < 0.
Which implies that x = 21 and y = 11 = (x,y) = (z1,y1)-
Thus,S and T have unique common coupled fixed point. O
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Corollary 3.2. Let (X,d) be a complete complex valued metric space,and let
the mappings T: X x X — X satisfy

d(z,u) + d(y,v)
2
d(z, T(x,y))d(u,
1+d(z,u) + d(y,v)
(
)

d(T(l‘, y)7 T(uv U) =

u

<

+a2 )

(

(u, T'(z,y))
(u,v)
1+d(z,u) + d(y,v) + d(u, T(z,y))

T (u,v))

d(u, T(

T (u,v))

(

d(T(2,y), T(u,v))d(z, u)
(

)

(

d(u, T(x,y))d(z,

<

+a3

1+ d(z,u) + d(y,v) + d(u, T(x,y))
d(T'(2,y), T (u,v))d(y, v
1+d(z,u) +d(y,v) + d(u, T(x,y))
d(u, T'(u, v))d(y, v)
1+d(z,u) + d(y,v) + d(u, T(z,y))
d(u, T(z,y))d(z,u)
T+ d(xz,u) + d(y,v) + d(u, T(x,y))
d(u, T'(z,y))d(y, v)
1+ d(z,u) + d(y,v) + d(u, T(z,y))
+ ag max{d(u, T'(z,y)),d(T'(z,y), T(u,v))}

+ as

-I-aﬁ

+

+ ag

for all x,y,u,v € X and ay,as,as,as,as, ag, az,as,ag > 0 with a1 + as + az +
a4+ as+ag+ag <1l anday +as+ag+as+ar+ag+ag <1.Then S and T
have a unique common coupled fixzed point.

Proof. The proof follows from Theorem 3.1 by taking S =T. O

Theorem 3.3. Let (X,d) be a complete complex valued metric space,and let
the mappings S,T: X x X — X satisfy

d(z,u) + d(y,v)
2
d(x, S(x,y))d(S(x, y), T (u, v))
1+d(z,u) +d(y,v) + d(u, S(z,y)) + d(z, T(u,v))
+agmax{d(u, S(z,y)), d(S(x,y), T(u,v))}

d(S(SC, y)v T(’LL, 'U) j aq

+ ag

forallx,y,u,v € X and ay,a2,as > 0 with a1 +as+as < 1.Then S and T have
a unique common coupled fized point.

Proof. Take two arbitrary points zg, yo in X .Define 2o 11 = S(zak, Yor ), Y2k+1 =
S(yar, Tor)orre = T(Topg1,Yort1) and yoryo = T(yors1,Tory1) for b =
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0,1,2....Then,

d(Tor41, Tornt2) = d(S(Tar, vor ), T (241, Y2k+1))

d(x2k, Tak+1) + Y2k, Yor+1)
2

=a

d(xak, S(xak, Yor))d(S(zak, Yor ), T(T2k+1, Y2k+1))

+ a
1+ d(zor, Takt+1) + d(Yor, Yor+1) + d(@2nky1, S(@ak, Yor)) + d(Tor, T (Tor+1, Y2r+1))

+ a3 max{d(ror+1, S (z2x, y2r)), d(S(x2r, yor ), T(T2k+1, Yor+1)) }

. d(wor, Tagy1) + d(Yor, Yar+1)
=a
2

d(z2k, Tok1)d(T2ky1, Taky2)
1+ d(zok, Takt1) + d(Yar, Yor+1) + d(Tort1, Takt1) + d(T2k, Top42)
+ azmax{d(Top+1, Tokt1), d(Tort1, Tort2)}

