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Abstract > The exponential Diophantine equation in four variables given by XX yy ZZ = WW (m, n> 0) is

considered and analyzed for finding its non-zero integer solutions for different choices of m and n. A few numerical illustrations are
1

presented for the values of m and n given by (M, n) = (1,1),(2,2),(2.1),(1,2), (E 1) .Afew relations between solutions and the

special numbers are also presented.
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Notations:
Tm,n -Polygonal number of rank N with size M

an - Pyramidal number of rank N with size M

PR, - Pronic number of rank n

OH,, - Octahedral number of rank N
SO, -stella octangular number of rank N
S|, -Star number of rank N

J , -Jacobsthal number of rank of N
I - Jacobsthal-Lucas number of rank N

KY,, -keynea number of rank N
I. INTRODUCTION

The exponential Diophantine equation a*+bY =c?in positive integers X,y,z has been studied by number of authors [1-
5].In [6-11] the existence and the process of determining some positive integer solutions to a few special cases of an exponential
Diophantine equation are studied. In this paper an interesting form of an exponential Diophantine equation is considered ,that

n m n
is, we present the non-zero distinct integral solutions to the exponential Diophantine equation x* yy 28 =w".

I METHOD OF ANALYSIS

The exponential Diophantine equation with four variables to be solved for its non-zero distinct integral solution is

n m n
Xyt =w" 6
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where m, n are positive and X, y, z and w are unknowns.
Taking

11 11 11
x=alwh y=pMwm z=chwn )

1
In (1) and raising to the power —, it gives
w

a b c
n m n
abc,abec,abec
w=a N mnp nmng nmn 3)
Setting
a
n
b c
1-£_=_=
n
b
m
b ¢ 2
1-£_=_=
n
C
n
a b ¢
1-£_=_=
n m n
And solving for a, b and c, we get
nn
a=— 1+
nl + n2 + n3 -1
mn
b -2 (4)
N +No+nN3 -1
nn
c= 3

N +Ny+nN3 -1
in which nq, N, N3 are natural numbers.

Substituting (4) in (2) and (3), the corresponding solutions of (1) are given by,
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n2 n3

n1+n2+n3 1 n1+n2+n3 -1 m+ny,+n3—1)n
mns nng

M nz-1 n3

y= n1+n2+n3 -1\m n1+n2+n3 -1\ m [(n+ny+n3-1|m ©)

nns

m “2 N3-1

n1+n2+n3 -1)n n1+n2+n3 -1 Mm+ny+n3z-=1) n

nns

n
n1+n2+n3 1 n1+n2+n3 1 n1+n2+n3—1 8
nng

The numbers Nq,No and N3 are chosen in such a way that the solutions (5) are integers. We present below infinitely many

integer solutions to (1) by considering Ny =Ny and ng =1.

A.Choice | Let m=1,n=1.The corresponding non-zero integral solutions to (1) are given by

x=22Mn y=22Mn 7=22" w=22"*p (6)
TABLE: 1

n X Y z w

1 22 |22 22 23

2 2> | 2° 24 26

3 2°3 |23 |28 |23

4 210 210 28 211

Properties:

1.2% +2Z — Kypp, =1
2.(y2 +W)z - yKyzp, —x=0

3. 6[X2 +2Yy —W] is a nasty number.
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B Choice:Il Take m=2,n=2,n = a2 ,the non-zero integral solutions to (1) are obtained as

Xza,yza,2=1,W=a2

Properties:

1LXy=W

2. W+ kxy -8tz i —8Pk5 =1(modk)

Table: 2
o | X y z W
2 2 1 4
3 3 1 9
4 4 1 16
) ) 1 25

3.k?xy —w—96Pty +144P2 —48t3 =0

C Choice 1l Take m=2,n=1m =(2a +1)2 ,the non-zero distinct integral solutions to (1) are given by,

2 2 2 2
X:2(2a+1) (2a+1)2’y:220£ +2a+1(2a+1)1222(2a+1) ,W:2(2a+1) +1(2(X+1)2

Table: 3
o X y z W
1 2% | 2%3 29 2109
2 22525 | 2135 | 2% | 2?65
3 249 | 2257 | 249 | 29049
4 28181 | 249 | 281 28281

Properties:

1.w=2X
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2.27[x + W] is a nasty number.
2
3.x+z+w-22eD g '~ omod2)

D Choice IV Choosing m=1n=2,n = 4k2 ,the non-zero distinct integral solutions to (1) are given by,

‘o 22k2+1k, y= 24k2+1k2,z _ 92k? W= 8k?+2) 2
Table: 4
k X y z W
1 53 05 92 26
2 210 | 519 28 920
3 2193 | 93752 | 18 238g
4 235 | 969 232 570

Properties:
1.2y=x2
2.X =2kz

3. X2 + Y — W is a nasty number.

4K2
4.y+w—-2" (S -1)=0
. . 1 2 o . .
E Choice V Choosing m = E, n=2,m = o the non-zero distinct integral solutions to (1) are given by,

x=2a2a,y=2“a2_ba4,z=2a2AN=22a2a2
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Table: 5
o X y z W
3 293 | 2323% | 2° 2189
Properties:
1.16y = x* =w?
2.When o = 22k,
X .
Z - -1
. (Jk -1
3.16y = x2zw
4.Each of the following expressions is a nasty number.
)96y
96
X~z
111 CONCLUSION

One may search for the integral solutions of the exponential Diophantine equation under consideration for other choices of
Ny,No and N3 and search for corresponding properties.
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