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Abstract: In this paper we locate regions containing no zero of a polynomial
whose coefficients are restricted to certain conditions.
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1.Introduction and Statement of Results

The problem of locating the regions containing all, some or no zero of a
polynomial is very important in the theory of polynomials. In this
connection lots of papers have been published by researchers. Recently
M.H.Gulzar [2] proved the following results:

n

Theorem A: Let P(z)=) a;z’ be a polynomial of degree n with

j=0
Re(a,) =a,,Im(z) = B;, j=04,.....n such that for some K >LK,>1 o7 <1,
0<r, <1, either
ka,2a, ,>.. 20, 27,0
and kya,,>a,,;>...>2a,>1,a, , if nis odd

or
ka,z2a,,>...2a, 21,0,

and kya,,>a,,>...>2a, 21,0, , if niseven.

Then, if nis odd, the number of zeros of P(z) in || S%(R >0,c>1) does not

M
exceed ilog—l,where
logc ~ [a,

M, = Rn+2[k1(|an| +a,)+k, (|an—1| +o, )+ 2(|Ot1| +|ao|) _T1(|al| +a,) _Tz(|a0| +a,)
+22n:\/3j\] for R>1
=0

and
M, :|ao| + R[k1(|an| +a,)+ k2(|an71| +o, )+ 2|a1| +|ao| +|ﬁo| _T1(|al| +a,) —T2(|Ot0| +a,)
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+2) |81 for R<1.
j=1
If n is even, the number of zeros of P(z) in | S%(R >0,c>1) does not exceed
LIog&, where
loge ~ |ay|

M, = Rn+2[k1(|an| +a,)+k, (|an—1| +o, )+ 2(|a1| + |Ot0|) -7 (|ao| +a,) — 1, (|Ot1| +a;)
+2i\ﬁj\] for R>1
=0

and
M, :|ao| + R[k1(|an| +a,)+k, (|an—1| +o, )+ 2|a1| + |Ot0| + |:Bo| —T1(|Ot0| +a,) — T, (|Ot1| +a,)

+Zi\ﬁj\] for R<1.
j=1

Theorem B: Let P(z) = Zn:ajzi be a polynomial of degree n  such that for

=0
some K =1k, 21 0<7 <1,0<r, <1, either
kija,|>[a,|= ... 2 |ay| 2 7y

and  k,la, | >la,|>.....2[a,|27,]a| if nis odd

or
kija,|>[a, |2 ... 2|a,| > 7, [a,|

and  k,la,,|>[a, 4|28y 27,00y if niseven.

Then, if nis odd, the number of zeros of P(z) in || S%(R >0,c>1) does not

1 M
exceed ——log—>, where

logc ~ [a,|
M, =R™?[(k[a,| + k,|a,[)(cos & +sin @ +1) + 2(ja |+ |a, )
— (r,]a,| + 7,]a, ) (cosa —sin & +1) + 2sin anf‘aj‘]
j=2

for R>1
and
M, =|ao| + RIK,[a, |+ K,|a,; [)(cosa +sin a +1) + 2Ja, | +]a, |

— (r,]a,| + 7,|a, ) (cosa —sin & +1) + 2sin anf‘aj‘]s
=2
for R<1.
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If n is even, the number of zeros of P(z) in || S%(R >0,c>1) does not exceed

—Iogﬂ, where
loge ~ [a,]

M, =R"?[(k,|a,| + k,|a,4|)(cosa +sin a +1) + 2(|a, | +|a,|)

— (7,]ay| + 7,[a, ) (cosa —sin & +1) + 2sin anf‘aj‘]
=2

for R>1
and
M, =|a,| + RI(k;|a,| + k,|a,4))(cosa + sin a +1) + 2(|a, | + [a,|)
— (7,]ay| + 7,]a,|)(cosa —sin & +1) + 2sin anf‘aj‘]
j=2
for R<1.

