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Abstract: The homogeneous cubic equation with six unknowns represented by the diophantine equation
axy(X+Yy)—pBzw(z+w) = (o — B)XY (X +Y) is analyzed for its patterns of non-zero distinct integral solutions and
different methods of integral solutions are illustrated.
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Notations:

Tm n -Polygonal number of rank N with size M
an - Pyramidal number of rank N with size M
PR, - Pronic number of rank N

OH,, - Octahedral number of rank N

SOy, -Stella octangular number of rank N

S|, -Star number of rank N

J n ~Jacobsthal number of rank of N

Jny - Jacobsthal-Lucas number of rank N

KY, -keynea number of rank N

CPn,3 - Centered Triangular pyramidal number of rank N
CPn,G - Centered hexagonal pyramidal number of rank N

F4,n,3 - Four Dimensional Figurative number of rank N whose generating polygon is a triangle

F4 n.5 - Four Dimensional Figurative number of rank N whose generating polygon is a pentagon.

. INTRODUCTION

The theory of diophantine equations offers a rich variety of fascinating problems [1-3]. Particularly, in [4-9] cubic equations
with 4 unknowns and in [10-11] cubic equations with 5 unknowns are studied for their integral solutions. This communication
concerns with yet another non-zero cubic equation with six unknowns given by

axy(X+Yy)—pBzw(z+w) = (a — B) XY (X +Y) .Infinitely many non-zero integer triples (X, Y, z) satisfying the above
equation are obtained. Various interesting properties among the values of x, y and z are presented.

Il. METHOD OF ANALYSIS

The diophantine equation representing the cubic equation with six unknowns under consideration is
axy(x+y)—pBzw(z+w)=(a—-B)XY (X +Y) ()
Assuming X =U+ p,y=U—-pP,Z2=U+Q,Z=U—(,X=U+V,X=U-V 2
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in (1), it reduces to the equation,

ap’-pa’ =(a- BV’ ®)
Again using the linear transformation
p=S+pT,q=S+aT 4)
iin (3), it reduces to
S%2 _apT? =\? ®)

The above equation (5) is solved through different approaches and thus, one obtains different sets of solutions to (1)
A. Casel: af3 isnot a square.

1)Approachl:
(5) can be written as
V2 +afT? =82 ©)
The solution of (6) can be written as
S =aﬁa2+b2,T =2ab,v=aﬂa2—b2 )

In view of (7), (4) and (2) the integral solution of (1) are obtained as
X =u+aﬁa2 +b? +2pab
y=u —aﬁaz ~b? —2pab
z =u+aﬁa2 +b? +2qab

w=u—aﬁa2—b2—2aab
2 _2

®)

X =u+apfa

Y=u- aﬁaz +b?
Properties:
1. The following expressions are nasty numbers

@ 3k[x(a,a)+z(a,a) - (af +a + B +1)(4T3 5 + 250, —4CP, )]
(b) k[x(a,b)+y(a,b)+z(a,b) +w(a,a)+ X (a,b)+Y (a,a)]
2.X(a,a)-Y(a,a)+z(a,a) +w(a,a) —(af —1)(Tg 4 +2T3 3 — T4 5) =0(mod 2)

3.X(a(a+1),a)-Y(a(a+1),a) - 2(6afFs 55— 2P5 —2T4,) =0
4.x(a,a)- y(a,a) - 2(1+aB +28)(2PE —50,) =0
5. X (a(a+1),8)~aB(6F4 a5~ CPag—Tsa) —4BP5 —Tsa =K

6. x(a,b).y(a,b) —z(a,a)w(a, a) — (k —w)? + (k= y)> =0
7. 4[x(a,1) - y(a,) +z(a,1) -w(a,1) + X(a,1) - Y (a,1) —6afT4 5 +4(a + B)(2T3 5 — T4 5)] is a cubical integer

8. x(221,22M) + y(2°",2°™ = 2(aBf + o + B +1)(jpn +1) =0

2) Approach2:
Let v=a’ —apBb? C)
Now, rewrite (5) as

S2_aBT? =v?x1 (10)

Also 1 can be written as
L (a+B+2ap)a+p-2ap)
(a-B)°

(11
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Substituting (11) and (9) in (10) and using the method of factorisation, define

(5 + JapT) = @+ B+ 2aB) @+ Japb)”

@p) 4
Equating real and imaginary parts in (11) we get
S=—1[(a+p)@2+apb?)+4apab]
(@-p) -
T=—1 [(a+p)2ab+2(a% +apb?)]
(a-p)

Considering (2), (4), (9) & (13) and performing some algebra, the corresponding solutions of (1) are given by
x=U+(a-pB)(f+Ba1)
y=u-—(a-p)f+B9)
z=u+(a-p)(fr+aq)
w=u—(a-B)(f +ag) 9
X =u+(a— B)*(A —afpB?)