+ a2

|d(z2k; Tok+1)| + |d(Y2r, Y2r+1)|
2
|d(2k, T2r41)||d(T2h+1, T2t2)|
11+ d(wok, Tar+1) + d(Y2r, Yok+1) + d(T2k, Tory2)]
+ asld(zap41, Takt2)|

|d(z2k41, Tort2)| < a1

+CL2

Since |1 + d(zak, Tar+1) + d(y2k, Y2r+1) + d(Tak, Tar2)| > |d(Tak, T2r41)],50 We

get
Azt warro)| € gt ——|d(wan, Tap1)| + 5t )
2k+1, T2k42)| = 21 — az — a3) 2k» T2k+1 21— as — a3) Y2k> Y2k+1
(7)
Similarly we can prove
d( )| < gl )+ g ld(@ak, aps)|
Y2k+1, Y2k+2)| = 201 — as — a3) Y2k Y2k-+1 201 — az — az) 2k L2k+1
(8)
Adding (7) and (8),we get
a
ld(z2k+1, T2art2)| + |d(Y2r+1, Yor+2)] < m“d(yzk,yzkﬂﬂ + |d(@2k, T2k+1) ]

= E[|d(yor, Yor+1)| + |d(@2k, Zak+1)]]
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where k = (# < 1. Also

l—az—as3)

d(Tart2, art3) = d(S(var11, Yors1), T (T2r 12, Y2r+2))
<4 d(x2k41, T2k+2) -21- d(Yok+1, Y2k+2)
d(zor+1, S(Tor41, Yar+1))d(S(T2r11, Yort1), T(T2r12, Yor+2))
14+ d(zort1, Tornt2) + d(Y2rt1, Yor+2) + d(Top42, Topt2) + d(Tont1, T(T2k+2, Yor+2))
+ a3 max{d(ror+2, S(T2r+1, Y2k+1)), A(S(@2r+1, Yor+1), T (T2r42, Yor+2)) }
a d(Zor41, Tar12) -ZF d(Y2k+1, Y2k+2)

+ ag

d(w2p+1, Tart2)d(T2r12, T2k +3)
1+ d(@oks1, Torte) + d(Yort1, Yorre) + d(Tary2, Tont2) + d(T2p41, Toks3)

+ a3 max{d(zor+2, Tor+2), d(Tak+2, Tokt3)}

+ as

|d(z2k+1, Takt2)| + |d(Y2r+1, Y2r+2)|
2
|d(z2r+1, Tarr2)||d(Tart2, Tory3)]
|1+ d(z2r+1, Tort2) + d(Yors1, Yort2) + d(Torq1, Torys)|

+ a3d(Tok+2, Tok+3)|

|d(T2p12, Tort3)| < a1

+ as

Since [1+d(z2k+1, T2k+2) td(Yak+1, Y2r+2) td(@2k+1, T2r+3)| > [d(T2k+1, T2k+2)],50

we get
ai ay
d < d —1d
|d(@2n+2, T2r+3)| < 21 —ap — a3)| (T2kt1, Tant2)| + 2(1—as — a3)| (Y2k+1, Y2r-+2)|
)
a1 a1
d < d W
|d(Y2k+2, Y2r+3)| < 21 —as — a3)| (y2r+1, Y2r+2)| + 21 —as — a3)| (T2k41, T2k+2)|
(10)

Adding (9) and (10),we get

ay

|d(z2k+2, T2r43)| + |d(Y2r+2: Yor+3)| < m[|d($2k+2,$2k+3)| + [d(y2r+2; yor+3)|]

= k[|d(wor 12, Tor13)| + |d(Y2rs2, Y2r+3)]

= k2[|d(yzk,y2k+1)| + |d(@2k, Tar41)|]

Continuing the same process,we get

|d(xn; (En+1)| + |d(yn7yn+1)| S kHd(xnflwrn” + |d(ynflvyn)|]
< k2[|d(xn—2a zn—1)| + ‘d(yn—%yn—l)”
< - S EMld(wo, x1)] + |d(yo, y1)]
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If |[d(zpn, Trns1)| + |d(Yny Yns1)| = 0n.Then §, < kdp1 < k26,2 < -+ < k"™dp.
Without loss of generality,we take m > n.Since 0 < k < 1,s0 we get
(T )| + 1d(Yn, Ym) | < [d(@ns Tng1)] + 1d(Yn, Ynt1)]
+ |d(xn+1’xn+2)‘ + |d(yn+1ayn+2)‘ +...
+|d(@m—1, Tm)| + |d(Ym—1,Ym)]
< [K™60 + K" + - 4+ E™T1S0)
<E'l+k+k+...06%
kn

