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Abstract

In this paper, we study the existence of coincidence points
and generalized common fixed point theorem for three self
mappings in cone metric spaces and relaxing the completeness
of the space. This improves the results of K. Purdhvi[l].
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1 Introduction and preliminaries

Ordered Banach spaces, normal cones and topical functions have applica-
tions in optimization theory. This motivate research in ordered linear metric
spaces (see, e.g. [7],[8]). In 2007, cone metric space was introduced by Huang
and Zhang [6] who generalized metric space into cone metric space replac-
ing the set of real numbers by an ordered Banach space and obtained some
fixed point theorems in this cone metric space. Later on, many authors are
inspired with this cone metric space and studied Huang and Zhang [6] fixed
point theorems and extended this idea to different contractive conditions
(see, e.g. [1-4,8]). Recently K. Prudhvi [1] obtained a Common Fixed Point
Result in Cone Metric Spaces for three self maps in cone metric spaces and
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relaxing the completeness conditions. The aim of this paper, is to study the
existence of coincidence points and generalized common fixed point theorem
for three self-maps in cone metric spaces, which is an extension of the results
of K. Prudhvi[l] who proved fixed point theorems for three self-mappings
without assuming commutative and completeness conditions with in cone
metric spaces. We need the following definitions and results, consistent
with [1,3,6], in the sequel.

Definition 1.1. Let E be a real Banach spaces and P a subset of E. The
set P is called a cone if and only if:

(a). P is closed, non-empty and P # {0};

(b). a,b € R, z,y € P implies ax + by € P;

(c). PNn—P ={0}.

Definition 1.2. Let P be a cone in a Banach space E, define partial ordering
" <" with respect to P by x < y if and only if y—x € P. We shall write v < y
to indicate x <y but x # y while x < y will stand for y — x € int P, where
ntP denotes the interior of the set P. This cone P is called an order cone.

Definition 1.3. Let E be a Banach space and P C E be an order cone.
The order cone P is called normal if there exists L > 0 such that for all
z,y € F,

0<z<y implies  |2l|< L]yl
The least positive number L satisfies the above inequality is called the normal

constant of P.

Definition 1.4. Let X be a non-empty set of E. Suppose that the map
d: X x X — F satisfies:

(a) 0 < d(z,y) for all xz,y € X and d(x,y) = 0 if and only if x = y;

(b) d(z,y) = d(y,z) for all x,y € X;

(c) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space.

It is clear that the concept of a cone metric space is more general than
that of a metric space.

Example 1.1. [6] Let E = R* P = {(z,y) € E such that: z,y > 0} C
R2.X=Randd: X x X — E such that

d(z,y) = (lz — yl, oz —yl),

where a > 0 is a constant. Then (X,d) is a metric space.
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Clearly, this example shows that cone metric spaces generalize metric
spaces.

Definition 1.5. Let (X,d) be a cone metric space. We say that {x,} is a
Cauchy sequence if for every c in E with ¢ > 0, there is a natural number
N such that for alln,m > N,d(xy, ) < c.

It is shown in [6] that a convergent sequence in a cone metric space (X, d)
is a Cauchy sequence.

Definition 1.6. Let (X,d) be a metric space. We say that {x,} is con-
vergent sequence if for any ¢ > 0 there is an N such that for all n > N,
d(xn, ) < ¢, for some fized x in X. We denote this x, — = (as n — 00).
The space (X,d) is called a complete cone metric space if every Cauchy
sequence is convergent ([6]).

Definition 1.7. [2] Let f,g: X — X be mappings. If w = f(z) = g(z) for
some z € X, then z is called a coincidence point of f and g, and w is called
a point of coincidence of f and g.

Definition 1.8. [4] The mappings f,g : X — X are said to be weakly
compatible if for every x € X, holds:

flg(x)) = g(f(x))  whenever  f(x) = g(x).

Lemma 1.2. Let X be a non-empty and the mappings f,g and h have a
unique point of coincidence point w in X. If (f,g) and (g,h) are weakly
compatible self-maps of X, then f,g and h have a unique common fixed
point.