Y =u—(a— p)* (A% —apB?)
where

f, = (a + B)(A2 +aﬁ82)+4aﬁAB}

o1 = 2(A? + afB?) + 2AB(ar + B)
Properties:

1.6k[x(a,a)—(a - B){(a +3B)[Q+apB) +2(Bap + [32)}(2T3,a +30, —2CP, g)] isanasty number
2. 2(a,8)—W(a,a) - 2(ct — B)[(Ba + B)(L+apf) +2(aff + &*)][2P3 —CP, 6] =0
3. 2Ty 4 — X(a,a) +Y(a,a) =0(mod 2)

4. x(a,a) - y(a,8) = 2(a - B)[(a +3B)L+ap) + 2(Raf + f2)][2PS —4CP,  +3(OH,)]
?221?1: also be written as

L (aB+ k? + 2k\JaB)(afB + k% — 2k Jap)
(aB—k%)?

Considering (2), (4), (9) & (16) and performing some algebra, the corresponding solutions of (1) are given by
x=u+(p —k*)(f2+pg)
y=u—(p—k*)(f2+ pg)
z=u+(af -k?)(f, +ag)
w=u—(af—k?)(f, +ag)

X =u+(af—k?)*(A? —apB?)
Y =u—(aff —k%)? (A% —apB?)

(15)

(16)

an
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where

f) = (af +k2)(A2 +aﬁ82)+4aﬁkAB}

(18)
9, = (aff +k?)2AB + 2k (A? + o 3B?)
3) Approach3:
(5) can be writtenas S 2 2= afT 2 (19)
Factorisation of the equation (19) gives
(S+V)(S-V) =(aT)(BT) (20)

Considering (20) as a system of double equations and using the method of cross multiplication, the non-zero integral
solution of (1) are obtained as

x=u+m2a+n2ﬁ+2ﬁmn

y=u—m2a—n2ﬁ—2ﬁmn

z=u+m2a+n2ﬁ+2amn

W=u—m2a—n2ﬁ—2amn

X =u+m2a—n2ﬁ

Y =u-mla+ nzﬁ
Properties:

1.3k[x(a,a) +z(a,a) — (o + B)(Tyg 4 + 6CP, 3 —3CP, )] is a nasty number
2. 4k2[X (a,a)+Y(a,a)+z(aa)—w(a,a) — 23 + B)(Tg 4 +3T4 5 — 2T5 5)] is acubical integer
3. 2(x(a,a) +w(a,a)) = (B-a)(T1p a +9T4 4 —6T5 5) =4k

4. x(a,a)+y(a,a)+w(a,a)— (B —a)(Tg 4 +4CP; 3 —2CP; 5) = 0(mod 3)
4) Approach4:
(20) can be written as a set of double equations in four different ways as below:

Setl: S—v=aTl,S+v=[T
Set2:S—v=T2,S+v=af
Set3:S—V=ﬁT2,S+V=a
Setd: S —v=af,S+v=T?2

Solving each of the above sets, the corresponding values of v,S and T are given by
Setl:V=(f-a)T,S =(a+ )T, T =2T;

Set2:v =0y 8 — 21,2, S =y B+ 2T2, T = 2T,
Set3:V =0y — BT2,S =0y + T2

Set4:v = 2T12 + 2T1 —2061ﬁ1 -0 —ﬁl, S= 2061ﬂ1 +oq +ﬂl + 2T12 + 2T1 +1,T = 2T1 +1
In view of (4) and (2), the corresponding solutions to (1) obtained from each of the above sets are as shown below:
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Setl:

X=Uu+(a+38)Ty

y=u—-(a+38)T

z=Uu+Q@a+ )N

w=u-QBa+p)Ty

X=u+(f-a)Ty

Y=u-(f-a)Ty

Properties:
1.6[X (3).Y (a) — x(a).y(a) + z(a).w(a) + 9% — 7 8% — 23] is a nasty number
2.x(a)-y(@)+z(@)-w(a)+ X(a)-Y(a) —2(3a +5B)[3(OH,) - 2CP, g] =0
3. X(@)+Y(a)—x(a)-y(a)+z(a)-w(a)—2(3a + ﬂ)[2T4,a _T6,a] =0
4.X(@)-Y(@)-4(p —(X)Tg,a =0
5. x(a) - y(a) +z(a) -w(a) —8(a + B)[2CP; 3 - CP, ] =0
Set2:

X=U+oyB+2T% + 20T

y=U—oq—2T% —2pT,

Z=U+oyf+ 2T12 +40qTy

W=U-af -2T% —4oTy

X =u+af— 2T

Y =u —(Xlﬁ-i- 2T12
Properties:
1 4[3(X(a)-Y(a)) +2S4 —6af + 24T3 5 —12T, 4] isa nasty number