T 1-k

This implies that {z,} and {y,} are Cauchy sequence in X.Since X is com-

plete,there exists z,y € X such that x,, — x and y,, — y as n — 0o.We now show

that © = S(z,y) and y = S(y, z).We suppose on the contrary that z # S(z,y)

and y # S(y,z) so that 0 < d(x,S(z,y)) = l1 and 0 < d(y, S(y,z)) = lo;we

would then have

i =d(z,S(z,y)) 2 d(z, B2p42) + d(T2r42, S(2,9))

= d(z, vop12) + d(S(z,y), T(T2p11, Yok +1))
X d(x, Tag11) + d(y, yar+1)
2
d(z, S(z,y))d(S(z,y), T'(T2k41, Y2k41))

L+ d(z, vop11) + d(y, yors1) + d(zars1, S(2,y)) + d(@, T(T2p41, Y2r+1))

+ a3 max{d(2ar+1, 5(2,9)), d(S(x, y), T(T2r41, Y2k+1)) }

d(@, Top41) + d(y y2r+1)

2
d(‘f? S({E, y))d(S(:’C» y)v x2k+2)
1+ d(@, x2k41) + d(y, yor+1) + d(z2r41, S(@,9)) + d(z, T2p42))
+ ag max{d(z2r+1, S(,y)), d(S(z,y), v2+2)}

which implies that

0o =0 as n — oco.

= d(z,zop+2) +a

+ a2

= d(z, Zakt2) + a1

+ a2

|d(z, xog41)| + |d(y, yor+1)]
2

1] = |d(z, S(z,y))| < |d(z, v2r42)| + a1
|d(iﬂ, S(J}, y))”d(s(xa y)a l‘2k+2)|

|1+ d(z, zop+1) + d(y, yor+1) + d(@ok41, S(z,y)) + d(x, xop+2)|

+ az max{|d(zax41, S(z,y))|, 1d(S(z,y), Tar+2)|}

Since {z,} and {y,} are convergent to x and y,therefore by taking limit as
k — oo we get

+ ao

|d(z, (2, y))|(1 — az —az) <0

Since a; + as + ag < 1.
Therefore,

1—as —a3z>0.
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Hence
| = |d(x, S(z,y))| < 0.

Which is contradiction,so |d(z, S(z,y))| =0 = =z = S(z,y).

Similarly we can prove that y = S(y, x).Also we can prove that x = T'(z,y) and
y = T(y,x).Thus (z,y) is a common coupled fixed point of S and T

We now show that S and T have a unique common coupled fixed point.For
this,assume that (z1,y1) € X x X is a second common coupled fixed point of S
and T.Then

d(z,z1) = d(S(z,y), T(1,1))
d(@,z1) + d(y, y1)
2
d(z, S(x,y))d(S(z,y), T (x1,y1))
L+d(x, 1) +d(y,y1) + d(z1, S(2,y)) + d(z, T(w1,91))
+ az max{d(z1, S(z,y)),d(S(z,y), T (x1,91))}
a d(z, 1) ‘2*‘ d(y, y1)

=a

+ a2

d(z,z)d(z,, 1)
1+d(z,z) + d(y,y1) + d(x1,z) + d(z, 1))
+ agmax{d(x1,x),d(x,z1)}

+ as

Thus

|d(z, z1)| + |d(y, y1)|
2

|d(z, 1) < ay + agld(z, 21|

Therefore,

a a
ld(z,20)|(1 — 2 — ag) < Zd(y, y1)|

2 2
ai
d <—— |d . 11
@ 21)| £ 55 ——ld(y. 1) (1)
Similarly,we can prove that
a
d(y,y1)| < m\d(%m)\. (12)

Adding (11) and (12),we get

ai
[

1)+ )] < 5

)ld(, z1)] + |d(y, y1)[] < 0.

