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Abstract

In this paper,we prove a common coupled fixed point re-
sults for generalized rational type contractions in complex val-
ued metric spaces which generalize common coupled fixed point
theorems due to Marwan Amin Kutbi et al.,[1].
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1 Introduction

Azam et al.[2] introduced new spaces called complex valued metric spaces and
established the existence of fixed point theorems under the contraction condi-
tion.Subsequently,Rouzkard and Imdad [3] established some common fixed point
theorems satisfying certain rational expressions in complex valued metric spaces
which generalize,unify and complement the results of Azam et al.[2].Sintunavarat
and Kumam [4] obtained common fixed point results by replacing constant of
contractive condition to control functions.Recently,Klin-eam and Suanoom [5]
extend the concept of complex valued metric spaces and generalized the results
of Azam et al.[2] and Rouzkard and Imad [3].
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The concept of coupled fixed point was first introduced by Bhaskar and Laxikan-
tham [10] in 2006.Recently some researchers prove some coupled fixed point the-
orems in complex valued metric space in [11],[12]. In [1],Marwan Amin Kutbi
et al.,gave a common coupled fixed point results for generalized contraction in
complex valued metric space and proved following theorem.

Theorem 1.1. Let (X, d) be a complete complex valued metric space,and let
the mappings S, T : X ×X → X satisfy

d(S(x, y), T (u, v) � αd(x, u) + d(y, v)

2

+
βd(x, S(x, y)d(u, T (u, v)) + γd(u, S(x, y)d(x, T (u, v))

1 + d(x, u) + d(y, v)

for all x, y, u, v ∈ X and α, β and γ are non negative real with α+β+γ < 1.Then
S and T have a unique common coupled fixed point.

Theorem 1.2. Let (X, d) be a complete complex valued metric space,and let
the mappings S, T : X ×X → X satisfy

d(S(x, y), T (u, v) �


α(d(x,u)+d(y,v))

2 +
β(d(x,S(x,y))d(S(x,y),T (u,v)))

d(x,T (u,v))+d(u,S(x,y))+d(x,u)+d(y,v) ifD 6= 0

0 ifD = 0.

for all x, y, u, v ∈ X,where D = d(x, T (u, v)) + d(u, S(x, y)) + d(x, u) + d(y, v)
and α, β are nonnegative reals with α + β < 1.Then S and T have a unique
common coupled fixed point.

2 Preliminaries

Let C be the set of complex numbers and z1, z2 ∈ C.Define a partial order � on
C as follows:

z1 � z2 iff Re(z1) ≤ Re(z2), Im(z1) ≤ Im(z2).

Note that 0 � z1 and z1 6= z2,z1 � z2 implies |z1| < |z2|.
The following definition is recently introduced by Azam et al.[2]

Definition 2.1. Let X be a non empty set.Suppose that the mapping d : X ×
X → C satisfies the following conditions:

1. 0 � d(x, y),for all x, y ∈ X and d(x, y) = 0 if and only if x = y;

2. d(x, y) = d(y, x) for all x, y ∈ X;

3. d(x, y) � d(x, z) + d(z, y),for all x, y, z ∈ X.

2
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Then,d is called a complex valued metric on X,and (X, d) is called a complex
valued metric space.

Example 2.1. Let X = C.Define the mapping d : X ×X → C by

d(x, y) = i|x− y|, ∀ x, y ∈ X.

Then,(X, d) is a complex valued metric space.

Definition 2.2. Let (X, d) be a complex valued metric space.

1. A point x ∈ X is called interior point of a set A ⊆ X whenever there
exists 0 ≺ r ∈ C such that B(x, r) := {y ∈ X : d(x, y) ≺ r} ⊆ A.