2 Main results

In this section, we obtain coincidence points and generalized common fixed
point theorem for three self-maps in cone metric spaces.

We adopted the technique which is used in [4].

Let (X, d) be a cone metric space and f, g and h be self-mappings of X such
that f(X)Ug(X) C h(X). Suppose zp € X and x; € X is chosen such that
hxi = fxg and xo € X is chosen such that hzo = gx,. Continuing in this
way, the sequence hx,, such that

Yon = hx2n+1 = fx2na
Yon+1 = hxonyo = gxont1,n =0,1,2, ...
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is called a (f, g)-self sequence with initial point zg.

We start with a proposition that will be required in the sequel.

Proposition 2.1. Let (X,d) be a cone metric space, and P be a normal

cone with normal constant L. Suppose that the mappings f,g and h are

three self-maps of X such that f(X)J g(X) C h(X) satisfying

d(fz,gy) < ad(hz, hy)+Bmaz{d(hz, fz),d(hy, gy)}+v[d(hz, gy)+d(hy, fz)]
(1)

for all x,y € X, where o, 8,7 € [0,1) and o+ 4+ 2y < 1.

Then every (f — g) sequence with initial point zo € X is a Cauchy sequence.

Proof. Suppose hx, is a (f — g) sequence with initial point .
Assume hx,, # hxp4q for all n € N, then for all n.
Using (1) we have
d(y2n, Yont1) = d(haont1, haonio)
= d(fxon, gT2n+1)
< ad(hzopn, hxani1)
+ Bmax{d(hxan, front1), d(hTont1, 9Ton+1)}
+ y[d(hzan, gxan+1) + d(hxont1, frans2)]
< ad(hzapn, hxoni1)
+ fmax{d(hxan, hront1), d(hxoni1, hxoni2)}
+ y[d(hxon, hropto) + d(hxont1, hront1)]
< ad(hzap, hxont1) + M
+ Y[d(haon, hwoni2) + d(hwoni1, hoonit)]
Where My = maz{d(hxa,, hrant1), d(hzont1, hronio)}
Now two cases arises,
Case I: If suppose that My = d(hxay,, hro,t1) we have,
d(y2n, Yon+1) < ad(hwon, hont1) + Bd(haon, hran1)
+ Y[d(hzon, htonto) + d(hdont1, hroni1)]
< (a+ B)d(hxon, hxoni1)
+ Y[d(hzon, hroni1) + d(hzont1, hroni1)]
< (a+ B+ 7)d(hwon, hront1) + v(haant1, haony2)
< (a+ B+ 7)d(Y2n-1,Y2n) + V(Y2n, Y2n+1)
(a+B+7)

1=~ ————d(Y2n, Y2n—1)

d(Yan, Yan+1) <
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Let A\ = (agfj)v)’ where A\ < 1.

Hence
d(Y2n, Yont+1) < AMd(Y2n, Y2n—1)-
Case II: If suppose that My = d(hxont1, hroni2).
d(Y2n, Yon+1) < ad(hzon, heony1) + Bd(hxoni1, haoni2)

+ y[d(hxon, hroni2) + d(hxopi1, hrani1)]
< ad(hzon, hxont1) + (B + 7)d(hv2nt1, hront2)
+ yd(hr2n, hrn2)
< ad(hzon, hvant1) + (B + 7)d(hzant1, hront2)
+yd(hr2n, hrn1)
< (a+7)d(hzon, hroni1) + (B + v)d(hwon1, hronio)
< (a +7y)d(hzon—1, hza,) + (B + v)d(hxon, hroni1)

_I_
d(Yon, Yon+1) < %d(hxzmhfﬂznl)

Let Ao = %, where Ay < 1.

Hence
d(Yon, Yan+1) < X2d(Yon, Yan—1)-

Two cases shows that
d(Yan, Yon+1) < Ad(Y2n, Y2n—1) (2)

where, A = A\; = Ao,
Similarly, it can be shown that

d(Yon+1, Yant+2) < Ad(Yon, Yon+1)-
Therefore for all n,
A(Ynt1,Yn+2) < A(Yn, Ynt1) < NdYn-1,Yn) < oo <A d(yo, y1)
Now for any m > n

d(ynvym) < )\d(yrwyn—i-l) < )\Qd(yn—}—hyn—i-Q) <. < Amild(ymym)
< AP XL A2 A D d (g, 1)

n

A(Yn, ym) < d(y1,90)-

“1-A
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From (1.2), we have

n

A
4w ym)I< <

d .
1, v0)]

Since)\<1,%—>0asn—>oo.