In this paper, we find regions which contain no zero of the polynomials in
Theorems 1 and 2 and prove the following results:

Theorem 1: Let P(z)= Zn:ajzi be a polynomial of degree n with

j=0
Re(a,) =a,,Im(z) = B;, j=04,.....,n such that for some K >LK,>1 o7 <1,

0<r, <1, either
ka,z2a, ,>...20; 21,0,

and kya,,>a, ,>...2a,>1,a, , if nis odd
or
ka,za,,>..2a, 21,0,
and kya,,>a, ,>....>2a, 21,0, , if niseven.
. . . a .
Then, if nis odd, P(z) has no zero in |z|<!v|—0| , for R>1 and no zero in
5

2| <Lj—°|for R <1, where

6
M, = R”+2[k1(|an| +a,)+ k2(|an71| +o, )+ 2|Ot1| +|ao| _Tl(|a1| +ay)
=7, (o] + @o) +|Bo| + 22" |34 ]
-1

and
M, = R[k1(|an| +a,)+Kk, (|an71| +a,,)+ 2|a1| + |a0| - T1(|Otl| +a,)
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— 7, (ot + ) +|Bo] + 22| 1.
j=1
If nis even, then P(z) has no zero in |z|<Lj—°| , for R>1 and no zero in

7

2| <|Ia—°|for R <1, where

8
M, = R"+2[k1(|an| +a,)+ k2(|an71| +o, )+ 2|0‘1| +|Ot0| _Tl(|ao| +ay)

A CARTAR AR 32N

and
M, = R[k1(|an| +a,)+ k2(|an71| +a,,)+ 2|a1| + |a0| —T1(|Oto| +a,)

o]+ ) + o] + 22y 1.

Combining Theorem 1 and Theorem A, we get the following result:
Corollary 1: Let P(z) = Zn:ajzi be a polynomial of degree n with
=0

Re(a,) =a,,Im(z) = B;, j=04,.....n such that for some K >LK,>1 o7 <1,

0<r, <1, either
ka,z2a, ,>...20; 21,0,

and kya,,>a, ,>...>2a,>1,a, , if nis odd
or
ka,z2a,,>..2a, 21,0,
and kya,,>a,,>....>2a, 21,0, , if niseven.

Then, if nis odd, the number of zeros of P(z) in ||v| d <|z|<— R>1 does not

5

exceed —log "+ and the number of zeros of P(z) in 2] <|7< R R<1 does
logc ~ [a, M, c
not exceed I—Iog | 2| where M,,M,, M., M, are as given in Theorem 1 and
ogc a,
Theorem A.
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If n is even, then the number of zeros of P(z) in ||v| o <l7< R —,R>1 does not
C

7

2 and the number of zeros of P(z) in ||v| d <l7< R R<1 does

exceed Iog
ooe |ao| ;
not exceed | ——log | 4| where M,,M,, M., M, are as given in Theorem 1 and
0gc C
Theorem A.

Theorem 2: Let P(z) = Zn:ajzi be a polynomial of degree n  such that for some

j=0
k=LK, 21 0<z <1,0<7, <1, either
kija,|>[a,|= ... 2 |ay| 2 7y
and  k,la,,|>[a,4|>.....2[a,|27,/a,| ,  ifnisodd

or
kija,| > [a, |2 ... 2|a,| > 7,3,

and  k,la,,|>[a, 4|28y 27,00y if niseven.

. . . a .
Then, if nis odd, P(z) has no zero in |z|<!v|—0| for R>1 and no zero in

9

|z|<m for R <1, where
MlO
My =R™[(k/|a,| + k,|a, 4)(cose +sin a +1)

— (ry|ay| +7,[a,)(cosa —sin a +1) + 2Ja, | + [a,|
+2sin anf:‘aj‘]
=2

and
My, =|G(2)|RI(k[a, |+ k,|a,|)(cosa +sina +1)

—(t|ay| +7,[a,)(cosa —sin a +1) + 2Ja, | + [a,|
+2sin ani‘aj‘].
=2

. . a .
If nis even, then P(z) has no zero in |z|<||v|—0| for R>1 and no zero in

11

|z|<m for R <1, where
M12
My, =R™[(k,[a,|+k,|a,_[)(cosa +sin & +1)
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— (t,|a,| + 7,8, |)(cosa —sin a +1) + 2Ja, | + [a,|
+2sin anf:‘aj‘]
=2

and
My, =RI(k[a,|+k,[a,,[)(cosa +sin a +1)

— (ty|a,| + 7,8, ) (cosa —sin a +1) + 2Ja, | + [a,|

n-2
+2sinay [ajf]
=2

Combining Theorem 2 and Theorem B, we get the following result:
Corollary 2: Let P(z) = Zn:ajzi be a polynomial of degree n  such that for

i=0

some K =LK, 21 o<z <1,0<7, <1, either
kija,|>[a,|= ... 2 |ay| 2 7y

and  k,la,,|>[a,4|>.....2[a,|27,/a,| ,  ifnisodd

or
kija,| > [a, |2 ... 2|a,| > 7,3,

and  k,la,,|>[a, 4|28y 27,00y if niseven.

