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l. INTRODUCTION

In 1940, Stanislaw M. Ulam [10], triggered the
study of stability problems for various functional
equations. He presented a number of important
unsolved problems. One of the interesting problem
in the theory of non-linear analysis concerning the
stability of homomorphism was as follows:

Let G, be a group and let G, be a metric group
with the metricd(.,.). Given&>0, does there exist
a 0>0such that if a mapping h:G, —G, satisfies
the inequality d(h(xy),h(x)h(y))<s , for
all x,yeG; , then there is a homomorphism
H:G, —G, withd(h(x),H(x))<e, for all xeG,?
If the answer is affirmative, we would say that
equation of homomorphism H(xy)=H(X)H(y) is
stable.

In 1941, D. H. Hyers [3] was the first
mathematician to present the result concerning the
stability of functional equations on Banach spaces.
The generalized version of D. H. Hyers [3] result
was given by famous Greece mathematician Th. M.
Rassias [11] in 1978. The stability paper [12] given
by Th. M. Rassias has significantly influenced in the
development of stability of functional equations.
Further, in 1994, P. Gavruta [6] provided a further
generalization in which he replaced the bound

0(1x|” +]ly|") by a general function @(x, y) for the

existence of unique linear mapping. The functional
equation
fx+y)+ f(x+2y)+ f(X)+ f(y)=4F(X+Yy)
(1.1)
is called as affine functional equation. Since the
function the affine mapping f (i.e. it is a sum
between a constant and a additive function) is the
solution of the above functional equation (1.1). Thus,

it is called the affine functional equation. Recently,
L. Cadariu et. al. [6] proved the stability of the
above said functional equation on abelian groups
using direct and fixed point approach.

This paper is organized as follows: In
Section 1, we adopt some usual terminology,
notations and conventions which will be used later in
the next sections. In Section 2 we establish the
Hyers-Ulam-Rassias stability of the affine functional
equation (1.1) in 2-Banach space. In Section 3, we
establish the Hyers-Ulam-Rassias stability of the
affine functional equation (1.1) in random normed
space. Further in the last section we established the
Hyers-Ulam-Rassias stability in IRN-spaces.

In 1960s, S. Gahler [7, 8, 9] introduced the
concept of linear 2-normed spaces.

Definition 1.1. Let A be a linear space over R with
dimA>1and let |..]: AxA—>%R be a function
satisfying the following properties:

@ [[x.y|=0 if and only if x and y are linearly
dependent,

(o) %] =]y %],

(© [Ax vl =[xyl

(@ [xy+z <[} y]+[xz]

for all x,y,ze Aand AeR. Then the function |||

is called a 2-norm on A and the pair (A.[) is

called a linear 2-normed space. Sometimes the
condition (d) called the triangle inequality.

In 2011, W. G. Park [13] introduces a basic property
of linear 2-normed spaces as follows.

Lemma 1.2. Let (A.[) be a linear 2-normed

space. If |x,y|=0forall y e A, thenx =0.

In the 1960’s, S. Gahler and A. White [1, 2,
9] introduced the concept of 2-Banach spaces. In
order to define completeness, the concepts of
Cauchy sequences and convergence are required.

Definition 1.3. A sequence {x,} in a linear

2-normed space A is called a Cauchy sequence if
there are two points y,z e A such that y and z are
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linearly independent, lim, ,,_,.. [ — X, Y| =0 and

limy e X =X, 2] =0

Definition 1.4. A sequence {x,} in a linear 2-
normed space A is called a convergent sequence if
there is an Xxe A such that lim |, —xy|=0

for all yeA . If {x,} converges to x, write
X, —>Xas n — oo and call x the limit of {x,}. In
this case, we also write lim,_, X, =X.

Lemma 1.5. For a convergent sequence {x,} in a

linear 2-normed space A, lim . [x,.y|=

lim, ., x,. y| forall yeA.

Definition 1.6. A linear 2-normed space in which
every Cauchy sequence is a convergent sequence is
called a 2-Banach space.

Throughout this paper, let A be a normed linear
space and B a 2-Banach space.