2. A point x ∈ X is called a limit point of a set A whenever for every 0 ≺
r ∈ C,B(x, r) ∩ (A− {x}) 6= φ.

3. A subset A ⊆ X is called open whenever each element of A is an interior
point of A.

4. A subset A ⊆ X is called closed whenever each element of A belongs to A.

5. A subset A ⊆ X is called closed whenever each element of A belongs to A.

6. A sub-basis for a Hausdorff topology τ on X is a family F := {B(x, r) :
x ∈ X and 0 ≺ r}.

Definition 2.3. Let (X, d) be a complex valued metric space.A sequence {xn}
in X is said to be

1. convergent to x,if for every c ∈ C with o ≺ c there is k ∈ N such that,for all
n > k,d(xn, x) < c.we denote this by {xn} → x as n→∞ or lim

n→∞
xn = x;

2. Cauchy,if for every c ∈ C with 0 ≺ c there is k ∈ N such that,for all
n > k,d(xn, xn+m) < c,where m ∈ N;

3. complete,if every Cauchy sequence in X converges in X.

In[2],Azam et al.established the following two lemmas.

Lemma 2.2. [2] Let (X, d) be a complex valued metric space,and let {xn} be
a sequence in X.Then,{xn} converges to x if and only if |d(xn, xn+m)| → 0 as
n→∞.

Lemma 2.3. [2] Let (X, d) be a complex valued metric space,and let {xn} be a
sequence in X.Then,{xn} is a Cauchy sequence if and only if |d(xn, xn+m)| → 0
as n→∞,where m ∈ N.

Definition 2.4. [10] An element (x, y) ∈ X ×X is called a coupled fixed point
of T : X ×X → X if

x = T (x, y) y = T (y, x)

3
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Definition 2.5. [1] An element d(x, y) ∈ X×X is called a coupled coincidence
point of S, T : X ×X → X if

S(x, y) = T (x, y), S(y, x) = T (y, x).

Example 2.4. An element (x, y) ∈ X×X → X is called a coupled coincidence
point of S, T : X ×X → X defined as S(x, y) = x2y2 and T (x, y) = ( 4

3 (x+ y))
for all x, y ∈ X.Then (0, 0),(1, 2),and (2, 1) are coupled coincidence points of S
and T .

Example 2.5. Let X = R and S, T : X ×X → X defined as S(x, y) = x+ y +
sin(x + y) and T (x, y) = x + y + xy + cos(x + y) for all x, y ∈ X.Then (0, π4 )
and (π4 , 0) are coupled coincidence points of S and T .

Definition 2.6. [1] An element (x, y) ∈ X × X is called a common coupled
fixed point of S, T : X ×X → X if

x = S(x, y) = T (x, y) y = S(y, x) = T (y, x).

Example 2.6. Let X = R and S, T : X ×X defined as S(x, y) = x( (x+(y−1)2)
2 )

and T (x, y) = x(
√
x2 + y2 + 4− 2) for all x, y ∈ X.Then (0, 0),(1, 2) and (2, 1)

are common coupled fixed points of S and T .

The purpose of this paper is to generalize the theorem of Marwan Amin
Kutbi et al.,[1] to common coupled fixed point results for generalized rational
type contractions in complex valued metric Spaces .
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3 Main Results

Theorem 3.1. Let (X, d) be a complete complex valued metric space,and let
the mappings S, T : X ×X → X satisfy

d(S(x, y), T (u, v) � a1
d(x, u) + d(y, v)

2

+ a2
d(x, S(x, y))d(u, T (u, v))

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a3
d(u, S(x, y))d(x, T (u, v))

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a4
d(S(x, y), T (u, v))d(x, u)

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a5
d(S(x, y), T (u, v))d(y, v)

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a6
d(u, T (u, v))d(y, v)

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a7
d(u, S(x, y))d(x, u)

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a8
d(u, S(x, y))d(y, v)

1 + d(x, u) + d(y, v) + d(u, S(x, y))

+ a9 max{d(u, S(x, y)), d(S(x, y), T (u, v))}

for all x, y, u, v ∈ X and a1, a2, a3, a4, a5, a6, a7, a8, a9 ≥ 0 with a1 + a2 + a3 +
a4 + a5 + a6 + a9 < 1 and a1 + a3 + a4 + a5 + a7 + a8 + a9 < 1.Then S and T
have a unique common coupled fixed point.

Proof. Let x0 and y0 be arbitrary points inX.Define x2k+1 = S(x2k, y2k),y2k+1 =
S(y2k, x2k) and x2k+2 = T (x2k+1, y2k+1),y2k+2 = T (y2k+1, x2k+1),for k = 0, 1, . . .