2. 2a2ﬁ2[x(a) —y(a)+z(a)-w(a) -2{2Tyg 4 +(4a + 2 +3)(2T3 5 = T4 3)}] isacubical integer
3.4[2aB(Tg 4 +2T3 3 = T4 2) — X(a).Y ()] is a biquadratic integer
4.x(a).y(a,a)+z(a).w(a,a)- 4(ﬁ2 + 4052)T4,a -
4(B +2a)[aB(2T3 5 —Ty o +2CP, 6) +8(6F; o5 —3CP, 6 — 2T4 2)] = 0(mod 2)
5.x(a) - y(a) +z(a) —w(a) — 8Ty 5 —4(B +2a)(2T3 3 — Ty ) = 0(mod 4)
Set3:
x=u+ﬁ1T2 +oq + 28T
y=u-BT2—o —2BT
zZ= u+ﬁ1T2 +oq +204qT
w=u —ﬁlT2 —oq —20qT
X =U+aq - BT?
Y =U—o +BT2
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Properties:

1. 3a[x(a) - y(a) +4B(2CP, g +SOz) — 28Ty 5] is a nasty number
2.2() ~W(a) +4(2T4 4 ~Tg.a) — 2B(2P5 —2CP, ) = 0(mod 2)
3. The following expressions are cubical integers

(@) 4a®[X(a)~Y (@) + B(Tg.a +3T4a —2T5.a)]

(b) {4X (2) +4Y (a)}[4x(a).y(a) + 4z(a)w(a) +{x(a) - y(a)}* +{z(a) - w(a)}*]
Set4:

x=u+ fa(aq, B, Ty) + (2B +1)(2T; +1)
y=u-—fa(eq, B, T1) - (2B +1)(2Ty +1)
z=u+ f3(oq, B, ) + (2o +1)(2Ty +1)
w=u- fa(ay, B, T) — (201 +1)(2Ty +1)
X =u+0g3(ag, f1.T1)

Y =u-gs(y, 1, T1)
Where

f3(a1,ﬁ1, k) = 2a1ﬁ1 +O{1 -‘rﬂl-i- 2T12 +2Tl +1
03 1. K) = 2T + 2T, — 204y oy —

Properties:
1. z(a)-Y(a) -4PR, — (2x +1)(4CPa,6 -250, +1) =1

2. 2[x(a)—y(a) — 4Ty 5 —2(2afB +a +3PB) — (B +1)(A0Ty 5 — 2Ty )] isa cubic integer
3. X(@)-Y(a)-8T3 4 —2(2aB +a+B)=0

B. Case Il: Choose o and S such thataef3 is a perfect square, say, d 2

5) Approach5:

(5) can be written as

$2 =v2 +(dT)? @1)
The solution of (21) can be written as

dT =a?-b?,v=2ab,5 =a% +b? 22)

Considering (22), (4) & (2) and performing some algebra the integral solution of (1) is obtained as
x=u+d?(A% +B?)+ Bd(A% -B?)
y=u—d?(A% +B?)- Bd(A%?-B?)
z=u+d?(A? +B?) +ad(A?-B?)

(23)

w=u-d?(A% +B?)-ad(A?-B?)
X =u+2ABd?
Y =u—2ABd?
Properties:
1. 3k[x(a,a)+z(a,a)—d 2 (2Ty0,q +6T3 4 — 3Ty 4)] isa nasty number
2. X(a,8)-Y(a,a)—-4d*(2P7 ~CP, ) =0
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3. x(2a,a) - y(2a,a) — (10d* + 6 8d)(2P; —CP, ) =0
4.6(z(2a,a) - w(2a,a)) - (10d? + 6ad)(S, + 6(2CP, g — SO5)) =0

Remark:
It is to be noted that (5) can also be written as

$2-(dT)? =v? (24)
(24) can be written as a set of double equations as

S—dT =v2,S+dT =1
Solving the above set, the corresponding values of v,S and T are given by

v=2vwd+1S = 2v12d 24 2vd +1T = —2(v12d +vp)
In view of (4) and (2), the corresponding solutions to (1) are obtained as shown below:
X=U+ 2v12d 24 2vd +1- 2ﬁ(v12d +Vvp)
y=u—(2v%d? +2vd +1-28(v;%d +Vy))
Z=u+ 2v12d 24 2vid +1- 2a(v12d +Vp)
w=u—(2v,%d? + 2vd +1- 20 (v d +vy))
X =u+2vwd+1
Y=u-2vwd-1

6) Approach6:
Rewriting (21) as

$2 _v2 =(dT)? (26)

(26) can be written as a set of double equations in different ways as below:
Setl: S —V=T2,S +v=d?
Set2:S—v=d,S+v=dT?