Il. STABILITY OF THE AFFINE FUNCTIONAL
EQUATION (1.1) IN 2- BANACH SPACE

Theorem 2.1. Let A be a linear space, B be a 2-
Banach space and f:A— B be a mapping with

0< u<oand 0< p< 2 satisfying the inequality
[f@x+y)+ f(x+2y)+ F(x)+ f(y)-4f(x+y), 7|

< u(” +[y[") 29)
for all x,yeAand zeB . Then, there exists a
unigue mapping Q:A— Bsuch that
o(I+1)(m-1) _ olp(m-1)
[f00-Qu ¥l < =75
forall xe Aand yeB.
Proof: Lety =0in (2.1), we get

WP @2

| @x)-2F(x), 7| < u|¥"

‘ f (2x)

~f(x), 2 ,u||X||p (2.3)

2

for all xe Aand z € B .. Substituting 2x at the place

of x and dividing by 2 in the above inequality (2.3),

we get

f(2°x)  f(2x)
2? 2

1 p
<o ml2x| (2.4)

for all XxeAand zeB . Again replacing x with
2' x and dividing by 2" in inequality (2.3), we have
[f@™x) (@ N,
|| 2|+1 2|

(2.5)

<ol <52 uldl?

for all xeA, zeBand i>0. Now, in order to

f(2"x)
2n

prove that the sequence { }is a convergent

sequence, let us consider I, m be two positive
number with I<m, such that

Hf<22mx) R B

forall xe A, zeBand IZO. Taking limit on both
sides of (2.6), we get

l[femx  f(2 N,
m |—>oo|| om ol
for all xe Aand all ze B. Which implies that the
f(2"x)
2ﬂ

z

sequence { } is a Cauchy sequence in B.

Since the space B is 2- Banach space, the sequence

f(2"x) | .
- is convergent also. Therefore, we may
2
define a quadratic mapping Q: A— B defined by
n
Q(x) = lim f(2 X)
S

that the mapping Q:A—B also satisfies the
functional equation (1.1), by using Lemma 1.5 and
the inequality (2.1), we have

|Q(2x+ y)+Q(x+2y) +Q(x) + Q(y) —4Q(x+Y), Z|

for all xe A. Now, to prove

= lim ii”f(z.zimz‘ )+ (2 x+22'y)+ F(2'%)
i—»>w 2
+ f(2i y)—4f(2ix+2i y), z“
<tim 2] +[2'o[")
2y -0

[QE@x+y) +Q(x-+2y) +Q(¥) +Q(y) ~4Q(x+ ). Z[=0

2P :
< im S b+ i

for all x,yeAand all zeB. In order to prove the

inequality (2.2) that is the main result of theorem 2.1,
by using (2.6), we have

[£00-Q00,y] = lim () -

f(zm X) yH

S(+D)(m-1) _ 2|p(m—|)
<

2(2-27) ﬂ"X"p
for all xeAand all yeB . Now, to prove the
uniqueness of the mapping Q:A—B , let us
consider another mapping Q':A—B which
satisfies the inequality (1.1), we have
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Qe -Q, yH

)-Q'2").Y

1
< (e@-1@ 0.y +HQ1(2” x)- (2%, y))
which tends to zero as N — o for all X A and all
yeB . Hence by Lemma 1.2 we conclude that

Q(x)=Q'(x) for all xeA . Which proves the
unigueness of Q: A— B. Hence the theorem.

Theorem 2.2. Let A be a linear space, B be a 2-
Banach space and f:A— B be a mapping with

0< pu<ooand p > 2satisfying the inequality
[f@x+y)+ f(x+2y)+ F(x)+ f(y)-4f(x+y), 7|
< o +1yP) @7

for all x,yeAand zeB . Then, there exists a
unigue mapping Q:A— Bsuch that

olp(m-1) _ o(1)(m-1) ;
If00-Qm.yl s = 55— uld” @9)
forall xe Aand yeB.