5
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Then,

d(x2k+1, x2k+2) = d(S(x2k, y2k), T (x2k+1, y2k+1))

� a1
d(x2k, x2k+1) + d(y2k, y2k+1)

2

+ a2
d(x2k, S(x2k, y2k))d(x2k+1, T (x2k+1, y2k+1))

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a3
d(x2k+1, S(x2k, y2k))d(x2k, T (x2k+1, y2k+1))

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a4
d(S(x2k, y2k), T (x2k+1, y2k+1))d(x2k, x2k+1))

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a5
d(S(x2k, y2k), T (x2k+1, y2k+1))d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a6
d(x2k+1, T (x2k+1, y2k+1))d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a7
d(x2k+1, S(x2k, y2k))d(x2k, x2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a8
d(x2k+1, S(x2k, y2k))d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k))

+ a9 max{d(x2k+1, S(x2k, y2k)), d(S(x2k, y2k), T (x2k+1, y2k+1))}

= a1
d(x2k, x2k+1) + d(y2k, y2k+1)

2

+ a2
d(x2k, x2k+1)d(x2k+1, x2k+2)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a3
d(x2k+1, x2k+1)d(x2k, x2k+2)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a4
d(x2k+1, x2k+2)d(x2k, x2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a5
d(x2k+1, x2k+2)d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a6
d(x2k+1, x2k+2))d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a7
d(x2k+1, x2k+1)d(x2k, x2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a8
d(x2k+1, x2k+1)d(y2k, y2k+1)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1)

+ a9 max{d(x2k+1, x2k+1), d(x2k+1, x2k+2)}

6
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which implies that

(1− (a2 + a4 + a5 + a6 + a9))|d(x2k+1, x2k+2)| ≤ a |d(x2k, x2k+1)|
2

+ a1
|d(y2k, y2k+1)|

2

|d(x2k+1, x2k+2)| ≤ a1
|d(x2k, x2k+1)|

2(1− (a2 + a4 + a5 + a6 + a9))

+ a1
|d(y2k, y2k+1)|

2(1− (a2 + a4 + a5 + a6 + a9))
(1)

Proceeding similarly one can prove that

|d(y2k+1, y2k+2)| ≤ a1
|d(y2k, y2k+1)|

2(1− (a2 + a4 + a5 + a6 + a9))

+ a1
|d(x2k, x2k+1)|

2(1− (a2 + a4 + a5 + a6 + a9))
(2)

Adding (1) and (2),we get

|d(x2k+1, x2k+2)|+ |d(y2k+1, y2k+2)| ≤ a1
(1− (a2 + a4 + a5 + a6 + a9))

[|d(x2k, x2k+1)|+ |d(y2k, y2k+1)|]
= k[|d(x2k, x2k+1)|+ |d(y2k, y2k+1)|].

where k = a1
(1−(a2+a4+a5+a6+a9)) < 1.

Also,

|d(x2k+2, x2k+3)| ≤ a1
|d(x2k+1, x2k+2)|

2(1− (a2 + a4 + a5 + a6 + a9))

+ a1
|d(y2k+1, y2k+2)|

2(1− (a2 + a4 + a5 + a6 + a9))
(3)

|d(y2k+2, y2k+3)| ≤ a1
|d(y2k+1, y2k+2)|

2(1− (a2 + a4 + a5 + a6 + a9))

+ a1
|d(x2k+1, x2k+2)|

2(1− (a2 + a4 + a5 + a6 + a9))
(4)

Adding (3) and (5),we get

|d(x2k+2, x2k+3)|+ |d(y2k+2, y2k+3)| ≤ a1
(1− (a2 + a4 + a5 + a6 + a9))

[|d(x2k+1, x2k+2)|+ |d(y2k+1, y2k+2)|]
= k[|d(x2k+1, x2k+2)|+ |d(y2k+1, y2k+2)|]
≤ k2[|d(x2k, x2k+1)|+ |d(y2k, y2k+1)|].

7
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Continuing this way,we have

|d(xn, xn+1)|+ |d(yn, yn+1)| ≤ k[|d(xn−1, xn)|+ |d(yn−1, yn)|]
≤ k2[|d(xn−2, xn−1)|+ |d(yn−2, yn−1)|]
≤ · · · ≤ kn[|d(x0, x1)|+ |d(y0, y1)|]

Now if |d(xn, xn+1)|+ |d(yn, yn+1)| = δn,then

δn ≤ kδn−1 ≤ · · · ≤ knδ0.