[ld(z, z1)[ + |d(y, y1)l]
S S
2— 2(13 — Qi

(1

which is a contradiction because a; + a2 + ag < 1.Thus,we get 1 = x and
y1 = y,which proves the uniqueness of common coupled fixed point of S and
T. O
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Corollary 3.4. Let (X,d) be a complete complex valued metric space,and let
the mappings S: X x X — X satisfy

d(z,u) + d(y,v)
2
d(x, S(z,y))d(S(x, y), S(u, v))
L+ d(z,u) + d(y,v) + d(u, S(x,y)) + d(z, S(u, v))
+as max{d(u, S((E, y))7 d(S(l', y)a S(U, U))}

d(S(x,y), S(u,v) 2 ay

+ ao

for all x,y,u,v € X and ay,as,a3 > 0 with ay + ag + ag < 1.Then S has a
unique common coupled fized point.

Proof. The proof follows from Theorem 3.3 by taking "= S. 0

Example 3.5. Suppose X = [0,1]. Defined the function d: X x X — C by
d(z,y) = iz —y|,¥V z,y € X.Clearly (X,d) is complex valued metric space.If
We define two mappings S,T: X x X — X,as S(z,y) = %,T(z,y) = % for
each x,y € X.Then it can be proved simply that the maps S and T satisfy the
condition of Theorem 8.1 with a1 = %,az = %,ag = ﬁ7a4 = %570,5 = %7% =
11—6,a7 = %,ag = %7(19 = %.Hence (0,0) is a unique common coupled fixed
point of S and T.

References

[1] Marwan Amin Kutbi,Akbar Azam,Jamshaid Ahmad,and Cristina Some
Common Coupled fized point results for generalized contraction in com-
plex valued metric spaces,J.of Applied Mathematics Vol.2013,Article ID
352927,10 pages.

[2] A.Azam B.Fisher and M. Khan Common fized point theorems in complex
valued metric spaces Numer.Funct.Anal.Optim.32(3),(2011) 243-253.

[3] F.Rouzkard,M.Imdad Some common fized point theorems on complex val-
ued metric spaces,Comput.Math.Appl.64(6) (2012)1866-1874.

[4] W.Sintunavarat and P. Kumam , Generalized common fized point theorems
in complex valued metric spaces and applications, J.Inequal. Appl.84 (2012).

[5] C.Klin-eam,and C.Suanoom,Some common fized point theorems
for generalized-contractive-type mappings on complex-valued metric
spaces,Abstr.Appl.Anal.(2013) ID 604215.

[6] A.A,Mukheirmer,Some common fized point theorems in complex valued
b-metric spaces,The Scientific World Journal Vol.2014 (2014) Article ID
587825,6 pages.

[7] K.P.R.Rao, P.R.Swamy and J.R.Prasad, A common fized point theorem
in complex valued b-metric spaces,Bulletin of Mathematics and Statistics
Research,1(1)(2013).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 140



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 39 Number 2- November2016


K DURAISAMY
Text Box







ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 140



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 39 Number 2- November2016

[8] R.K.Verma and H.K.Pathak, Common fixed point theorems using property
(E.A) in complex valued metric space,Thai.J.Math.,Vol.11,No0.2(2013),347-
355.

[9] Naval Singh,Deepak Singh,Anil Badal and Vishal Joshi,Fized point the-
orems in complex valued metric spaces,J.of the Egyptian Mathematical

Soc.(2016)24,402-409.

[10] T.G.Bhaskar, and V.LaxikanthanFized point theorem in partially ordered
cone metric spaces and applications,Nonlinear Analysis, TMA,65(2006),825-
832.

[11] S.M.Kang,M.Kumar,P.Kumar,and S.Kumar Coupled fixed point
theorems m compler  valued metric spaces,In.Journal of
Math.Analysis,Vol.7,(2013),1n0.46,2269-2277.

[12] Savitri,and N.Hooda A common coupled fized point theorem in com-
plex wvalued metric spaceIn.Journal of Computer Applications (0975-
8887),Vol.109(2015), no.4,January 2015.

[13] M.Sarwar et al.Common coupled fized point theorems satisfying ratio-
nal type contractive conditions in b-metric spaces,Springerplus(2016),DOI
10.1186/s40064-016-1849-6.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 141


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 39 Number 2- November2016


K DURAISAMY
Text Box







ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 141