Proof: Putting y =0in(2.7), we get

|f@x)—-2f( z||<y||x||p

‘f(x)—Zf[gj,z S/JE (2.9)

for all Xe Aand zeB . Substituting x/2 at the
place of x and multiplying by 2 in the above
inequality (2.9), we get

(5= (3)

for all Xxe Aand zeB . Again replacing x with

p

X

x / 2" and multiplying by 2'in inequality (2.9), we

have
2%(".] 2'+1f( j,z
2I 2I+1

for all xeA,

p

i X
I
S 2 /J‘ 2i+1

zeBand i>0. Now in order to
prove that the sequence {2” f (ij} is a convergent
2n

sequence, let us consider I, m be two positive
number with I<m, such that

< ,uz ||><||p (2.10)

forall Xxe A, zeBand i 20. Taking limit on both
sides of (2.10), we get

2mf( ) - 2'f( ),z

lim
m,l—o0

2mf( ) - 2'f(—) z

for all xe Aand all ze B. Which implies that the
sequence {2" f(zin)} is a Cauchy sequence in B.
Since the space B is 2- Banach space, the sequence
{2” f(zin)} is convergent also. Therefore, we may

define a Q:A—B defined by

mapping

Q(X) = lim 2" (=) for all XxeA . Further, the
n—oo on

remaining proof of this theorem is similar as the
proof of Theorem 2.1.

I1l. RANDOM NORMED STABILITY OF THE AFFINE
FUNCTIONAL EQUATION USING FIXED POINT
APPROACH

In this section, we shall prove the Hyers-Ulam-
Rassias stability of affine functional equation (1.1)
in random normed space using fixed point approach.

Definition 3.1 [16] A mapping T : [0, 1]x[0, 1] —»
[0, 1] is a continuous triangular norm (briefly a t —
norm) if T satisfies the following conditions :

(@) T is commutative and associative;
(b) T is continuous;
(c) T(a,1)=aforallac[0,1];

(d) T(a, b)<T(c,d)whenevera<candb<d for
alla, b, c, deg[0, 1].

Typical examples of continuous t-norm are
T (a,b) =ab, T (a, b)=max (a+b-1,0) and
T(a, b) = min(a, b)

Definition 3.2 [15] A Random Normed space
(briefly RN-space) is a triple (X, g T), where X is a
vector space, T is a continuous t-norm, and x is a
mapping from X into D* such that the following
conditions hold:

(RN1) g, (t) = &, (t) forall t>0 if and only if x=0;
(RN2) 1, (1) =, (t /|a|) for all x in X, a0 and
all t0;

(NN3) gy, (t+8) =T (1, (1), 4, (s)) forallx,
yeXand all t, s>0

Definition 3.3 Let (X, x4 T) be an RN- space

1) Asequence {x,} in X is said to be convergent
to x in X if, for every t>0 and £>0, there exists a
positive integer N such that s, _, (t) >1-¢

whenever n>N.
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2)  Asequence {x,} in X is said to be Cauchy
sequence if, for every t>0 and £>0, there exists
a positive integer N such that z, , (t)>1-¢
whenever n >m > N.

3) AnRN- space (X, g T) is said to be complete if
and only if every Cauchy sequence in X is
convergent to a point in X.

Theorem 3.4 [16] If (X, &, T) is an RN-space and
{xn} is a sequence such that x,— X, then

Lim, ., u, (t) = p, (t) almost everywhere.

Theorem 3.5 (Fixed point alternative). Let (X, d)
be a complete generalized metric space and a
contractive mapping J: X—X, with the Lipschitz
constant L. Then, for each given element xeX, either

(A) d(3"x 3"y = oo
Or
(A,) There exists a natural nq such that:

(Ax) d(3"%, 3" L) = 10

for all n>0,

for all n>ny,

(Az1) The sequence (J nx) is convergent to a fixed
pointy” of J;
(Az) vy isthe unique fixed point of J in the set

Y ={yeX,d(3"0x, y) < +o};

(Ag) d(y,¥) Sﬁd(y,Jy) ,forallyeY.

The following lemmas will be used in the proof of
theorem (3.1)

Lemma 3.6 [17] Let (X, d) be a complete
generalized metric space and let A : X —> X be a
strict contraction with the Lipschitz constant L such
that d(xg, A(X)) < +oo for some xoeX. Then A has a
unique fixed point in the set Y = {y € X, d(Xo, y) < oo}
and the sequence (A"(X))nen CONverges to the fixed
point x* for every xeY. Moreover, d(Xo, A(Xo)) <
implies d(x", xo) < 6/1-L.