Without loss of generality,we take m > n.Since 0 ≤ k < 1,so we get

|d(xn, xm)|+ |d(yn, ym)| ≤ |d(xn, xn+1)|+ |d(yn, yn+1)|
+ |d(xn+1, xn+2)|+ |d(yn+1, yn+2)|+ . . .

+ |d(xm−1, xm)|+ |d(ym−1, ym)|
≤ [knδ0 + kn+1δ0 + · · ·+ km−1δ0]

≤ kn[1 + k + k2 + . . . ]δ0

=
kn

1− k
δ0 → 0 as n→∞.

This implies that {xn} and {yn} are Cauchy sequence in X.Since X is com-
plete,there exists x, y ∈ X such that xn → x and yn → y as n→∞.We now show
that x = S(x, y) and y = S(y, x).We suppose on the contrary that x 6= S(x, y)
and y 6= S(y, x) so that 0 ≺ d(x, S(x, y)) = l1 and 0 ≺ d(y, S(y, x)) = l2;we

8
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would then have

l1 = d(x, S(x, y)) � d(x, x2k+2) + d(x2k+2, S(x, y))

� d(x, x2k+2) + d(S(x, y), T (x2k+1, y2k+1))

� d(x, x2k+2) + a1
d(x, x2k+1) + d(y, y2k+1)

2

+ a2
d(x, S(x, y))d(x2k+1, T (x2k+1, y2k+1))

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a3
d(x2k+1, S(x, y))d(x, T (x2k+1, y2k+1))

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a4
d(S(x, y), T (x2k+1, y2k+1))d(x, x2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a5
d(S(x, y), T (x2k+1, y2k+1))d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a6
d(x2k+1, T (x2k+1, y2k+1))d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a7
d(x2k+1, S(x, y))d(x, x2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a8
d(x2k+1, S(x, y))d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a9 max{d(x2k+1, S(x, y)), d(S(x, y), T (x2k+1, y2k+1))}

= d(x, x2k+2) + a1
d(x, x2k+1) + d(y, y2k+1)

2

+ a2
d(x, S(x, y))d(x2k+1, x2k+2)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a3
d(x2k+1, x2k+1)d(x2k, x2k+2)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a4
d(S(x, y), x2k+2)d(x, x2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a5
d(S(x, y), x2k+2)d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a6
d(x2k+1, x2k+2)d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a7
d(x2k+1, S(x, y))d(x, x2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a8
d(x2k+1, S(x, y))d(y, y2k+1)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))

+ a9 max{d(x2k+1, x2k+1), d(x2k+1, x2k+2)}

9
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which implies that

|l1| ≤ |d(x, x2k+2)|+ a1
|d(x, x2k+1)|+ |d(y, y2k+1)|

2

+ a2
|d(x, S(x, y))||d(x2k+1, x2k+2)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a3
|d(x2k+1, x2k+1)||d(x2k, x2k+2)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a4
|d(S(x, y), x2k+2)||d(x, x2k+1)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a5
|d(S(x, y), x2k+2)||d(y, y2k+1)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a6
|d(x2k+1, x2k+2)||d(y, y2k+1)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a7
|d(x2k+1, S(x, y))||d(x, x2k+1)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|

+ a8
|d(x2k+1, S(x, y))||d(y, y2k+1)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y))|
+ a9 max{|d(x2k+1, x2k+1)|, |d(x2k+1, x2k+2)|}

Since {xn} and {yn} are convergent to x and y,therefore by taking limit as k →
∞ we get |l1| ≤ 0.Which is contradiction,so |d(x, S(x, y))| = 0 ⇒ x = S(x, y).
Similarly we can prove that y = S(x, y).Also we can prove that x = T (x, y) and
y = T (y, x).Thus (x, y) is a common coupled fixed point of S and T .
We now show that S and T have a unique common coupled fixed point.For
this,assume that (x1, y1) ∈ X ×X is a second common coupled fixed point of S
and T .Then

10
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d(x, x1) = d(S(x, y), T (x1, y1))