Which implies that
d(Yn,ym) — 0 as n,m — oo.

Hence ¥, is a Cauchy sequence, where y, = hx,. O
Here, we further improve Proposition 2.1 as follows.

Theorem 2.2. Let (X,d) be a cone metric space, and P be a normal cone
with normal constant K. Suppose that the mappings f, g and h are three
self-maps of X such that f(X)Ug(X) C h(X) satisfying

d(fz,gy) < ad(hz, hy)+Bmax{d(hz, fz),d(hy, gy) }+y[d(hz, gy)+d(hy, fr)]

(3)
for all x,y € X, where o, 3,7y € [0,1) and o+  + 2y < 1.
If f(X)Ug(X) or h(X) is a complete subsequence of X, then f, g and h
have unique point of coincidence. Moreover, if (f,h) and (g,h) are weakly
compatible, then f, g and h have a unique common fized point.

Proof. Since h(X) is complete subspace of X. And since, by the proposition
(2.1) a (f —g) sequence (hx,) with the initial point z( is a Cauchy sequence,
there exists u,v € X such that hx,, — v = hu.
The same argument holds if f(X) U ¢g(X) is a complete subsequence of X
with v € f(X)Ug(X).
From (3) and triangle inequality
d(hu, fu) = d(hu, hza, + d(hzay, fu))
= d(hu, hxap) + d(fu, gran—1)
< d(v, hxay,) + ad(hu, hro,_1)
+ Smaz{d(hu, fu), d(hzan_1, gr2n—1)}
+[d(hu, gxon-1) + d(hwog-1, fu)]
d(hu, fu) < d(v, hzay,) + ad(hu, hxo,—1)
+ BMy + v[d(hu, gr2n—1) + d(hzon—1, fu)]

Where My = mazx{d(hu, fu),d(hxon—1,9Ton—1)}
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Now two cases arises,
Case I: If suppose that M; = d(hu, fu) we have,

d(hu, fu) < d(v, hza,) + ad(hu, hxa,—1) + fd(hu, fu)
+ y[d(hu, gron—1) + d(hxa,—1, fu)]
< d(v, hxo,) + ad(v, hza,_1) + Bd(hu, fu)
+ y[d(v, haay) + d(hxon—1,v) + d(hu, fu)]
< (1 +y)d(v, hzay) + (o + y)d(v, hxon—1) + (B + v)d(hu, fu)
1+~

o+
=TT (v, haen (v, hon_
ST G+ (v, hay )+1—(ﬁ+ ] (v, hay—1)
d(hu, fu) < M\d(v, hza,) + Aad(v, hxe,—1).
1 [}
Let A\ = 1_(;17) and Ay = 1_(;1”.

Which from (1.2), implies that
[d(hu, fu)|| < L{A[[d(v, heon)|| 4+ Azlld(v, haon-1)|}-
Case II: If suppose that M; = d(hzop—1,9T2n—1)

d(hu, fu) < d(v, hxep) + ad(hu, hxe,—1) + fd(hzan—1, gTon—1)
+ v[d(hu, gxon—1) + d(hxon—1, fu)]
< d(v, hxoy) + ad(v, hxo,—1) + Bld(hxn—1, hu) + d(hu, gzan—1)]
+ y[d(hu, hzay) 4+ d(hxon—1, hu) + d(hu, fu)]
< d(v, hxon) + ad(v, hwa,—1) + Bld(hzy—1,v) + d(v, gxan)]
+ y[d(v, hxan) + d(hxon—1,v) + d(hu, fu)]
< (14 B+ v)d(v, hxan) + (o + B+ v)d(v, hwan—1) + vd(hu, fu)

1
Jlrer’yd a+B+7d(

d(hu, fu) < T

(Uahx2n) + v, hl‘gn,l).