Lemma 3.7 [18, 19] dg is a complete generalized
metric on E.

Theorem 3.1 Let X be a real linear space, ‘f” be a
mapping from X into a complete random normed
space  (Y,u,T,) with f0) = 0 and let

@: X xX — D" be amapping satisfying

D, (at) 2D, (1)
for all x, yeX and for all t>0. If
“’(f(2x+y)+f(x+2y)+f(x)+f(y)—4f (x+Y)) (t) 2 cDx,y (t) (32)

for all x, yeX, then there exists a unique mapping
g: X —>Y such that

Hog-r 0 () 2 @, o (2—a)t)

(3.1)

(3.3)

xeX and for all t©0, and
99 =tim,, £,

Proof: Let us consider y = 0 in (3.2), we get

for all

et 2021 (x) ) =D, ,(t) forall xeX (3.4)
therefore
1) = 1
H(%f(Zx)—f(x))( ) l/l%(f(2><)—2f(><))( )
= Wer 2oy (2 =@, 4(2t) forall xeX and t>0
(3.5)

Let us consider the set S={g:X —>Y}and the
mapping d in S defined by
de (f,9) =inf{lueR" 11y, _nu (UD) = D, 1 (1), VX e X,t >0}

Now using Lemma 3.7, (ds;,S) is a complete

generalized metric space. Let us consider the linear
mapping J:S — S such that
9(2x)

JQ(X)ZT

We claim that the mapping J is a strictly contractive
self mapping of S with the Lipschitz constant o/ 2.
Let g and h be two mappings in S such that
d; (g,h) <, then

Hgoo-ngo (E1) = @, (2t)  forall xeX and t>0

o (04
H S = 2%
ence ng(x)—Jh(x)(2 et) M%(Q(ZX)fh(ZX))(ZS)

= H(g(2x)-h(2x)) (@t)
2D, ,(2at)

for all xeX, t>0
Since q)ZX,O (Z(Xt) > CDX,O (2'[) y

(04 .
H3g(x)-JIh(x) (Eat) > CDX’O(Zt) , that is dG (g, h) <eg
— dg (Jg, Jh) <%g

which implies that d; (Jg, Jh) < %ds(g,h) for all g,

hin S. Now, it follows from (3.5) that d,(f,Jf)<1.

Using the Lemma 3.6, we show the existence of a
fixed point of J, that is the existence of a mapping
g: X —Y satisfying the following:

) g is a fixed point of J, that is g(2x) = 2g(x) for
all xin X.
(ii)  Since for any x in X and t>0, d;(J"f,g)<e

implies pu(x)_v(x)(t)ZCDX'O(%) , from

d,(3"f,g)—>0 , it follows that the

f(2"X)

n—oo 2n =

lim

g(x) for all x in X.
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(iii)  Also, dG(f,g)SﬁdG(f,Jf) implies that
the inequality

da(f,9) < —dg (F,30)
i
2

and so,

Hf (x)-g(x) (;—ta) 2Dy o (2t)
for all t>0 and for all xe X. It follows that
Lt (x)-g(x) (t) = Dy o ((2—)t)
for all xeX and all t>0.

The mapping g is also unique, it follows from the
fact that g is the unique fixed point of J with the
property that, if there isa Te]0, o[ such that

Mt (x)-g(x) (Tt) > Dy o (2t)

for all xeX and for all t>0.
This completes the proof of theorem.

IV. INTUITIONISTIC RANDOM NORMED STABILITY
OF AFFINE FUNCTIONAL EQUATION (1.1).

In this section, we prove the Hyers-Ulam-Rassias
stability of the affine functional equation (1.1) in
intuitionistic random normed space.

In the sequel, we adopt the usual terminology,
notations, and conventions of the theory of
Intuitionistic random normed space as in [15, 16, 18,
20, 21, 22, 23, 24].

Definition 4.1 A measure distribution function is a
function x : R — [0, 1] which is left continuous,
non-decreasing on R, infi.gr 1(t) = 0 and supieru(t) =
1.

We will denote by D the family of all measure
distribution functions and by H a special element of
D defined by

0 if t<O0
Ht) =4, .
1 if t>0

If X is a nonempty set, then x : X — D is called a
probabilistic measure on X and x(x) is denoted by py.