� a1
d(x, x1) + d(y, y1)

2

+ a2
d(x, S(x, y))d(x1, T (x1, y1))

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a3
d(x1, S(x, y))d(x, T (x1, y1))

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a4
d(S(x, y), T (x1, y1))d(x, x1)

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a5
d(S(x, y), T (x1, y1))d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a6
d(x1, T (x1, y1))d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a7
d(x1, S(x, y))d(x, x1)

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a8
d(x1, S(x, y))d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y))

+ a9 max{d(x1, S(x, y)), d(S(x, y), T (x1, y1))}

= a1
d(x, x1) + d(y, y1)

2

+ a2
d(x, x)d(x1, x1))

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a3
d(x1, x)d(x, x1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a4
d(x, x1)d(x, x1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a5
d(x, x1)d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a6
d(x1, x1)d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a7
d(x1, x)d(x, x1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a8
d(x1, x)d(y, y1)

1 + d(x, x1) + d(y, y1) + d(x1, x)

+ a9 max{d(x1, x), d(x, x1)}
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Thus

|d(x, x1)| ≤ a1
|d(x, x1)|+ |d(y, y1)|

2

+ a3
|d(x1, x)||d(x, x1)|

|1 + 2d(x, x1) + d(y, y1)|

+ a4
|d(x, x1)||d(x, x1)|

|1 + 2d(x, x1) + d(y, y1)|

+ a5
|d(x, x1)||d(y, y1)|

|1 + 2d(x, x1) + d(y, y1)|

+ a7
|d(x1, x)||d(x, x1)|

|1 + 2d(x, x1) + d(y, y1)|

+ a8
|d(x1, x)||d(y, y1)|

|1 + 2d(x, x1) + d(y, y1)|
+ a9|d(x1, x)|

Since |1 + 2d(x, x1) + d(y, y1)| > |d(x, x1),so we get

(1− a1
2
− a3 − a4 − a5 − a7 − a8 − a9)|d(x, x1)| ≤ a1

|d(y, y1)|
2

|d(x, x1)| ≤ a1
(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)

|d(y, y1)| (5)

Similarly,

|d(y, y1)| ≤ a1
(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)

|d(x, x1)| (6)

Adding (5) and (6),we get

|d(x, x1)|+ |d(y, y1)| ≤ a1
(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)

[|d(y, y1)|+ |d(x, x1)|]

[1− a1
(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)

][|d(y, y1)|+ |d(x, x1)|] ≤ 0

2(1− a1 − a3 − a4 − a5 − a7 − a8 − a9)

(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)
[|d(y, y1)|+ |d(x, x1)|] ≤ 0.

Since a1 + a3 + a4 + a5 + a7 + a8 + a9 < 1.
Therefore

2(1− a1 − a3 − a4 − a5 − a7 − a8 − a9)

(2− a1 − 2a3 − 2a4 − 2a5 − 2a7 − 2a8 − 2a9)
> 0

Hence
[|d(y, y1)|+ |d(x, x1)|] ≤ 0.
Which implies that x = x1 and y = y1 ⇒ (x, y) = (x1, y1).
Thus,S and T have unique common coupled fixed point.
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Corollary 3.2. Let (X, d) be a complete complex valued metric space,and let
the mappings T : X ×X → X satisfy

d(T (x, y), T (u, v) � a1
d(x, u) + d(y, v)

2

+ a2
d(x, T (x, y))d(u, T (u, v))

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a3
d(u, T (x, y))d(x, T (u, v))

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a4
d(T (x, y), T (u, v))d(x, u)

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a5
d(T (x, y), T (u, v))d(y, v)

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a6
d(u, T (u, v))d(y, v)

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a7
d(u, T (x, y))d(x, u)

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a8
d(u, T (x, y))d(y, v)

1 + d(x, u) + d(y, v) + d(u, T (x, y))

+ a9 max{d(u, T (x, y)), d(T (x, y), T (u, v))}

for all x, y, u, v ∈ X and a1, a2, a3, a4, a5, a6, a7, a8, a9 ≥ 0 with a1 + a2 + a3 +
a4 + a5 + a6 + a9 < 1 and a1 + a3 + a4 + a5 + a7 + a8 + a9 < 1.Then S and T
have a unique common coupled fixed point.