(R >0,c>1) does

9

Then, if nis odd , the number of zeros of P(z) in ||v| o <lz|<

not exceed I—Iog| X for R>1 and the the number of zeros of P(z) in
ogc a
—Iog 3 for R <1 where

R (R>0,c>1) does not exceed
c loge  [a]

m§|z|§
MlO
M., My,M,, are as given in Theorem 2 and Theorem B.

If nis even, the number of zeros of P(z) in ||V| d <l7< (R >0,c>1) does not

11

for R>1 and the the number of zeros of P(z) in

exceed —Iog
logc |a0|

m§|z|§5(R>0,c>1) does not exceed Iog for R<1where M,

My, c Iogc Iaol

M,,M,, areasgivenin Theorem 2 and Theorem B.
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For different values of the parameters, we get many interesting results from
the above results.

2. Lemma
For the proofs of the above results, we make use of the following lemma:

Lemma : Let P(z) = iajzj be a polynomial o f degree n with complex

j=0
coefficients such that for some real «, 3, ‘arg a - ,B‘ <a g%,o < j<n,and

la;|>[a; ,[0< j<n,then
‘aj —aH‘é(‘aj‘—‘aH‘)COSa+(‘aj‘+‘aj4‘)sina.
The above lemma 3 is due to Govil and Rahman [1].

3. Proofs of Theorems
Proof of Theorem 1: Let n be odd. Consider the polynomial

F(2)=(1-2")P(2)
=(1-2°)@a,z"+a, 2" +....+ 3,2 +8a,)
=—a,2" —a, ;2" +(1-k)a,z" +1-k,)a, ;2"
+(ka, —a, )"+ (K, —a, )" (o, , —a, )"

(o, =0, )2 et (@, —a,)2* + (2 —1,0,)2°
+(ra, —a)2® +(a, —1,04)2° + a2 +i{-B,2"* - B, 2"
+(B, = B, y)2" + et (B, — By)2° + B2} + 2,

=a, + G(z), where

G(2)=-a,2"? —a, 2" +1-k)a, 2" + L-k))a, ;2"
+(ka, —a, )"+ (K, —a, )" (o, , —a, )"
(o, =0, )2 et (@, —a,)2* + (2 —1,0,)2°
+(r,0, — ;)2 + (o, —7,04)2% + (1,00 — ) 2% + a2+ {=B,2"

_:anlszrl +(:Bn _:anz)zn RTIRS +(162 _:60)22 +1612}
For |z| <R, we have by using the hypothesis
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G(2)| <|ery|R™2 + |ty y|R™ + (K =D, [R" + (k, =D|er, o|R"™ + (K, — 2, ,)R™?
+(kya,, —a, )R +(a, , —a, )R +.co.+ (o, —a,)R*
+ (o, — 7,0,)R® + (1—T1)|051|R3 +(a, —rzozo)R2+(1—rz)|ozo|R2
+lay R+ |B,[R™2 +|B,o|R™ + (|B,] +|Baa)R" +....c.
+ (.| +|Bo)R* +|B,|R
< R”+2[|an| + |an71| + (k, —l)|an| + (k, —l)|an71| +ka,-a,, +k,a,,

—O, A, L, =0t +a,—a, +o, —T,04
n
+(1—Tl)|051|+052 -7,0, +(1—72)|a0|+|a1|+|,30|+22‘,8j‘]
=1
:Rn+2[k1(|an|+an)+kz(|an71|+an71)+2|a1|+|ao|_71(|a1|+a1)

ot ) + o]+ 23|81

=M, forR=>1
and for R<1
|G(Z)|£R[k1(|an|+an)+k2(|an71|+an71)+2|a1|+|a0|—rl(|al|+a1)

=7 (| + o) +[Bo| + 20| B, 1.
j=1
=M,
Since G(z) is analytic for |z <R, G(0)=0, it follows by Schwarz Lemma that
for |z <R, [G(z)| <M,z for R>1and |G(z)|<M,|z| for R<1.