Definition 4.2. A non-measure distribution function
is a function v: R — [0, 1] which is right continuous,
non-decreasing on R, infi.g v (t) = 0 and supier v (1)
=1.

We will denote by B the family of all non-measure
distribution functions and by G a special element of
B defined by

1 if t<0
G(t) = .
0 if t>0

If X is a nonempty set, then v: X — B is called a
probabilistic non-measure on X and 1{x) is denoted
by .

Lemma 4.3 [25, 26] Consider the set L™ and
operation < . defined by :

L™= {(x.,%,): (x,%,) €[0,1and, x, +x, <1},
(%) < (Vs Y2) S X <Y % 2 Y,

V(%5 %), (Y1, Y2) € L
Then (L,<.) is a complete lattice.
We denote its units by O . = (0,1)and 1. =(1,0) .
In section 1, we presented classical t-norm. Using
the lattice (L*,sf) , these definitions can be
straightforwardly extended.

Definition 4.4 [25] A triangular norm (t-norm) on
L* is a mapping T : (L)? —L satisfying the
following conditions:

(a) (vxe L')(T(x,1-) = x) (boundary condition);

(0) (V(x,¥) € (L) )T (x,¥) =T (y, X))
(commutativity);
©) (V(x,y,2) e (LY )T (X T(y,2)) =T(T(x,Y),2))
(associativity);

(V(xx,y,y") e (L)*)(x <. x'and,

y<. Y =Ty) < T YY)
(monotonicity).

If (L*,SL*,T) is an abelian topological monoid with

(d)

unit lL* then T is said to be a continuous t-norm.

Definition 4.5 [25] A continuous t-norm T on L* is
said to be continuous t-represent able if there exist a
continuous t-norm * and a continuous t-conorm ¢ on
[0, 1] such that, for all
X = (X1, X2), Y = (Y1, Y2) €L, T (X, y) = (X0 * Y1, X20Y2).
For example,
T (a, b) = (a;by, min{a, + by, 1})

and M (a, b) = (min{ay, b1}, max{a,, b,})
are continuous t-representable

for all a = (ay, ay), b = (by, by) el ™.
Now, we define a sequence T " recursively by
T'=Tand
T n(X(l), o X(n+1)) =T (T nfl(X(l)’ o X(n))’ X(n+1))’
vn>2, xel”.

Definition 4.6 A negator on L* is any decreasing
mapping N: L~ — L  satisfying N(1.)=0. and
N(0.)=1..1f N(N(x)) = x for all xeL*, then N is
called an involutive negator. A negator on [0, 1] is a
decreasing function N: [0, 1] — [0, 1] satisfying N(0)
=1 and N(1) = 0. N, denotes the standard negator on
[0, 1] defined by Ns(x) =1 — x, ¥ x<[0, 1].

Definition 4.7 Let x and v be measure and non-
measure distribution functions from X x (0, +0) to
[0, 1] such that gu(t) + w(t) <1 for all xeX and t>0.
The triple (X, P,,, T ) is said to be an intuitionistic
random normed space (briefly IRN-space) if X is a
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vector space, T is continuous t-represent able and
P.»is @ mapping X x (0, +o) —L* satisfying the
following conditions for all x, yeX and t, s>0,

@ P, (x,0=0.

(b) Pu(x, ) = 1 . if and only if x = 0;

(€) Pyfax, t) = P,.(x, t/la] ) for all a #0;
(d) Puo(x+y, t+8) 2. T(Puu(x, )Py, (¥, 9).

In this case, P,, is called an intuitionistic random
norm. Here, P,,.(X, t) = (ux(t), v«(1)).

Example 4.8 Let (X, || - |) be a normed space. Let T
(a, b) = (aiby, min(a; + by, 1))

for all a = (a;, ay), b = (by, by) € L* and let p, v be
measure and non-measure distribution

functions defined by

50 =000 g

for all teR*
Then (X, P, , T) is an IRN-space.

Definition 4.9 (1) A sequence {x,} in an IRN-space
(X, Py, T) is called a Cauchy sequence if, for any
&>0 and t>0, there exists an npeN such that

P (X =X, 1) > (Ny(e),€) for all n, m > n,
where N is the standard negator.