Proof. The proof follows from Theorem 3.1 by taking S = T .

Theorem 3.3. Let (X, d) be a complete complex valued metric space,and let
the mappings S, T : X ×X → X satisfy

d(S(x, y), T (u, v) � a1
d(x, u) + d(y, v)

2

+ a2
d(x, S(x, y))d(S(x, y), T (u, v))

1 + d(x, u) + d(y, v) + d(u, S(x, y)) + d(x, T (u, v))

+ a3 max{d(u, S(x, y)), d(S(x, y), T (u, v))}

for all x, y, u, v ∈ X and a1, a2, a3 ≥ 0 with a1 +a2 +a3 < 1.Then S and T have
a unique common coupled fixed point.

Proof. Take two arbitrary points x0, y0 in X.Define x2k+1 = S(x2k, y2k),y2k+1 =
S(y2k, x2k),x2k+2 = T (x2k+1, y2k+1) and y2k+2 = T (y2k+1, x2k+1) for k =

13
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0, 1, 2 . . . .Then,

d(x2k+1, x2k+2) = d(S(x2k, y2k), T (x2k+1, y2k+1))

� a1
d(x2k, x2k+1) + d(y2k, y2k+1)

2

+ a2
d(x2k, S(x2k, y2k))d(S(x2k, y2k), T (x2k+1, y2k+1))

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, S(x2k, y2k)) + d(x2k, T (x2k+1, y2k+1))

+ a3 max{d(x2k+1, S(x2k, y2k)), d(S(x2k, y2k), T (x2k+1, y2k+1))}

= a1
d(x2k, x2k+1) + d(y2k, y2k+1)

2

+ a2
d(x2k, x2k+1)d(x2k+1, x2k+2)

1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k+1, x2k+1) + d(x2k, x2k+2)

+ a3 max{d(x2k+1, x2k+1), d(x2k+1, x2k+2)}

|d(x2k+1, x2k+2)| ≤ a1
|d(x2k, x2k+1)|+ |d(y2k, y2k+1)|

2

+ a2
|d(x2k, x2k+1)||d(x2k+1, x2k+2)|

|1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k, x2k+2)|
+ a3|d(x2k+1, x2k+2)|

Since |1 + d(x2k, x2k+1) + d(y2k, y2k+1) + d(x2k, x2k+2)| > |d(x2k, x2k+1)|,so we
get

|d(x2k+1, x2k+2)| ≤ a1
2(1− a2 − a3)

|d(x2k, x2k+1)|+ a1
2(1− a2 − a3)

|d(y2k, y2k+1)|

(7)

Similarly we can prove

|d(y2k+1, y2k+2)| ≤ a1
2(1− a2 − a3)

|d(y2k, y2k+1)|+ a1
2(1− a2 − a3)

|d(x2k, x2k+1)|

(8)

Adding (7) and (8),we get

|d(x2k+1, x2k+2)|+ |d(y2k+1, y2k+2)| ≤ a1
(1− a2 − a3)

[|d(y2k, y2k+1)|+ |d(x2k, x2k+1)|]

= k[|d(y2k, y2k+1)|+ |d(x2k, x2k+1)|]

14
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where k = a1
(1−a2−a3) < 1. Also

d(x2k+2, x2k+3) = d(S(x2k+1, y2k+1), T (x2k+2, y2k+2))

� a1
d(x2k+1, x2k+2) + d(y2k+1, y2k+2)

2

+ a2
d(x2k+1, S(x2k+1, y2k+1))d(S(x2k+1, y2k+1), T (x2k+2, y2k+2))

1 + d(x2k+1, x2k+2) + d(y2k+1, y2k+2) + d(x2k+2, x2k+2) + d(x2k+1, T (x2k+2, y2k+2))

+ a3 max{d(x2k+2, S(x2k+1, y2k+1)), d(S(x2k+1, y2k+1), T (x2k+2, y2k+2))}

= a1
d(x2k+1, x2k+2) + d(y2k+1, y2k+2)

2

+ a2
d(x2k+1, x2k+2)d(x2k+2, x2k+3)

1 + d(x2k+1, x2k+2) + d(y2k+1, y2k+2) + d(x2k+2, x2k+2) + d(x2k+1, x2k+3)