Let Ap = 4252 and Ay = 24550,

Which from (1.2) implies that
ld(hu, fu)ll < L{A[|d(v, haon) || + Azlld(v, hagn—1)|[}-

Now the right hand side of the above approaches to zero as n — 0.
Hence,
lld(hu, fu)|| =0 and fu = hu(=v). (3)

Similarly, by using the inequality

ISSN: 2231-5373 http://www.ijmttjournal.org Page 148



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 39 Number 2- November2016


K DURAISAMY
Text Box







ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 148



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 39 Number 2- November2016

d(hu, gu) < d(hu, hzop+1) + d(hzopi1, gu).
We can show that
hu = gu(=v).

Thus, v = hu = fu = gu and hence we conclude that v is a point of
coincidence of f, g and h.

Now we show that the point of coincidence is unique.

Assume that there is another point of coincidence v in X such that

v* = fu* = gu* = hu* for some u* € X.
It is easy to see that using (3) that
Ao,0") = d fu gu’)
< ad(hu, hu*) + fmaz[d(hu, fu), d(hu*, gu®)]
+ v[d(hu, gu™) + d(hu*, fu)]
< ad(hu, hu*) + M7 + vy[d(hu, gu™) + d(hu™, fu)].

Now two cases arises,
Where My = mazx[d(hu, fu),d(hu*, gu*)].
Case I: If suppose that M; = d(hu, fu) we have,

d(v,v*) < ad(hu, hu*) + Bd(hu, fu) + y[d(hu, gu*) + d(hu*, fu)]
< ad(v, v%) + Bd(v,v) + ld(u,u?) + du*,u)]

2
< T—a jad(u,u*)
d(v,v*) < bd(u,u™).
Case II: If suppose that M; = d(hu*, gu*) we have,

d(v,v*) < ad(hu, hu*) + Bd(hu*, gu™) + y[d(hu, gu™) + d(hu*, fu)]
< ad(v,v") + Bd(v",v") + y[d(u, u”) + d(u”, u)]
2y %
< —
< L d(uw)
d(v,v*) < bd(u,u*).
Putting b = 2L < 1.
Hence two cases shows that

d(v,v*) < bd(u,u").
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Since a + 2v < 1, then v = v*.

Since (f, g) and (g, h) are weakly compatible by assumption v is the unique
point of coincidence of f, g and h, then by the Lemma (1.2) we get that v
is the unique common fixed point of f, g and h. O

Remark 2.3. If we choose h = I, is an identity map in the above Theorem
2.2.,then we deduce the following Theorem.

Theorem 2.4. Let (X,d) be a cone metric space, and P be a normal cone
with normal constant K. Suppose that the mappings f and g are two self-
maps of X satisfying

d(fz,gy) < ad(z,y) + Bmazld(z, fz),d(y, gy)] +v[d(x, gy) + d(y, fz)] (4)

for all x,y € X, where a, 5,y € [0,1) and a +  + 2y < 1.

If f(X) or g(X), where is a complete subspace of X, then f and g have a
unique point of coincidence. Moreover, if f and g are weakly compatible,
then f and g have a unique common fized point.

Example 2.5. Let X = {1,2,3},E = R? and P = {(z,y) € E/z,y > 0}.
Defined,g: X x X — E as follows:

0,0) if z=y
’ (L9) if z#y wyeX—{3}
2 ] 2
and =42 7
1 if =2
And now Define a constant mappings h, f : X — X by ha = fo =1, for all
xz € X. Then
0,0 if y#2
d(fx,gy) = ( ; ) .
(§a7) Zf Yy = 2.
and

ad(hz, hy) + fmaz{d(hz, fz),d(hy. gy)} +[d(hz, gy) + d(hy, fz)] = (§,7).
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ify=2a=0=73=73.
It follows that all conditions of Theorem 2.2 are satisfied fora =0=~,8 =
g and so f, g and h have unique point of coincidence and a unique common

fized point 1.

Conclusion 2.6. Our results generalized proposition 3.1 and theorems 3.2

and 3.4 in [1].
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