(2) The sequence {x,} is said to be convergent to a

point x € X (denoted by x, L>x ) if
P (=X, 1) — 1|_* as n — oo for every t>0.
(3) An IRN-space (X, P,,,, T) is said to be complete

if every Cauchy sequence in X is
convergent to a point xeX.

Now, we prove the main result of this section as
follows:

Theorem 4.10 Let X be a linear space and (Y, P,,,, T)
be a complete IRN-space. Let f: X—Y be a mapping
with f(0) = 0 for which there exists & ¢ : XxX—>D",
where  &(x, y) is denoted by & (t), & (x, y) is
denoted by J ,(t) and (& y(t), & y(t)) denoted by Q-
¢ (X, y, t) with the property

P (F@x+y)+ f(x+2y)+ f(x)+ f(y)

—4f (x+ )1 2. Q. (X Y1)

(4.1)

If
T2 (Q..(27%,0,2")) =1, (4.2)
m,,.Q..(2"x,2"y,2"t) =1. 4.3)

for every x, yeX and t>0, then there exists a unique
mapping Q: X—Y such that

P (f()—-Q(x),t) > Tk‘jl(Qévc(zk‘lx, 0,t). (4.4)
Proof: - Let 0<a<2 and y = 0 in (4.1), we get,
P (f(2x)-2f(x),t) 2. Q.. (x,0,t)

Pw( 12X _ ¢ x). )>E Q.. (x,0,2t) (4.5)

Therefore, it follows that replacing x with 2, we
have

f(2k+lx) f(2k X) t
Pw( (ki) - ok 12_k ZL* Qg,g(ZkX,O, 2t)

(4.6)

which shows that
f(2'%x) f(2"x)
Pu v o (k+1) a ok

, t] >. Q. (2°x,0,2%t)

4.7
that is
f(2'x) f(2*x) t
PHV( o (k+D) - ok ok Qéé(zkx 0, t)
(4.8)
for all keN and t>0. As 1> ;+2i2+ 213 +o Zi“ with

the single inequality, it follows that

F(2"%) f(2"%) 1
B[ 18- reonfz, m [HER 100, 5

" f2'%) f(2x) t
2._* TkOI(Pp,V( o(k+1) - ok kil

>. Q.. (2*x,0,1)) (4.9
To prove the convergence of the

f(2"x)
2n

sequence{ } replacing x with 2™x in the

above inequality (4.9), we get
b [f(z x) (2 X)’IJ
v 2(n+m) 2m
>. TY, (QHV(Z“rn 'x,0, 2™t)) (4.10)
since the right hand side of the inequality tends to

lL* as m tends to oo, hence the sequence {%}

is a Cauchy sequence since Y is a complete IRN-
space. Therefore, we may define

f(2"x)
2n

QX) = lim,, , forall xin X.

Now, to show that Q is a quadratic mapping,
Replacing x and y with 2"x and 2"y respectively in
(4.2), it follows that

5 ( f@@x+y) , f'(x+2y)  f(2')
v 2n 2n 2n
S@y) 12 (x+y)
2" 2"

2. Q.. (2", 2"y, 2")
taking the limit as n—oo, we find that Q satisfies (4.1)

for all x, yeX. Taking limit as n—oo, inequality (4.9)
implies (4.4).
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To prove the uniqueness of the quadratic mapping Q,

International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 39 Number 4- November2016

let us assume that there exists a quadratic function
Q' which satisfies (4.4). Obviously, we have Q(2"x)

= 2"Q(x) and Q*(2"x) = 2" Q*(x) for all xeX and neN.

Hence, it follows from (4.2) and (4.4) that
P..(Q()-Q'(x).t) 2. P, (Q(2"¥)-Q'(2"x),2"t)

P Q) -Q (0.0 2 T, (R, Q%) — (2", 2),
P (f(2%)-Q'(2"%), 2 1))

P (Q()-Q'(x),1) 2. T(T4(Q. . (2""x,0,2"),

T5(Q. (277%,0,2"))
=T@.1) =1,

for all x in X. Hence the desired result.
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