+ a3 max{d(x2k+2, x2k+2), d(x2k+2, x2k+3)}

|d(x2k+2, x2k+3)| ≤ a1
|d(x2k+1, x2k+2)|+ |d(y2k+1, y2k+2)|

2

+ a2
|d(x2k+1, x2k+2)||d(x2k+2, x2k+3)|

|1 + d(x2k+1, x2k+2) + d(y2k+1, y2k+2) + d(x2k+1, x2k+3)|
+ a3d(x2k+2, x2k+3)|

Since |1+d(x2k+1, x2k+2)+d(y2k+1, y2k+2)+d(x2k+1, x2k+3)| > |d(x2k+1, x2k+2)|,so
we get

|d(x2k+2, x2k+3)| ≤ a1
2(1− a2 − a3)

|d(x2k+1, x2k+2)|+ a1
2(1− a2 − a3)

|d(y2k+1, y2k+2)|

(9)

|d(y2k+2, y2k+3)| ≤ a1
2(1− a2 − a3)

|d(y2k+1, y2k+2)|+ a1
2(1− a2 − a3)

|d(x2k+1, x2k+2)|

(10)

Adding (9) and (10),we get

|d(x2k+2, x2k+3)|+ |d(y2k+2, y2k+3)| ≤ a1
(1− a2 − a3)

[|d(x2k+2, x2k+3)|+ |d(y2k+2, y2k+3)|]

= k[|d(x2k+2, x2k+3)|+ |d(y2k+2, y2k+3)|]
= k2[|d(y2k, y2k+1)|+ |d(x2k, x2k+1)|]

Continuing the same process,we get

|d(xn, xn+1)|+ |d(yn, yn+1)| ≤ k[|d(xn−1, xn)|+ |d(yn−1, yn)|]
≤ k2[|d(xn−2, xn−1)|+ |d(yn−2, yn−1)|]
≤ · · · ≤ kn[|d(x0, x1)|+ |d(y0, y1)|]
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If |d(xn, xn+1)| + |d(yn, yn+1)| = δn.Then δn ≤ kδn−1 ≤ k2δn−2 ≤ · · · ≤ knδ0.
Without loss of generality,we take m > n.Since 0 ≤ k < 1,so we get

|d(xn, xm)|+ |d(yn, ym)| ≤ |d(xn, xn+1)|+ |d(yn, yn+1)|
+ |d(xn+1, xn+2)|+ |d(yn+1, yn+2)|+ . . .

+ |d(xm−1, xm)|+ |d(ym−1, ym)|
≤ [knδ0 + kn+1δ0 + · · ·+ km−1δ0]

≤ kn[1 + k + k2 + . . . ]δ0

=
kn

1− k
δ0 → 0 as n→∞.

This implies that {xn} and {yn} are Cauchy sequence in X.Since X is com-
plete,there exists x, y ∈ X such that xn → x and yn → y as n→∞.We now show
that x = S(x, y) and y = S(y, x).We suppose on the contrary that x 6= S(x, y)
and y 6= S(y, x) so that 0 ≺ d(x, S(x, y)) = l1 and 0 ≺ d(y, S(y, x)) = l2;we
would then have

l1 = d(x, S(x, y)) � d(x, x2k+2) + d(x2k+2, S(x, y))

� d(x, x2k+2) + d(S(x, y), T (x2k+1, y2k+1))

� d(x, x2k+2) + a1
d(x, x2k+1) + d(y, y2k+1)

2

+ a2
d(x, S(x, y))d(S(x, y), T (x2k+1, y2k+1))

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y)) + d(x, T (x2k+1, y2k+1))

+ a3 max{d(x2k+1, S(x, y)), d(S(x, y), T (x2k+1, y2k+1))}

= d(x, x2k+2) + a1
d(x, x2k+1) + d(y, y2k+1)

2

+ a2
d(x, S(x, y))d(S(x, y), x2k+2)

1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y)) + d(x, x2k+2))