Hence , for R>1,
IF(2)|=1a, +G(2)|

>a,|-[G(2)|
2[a,| - M7
>0

if |z|<M.
M5

And for R<1,

IF(2)|=1a, +G(2)|

>a,| - |G(2)|
2[a,| - Ml
>0
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if |z|<M.
MG
2|

M,

, for R>1 and no zero in |z|<mfor

This shows that F(z) has no zero in || < Y
6

R<1.
Since the zeros of P(z) are also the zeros of F(z) , it follows that P(z) has no

zero in |z|<Lj—°| , for R>1 and no zero in |z|<Lj—°|for R <1, thereby proving

5 6

Theorem 1 when n is odd.
The proof for even n is similar and is omitted.

Proof of Theorem 2: : Let n be odd. Consider the polynomial
F(z)=(@-2°)P(z)
=(1-2°)a,z" +a, 2" +...+ 8,2 +a,)
=-a,2"* -a,, 2" +(1-k)a,z" + (L-k,)a,,z"*
+(ka, —a,,)z"+(k,a,,—a )z +(a,,—-a, )"’
+(@,;-a,)2"° +...+(a, —a,)z" + (a; —7,8,)2°
+(r,8, —,)2° +(a, - 7,8,)2% + (1,8, —,)2° +a,Z +a,
=a, + G(z), where
G(z)=-a,2" —a,, 2" +(1-k)a,z" + (L-k,)a,,z"*
+(ka, —a,,)z"+(k,a,,—a )z +(a,,—-a, )"’
+(@,;-a,)2"° +...+(a, —a,)z* +(a, —7,a,)2°
+(r,8, —,)2% +(a, —7,8,)2° + (1,8, —8,)2° +a,Z
For |z| <R, we have by using the hypothesis and Lemma
G(2)| <[a,[R™? +|a, 4|R™ + (k, = Da,|R" + (k, —Dla, ,|R"™" +|a,|R
+{(k,|a,| -|a . cosa + (k,|a, | +]|a,_,[) sin a}R"
+{(k,|a, | —|a,_s) cosa + (k,[a, ;| + |a, s[) sin a}R™™
+{(a,o|—|a,_s cosa + (|a, .|+ |a, 4| sin a}R"?
et {(a,] — 2 cosa + (|3, | +]a,[) sin a}R*
+{(as| - 7,|a,|) cosa + (|as| + 7,[a, ) sin a}R°
+{(a,| - 7,[a,|) cosa + (|a,| + 7, |a,|) sin a3R?
+(1-7,))ay|R* + (1—7,)|a,|R’
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<R"™?[(k,[a,|+k,[a,|)(cosa +sin a +1)
—(ty|ay| +7,[a,)(cosa —sin a +1) + 2Ja, | + [a,|

n-2
+2sinay |a]]
=2

=M, for R>1
and for R<1
G(2)| < RI(k,[a, |+ k,|a, ) (cosa +sina +1)

— (ty|ay| +7,[a,)(cosa —sin a +1) + 2Ja, | + [a,|
+2sin anf:‘aj‘]
j=2
=My, .
Since G(z) is analytic for |z <R, G(0)=0, it follows by Schwarz Lemma that

for |z <R, [G(2)| <M,z for R>1and |G(z)|<Mlz| for R<1.

Hence , for R>1,
IF(2)| =1a, +G(2)|

>[a,| - |G(2)|
2[a,| - M,lz]
>0

if |z|<M.
M9

And for R<1,

IF(2)|=1a, +G(2)|

>a,| - |G(2)|
>|a,| - My,|7]
>0

if |z|<M.
MlO

This shows that F(z) has no zero in |z| <!\?|_0| , for R>1 and no zero in

9

|z|<||\j—°|for R<1.

10
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Since the zeros of P(z) are also the zeros of F(z) , it follows that P(z) has no

zero in |z|<Lj—°| , for R>1 and no zero in |z|<||\j—°|for R <1, thereby proving

9 10

Theorem 2 when n is odd.
The proof for even n is similar and is omitted.
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