Set3: S —v=0d2,S+v=T2
Solving each of the above sets, the corresponding values of v, S and T are given by

Setl: v =2(d? —T;?),S = 2(Ty% + d4?), T = 2Ty, d = 2d;
Set2: v=dy(T%-1),S =d;(1+T?),d = 2d;

(25)

set3: v=2(T)2 —ch?)+2(Ty — ), S =2(Ty% +dy2) + 2(Ty +dy) +1,T = 2T, +1,d = 2d; +1

In view of (4) and (2), the corresponding solutions to (1) are obtained as shown below
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Setl:

x=u+ﬂﬁ2+%?+ﬁﬁ)
y=u-2(T° +dy” + fTy)
z=u+20f+df+aﬁ)
w=u-2(T +d;? + BTy)
X =u+2(d? -T;%)

Y =u-2(d? -T;%)
Properties:

1The following expressions are nasty numbers
(@ 6[x(a) - y(a) ~4(T4,a +36T4,a =255 3)]
(b) 3x(a)-y(a)+X(a)-Y(a)- B(3Ty 4 —2Tg 5)]
2. 2d[x(a) - y(a) +Tyg 5 +3(2T3 5 — T4 5)] is a cubical integer

3. 4d 2[Z(a) —W(a) —2Tg 5 —4T3 5 + 2Ty 5 —60aTy 4 +2aTg 5] is a biquadratic integer
Set2:

x=u+qa+T5+ﬁT
y=u-d(1+T?)-pT
z=u+%a+T5+aT
w=u—d 1+T2)—aT
X =u+dy(T2-1)

Y =u—dy(T?-1)
Properties:

1. 2d2(6P2 —CPy g — 4T3 5 +2T4 2) —3d(X (2) ~Y (a)) is anasty number
2. 2(a) —~W(a) — dTg 5 — (2 +d)(2CP, 3~ CP, ¢) = 0(mod 2)

3. x(a) - y(a) = 2d (L+ 2P2 —CP, g) + 28(3(OH,) —2CP3 6)
Set3:

X =U+2(T% +dy?) + 2(Ty +dy) +1+ B(2T, +1)
y=u-2(T% + %) —2(Ty + dy) —1— B(2T +1)
2=U+2(T2 +d?) +2(Ty + dp) +1+ (2T, +1)
w=u-2(T% +d;2) - 2(Ty +dy) ~1— (2T +1)
X =u+2(T2 —dy?) +2(T; - dy)
Y =u-2(Ty" - ;%) - 2(T - &y)

ISSN: 2231-5373 http://www.ijmttjournal.org

Page 223



International Journal of Mathematics Trends and Technology —Volume 4 Issue 10 — Nov 2013

Properties:
1.2d[8T3 4 — X (@) + y(a) —4d] is a cubical integer

2 x(a) - y(a) = 2(8 - )(3T4,a —Tg,a) = 0(mod 2)

3. 2(a) —W(a) - (4d° + 4d + 2a +2) — 4a(2CP, ¢ — SO,) = 4PR,
C) Remarkable observation:
If (X0, Yo, 2o, Wg, Xq,Yp) be any given integral solution of (1), then the general solution pattern is presented in the matrix

form as follows:
Odd ordered solutions:

Xonq) (1 0 -(@=-pB)"3(B+a) 2B(a-p)"

Yon-1 0 (a-p"3(B+a) -2(a-p*"3 Ug
Zn1|_|1 0 -2a(a-p)*" (a+B)(a-p)*"> Vo
Won-1 1 0 2a(a—ﬁ)4”‘3 —(a+ﬁ)(a—ﬁ)4”_3 Po
Xon1| |1 1 0 0 do
Y2n-1 1 -1 0 0

Even ordered solutions:

) (10 (@-p™ 0

Yan | {1 0 (=B 0 Uo
Zon|_|1 0 0 (a-pB)"" Vo
Wan 1 0 0 (a _ﬁ)4n Po
Xl 11 1 0 0 %o
Yan 1 -1 0 0

The values of X, Y, z,w, X and Y in all the above approaches satisfy the following properties:
1. 3(x+y)(z+w+ X +Y)isa nasty number

2. 4(X +Y)[2(X2 + y2 +2° +W2) —(x- y)2 —(z —W)Z] is a cubical integer.
3. 4(xy +2w) + (X - y)? +(z—w)? —2(X +Y)% =0
4. 2x+2X —z—-3w=0(mod 2)

5. X2 —y2 +22-w?+ X2 -y? =0(mod 4)
111 CONCLUSION

Instead of (4), the substitution, p=S — 8T,0=S —aT in (3), reduces it to the same equation (5).
Then different solutions can be obtained, using the same patterns.
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