+ a3 max{d(x2k+1, S(x, y)), d(S(x, y), x2k+2)}

which implies that

|l1| = |d(x, S(x, y))| ≤ |d(x, x2k+2)|+ a1
|d(x, x2k+1)|+ |d(y, y2k+1)|

2

+ a2
|d(x, S(x, y))||d(S(x, y), x2k+2)|

|1 + d(x, x2k+1) + d(y, y2k+1) + d(x2k+1, S(x, y)) + d(x, x2k+2)|
+ a3 max{|d(x2k+1, S(x, y))|, |d(S(x, y), x2k+2)|}

Since {xn} and {yn} are convergent to x and y,therefore by taking limit as
k →∞ we get

|d(x, S(x, y))|(1− a2 − a3) ≤ 0

Since a1 + a2 + a3 < 1.
Therefore,

1− a2 − a3 > 0.
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Hence

|l1| = |d(x, S(x, y))| ≤ 0.

Which is contradiction,so |d(x, S(x, y))| = 0 ⇒ x = S(x, y).
Similarly we can prove that y = S(y, x).Also we can prove that x = T (x, y) and
y = T (y, x).Thus (x, y) is a common coupled fixed point of S and T .
We now show that S and T have a unique common coupled fixed point.For
this,assume that (x1, y1) ∈ X ×X is a second common coupled fixed point of S
and T .Then

d(x, x1) = d(S(x, y), T (x1, y1))

� a1
d(x, x1) + d(y, y1)

2

+ a2
d(x, S(x, y))d(S(x, y), T (x1, y1))

1 + d(x, x1) + d(y, y1) + d(x1, S(x, y)) + d(x, T (x1, y1))

+ a3 max{d(x1, S(x, y)), d(S(x, y), T (x1, y1))}

= a1
d(x, x1) + d(y, y1)

2

+ a2
d(x, x)d(x, , x1)

1 + d(x, x1) + d(y, y1) + d(x1, x) + d(x, x1))

+ a3 max{d(x1, x), d(x, x1)}

Thus

|d(x, x1)| ≤ a1
|d(x, x1)|+ |d(y, y1)|

2
+ a3|d(x, x1)|

Therefore,

|d(x, x1)|(1− a1
2
− a3) ≤ a1

2
|d(y, y1)|

|d(x, x1)| ≤ a1
2− 2a3 − a1

|d(y, y1)|. (11)

Similarly,we can prove that

|d(y, y1)| ≤ a1
2− 2a3 − a1

|d(x, x1)|. (12)

Adding (11) and (12),we get

|d(x, x1)|+ |d(y, y1)| ≤ a1
2− 2a3 − a1

[|d(x, x1)|+ |d(y, y1)|]

(1− a1
2− 2a3 − a1

)[|d(x, x1)|+ |d(y, y1)|] ≤ 0.

which is a contradiction because a1 + a2 + a3 < 1.Thus,we get x1 = x and
y1 = y,which proves the uniqueness of common coupled fixed point of S and
T .
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Corollary 3.4. Let (X, d) be a complete complex valued metric space,and let
the mappings S : X ×X → X satisfy

d(S(x, y), S(u, v) � a1
d(x, u) + d(y, v)

2

+ a2
d(x, S(x, y))d(S(x, y), S(u, v))

1 + d(x, u) + d(y, v) + d(u, S(x, y)) + d(x, S(u, v))

+ a3 max{d(u, S(x, y)), d(S(x, y), S(u, v))}

for all x, y, u, v ∈ X and a1, a2, a3 ≥ 0 with a1 + a2 + a3 < 1.Then S has a
unique common coupled fixed point.

Proof. The proof follows from Theorem 3.3 by taking T = S.

Example 3.5. Suppose X = [0, 1]. Defined the function d : X × X → C by
d(x, y) = i|x − y|,∀ x, y ∈ X.Clearly (X, d) is complex valued metric space.If
We define two mappings S, T : X ×X → X,as S(x, y) = x+y

4 ,T (x, y) = x+y
3 for

each x, y ∈ X.Then it can be proved simply that the maps S and T satisfy the
condition of Theorem 3.1 with a1 = 1

7 , a2 = 1
6 , a3 = 1

14 , a4 = 1
15 , a5 = 1

17 , a6 =
1
16 , a7 = 1

18 , a8 = 1
19 , a9 = 1

26 .Hence (0, 0) is a unique common coupled fixed
point of S and T .
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