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ABSTRACT
Let G = (V, E) be a simple Graph. A set S ¢ V(G) is a vertex-edge dominating set (or simplyve-dominating set) if for
all edges e € E(G), there exist a vertex v e S such that v dominates e. In this paper, we study the concept of vertex-edge

domination polynomial of the path P,. The vertex-edge domination polynomial of P,, is Dye(Py, X) = z

V(G)| _
dve(Pn, 1)X', where

{3

dve(Pn, 1) is the number of vertex edge dominating sets of P,, with cardinality i. We obtain some properties of D.¢(P,, X) and its
co-efficients. Also, we calculate the recursive formula to derive the vertex-edge domination polynomials of paths.
Keywords: Path, vertex-edge dominating sets, vertex-edge domination polynomial, vertex-edge domination number.

1. Introduction

Let G = (V, E) be a simple graph of order |V| = n. For any
vertex v e V, the open neighbourhood of v is the set N(v) =
{u € V| uv e E} and the closed neighbourhood of v is the set N[v]
= N(v) U {v}. For aset S ¢ V, the open neighbourhood of S is
N(S) = Uycs N(v) and the closed neighbourhood of S is N[S] =
N(S) U S. A set S c V is a dominating set of G, if N[S] =V,
or equivalently, every vertex in V\S is adjacent to atleast one
vertex in S. The domination number of a graph, denoted by
v(G), is the minimum cardinality of the dominating sets in G.
A set of vertices in a Graph G is said to be a vertex-edge
dominating set, if for all edges e € E(G) there exists a vertex v
€ S such that v dominates e. Otherwise for a graph
G = (V, E), a vertex u € V(G) ve-dominates an edge vw e
E(G) if (i) u=voru=w (uisincident to vw) or (ii) uvor uw
is an edge in G (u is incident to an edge is adjacent to vw).

The minimum cardinality of a ve-dominating set of G is
called the vertex-edge domination number of G, and is
denoted by y.(G). A path is a connected graph in which two
vertices have degree 1 and the remaining vertices have degree
2 let P,, be the path with n vertices.

In the next section we construct the families of the vertex-
edge dominating sets of paths by recursive method.
In section 3, we use the results obtained in section 2 to study
the vertex-edge domination polynominal of paths.

We use the notation [ x |, for the smallest integer greater
than or equal to x; also we denote the set {1, 2, .. ., n} by [n],
throughout this paper.

2. Vertex-edge dominating sets of paths

Let Dye(Py, i) be the family of vertex-edge dominating
sets of P, with cardinality i.

4
Dye (Pj, i) = (]), if and only ifi> j or

n-1
Lemma: 2.1y (Pn) = | — |[,n>1

Lemma: 2.2

T

Proof:
As Pj contains j vertices, any member of D (Pj, i)
contains atmost j vertices.
Therefore, Dye (Pj, ) = ¢ for i > j.
. { j—11 N o
Also, since T is minimum cardinality of a

vertex-edge dominating set, there is no vertex-edge

j—1
dominating set of cardinality less than {JT—I

j—1
Therefore, Dy (P, ) = ¢ fori < IVJT —I

Lemma: 2.3

If a Graph G contains a simple path of length 5k — 1, then
every vertex-edge dominating set of G must contain
atleast k vertices of the path.
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Proof:

G contains a path with 5k vertices. A single vertex of
Psk covers 5 vertices in case of vertex-edge dominating
set.

Therefore, a minimum of k vertices covers the entire
5k vertices in Psy. As Pgy is a part of G, any vertex-edge
dominating sets contain atleast k vertices.

Lemma: 2.4

If Y € Dye (Py. 5, i- 1), and there exists x € [n] such that
Y U {X} e Dye (Pn, i), thenY e Dye (Pn 4y i—l)-
Proof:

Suppose Y & Dye (Pn-s, i-1)-

Since Y € Dy (Pn_5, i—1), Y contains atleast one vertex
labeledn—7orn-60or n-5ifn-5¢ Y, thenY e Dy, (P,
_4,i-1) acontradiction. Hence, n -6 € Y. Ifn-6 € Y,
then Y € Dy (Pn 4, i—1) a contradiction. Hence n -7 € Y,
n-5orn-6¢ Y, Now we take n—-7 € Y. To prove
Y € Dye (Pn -4, i-1) suppose, Y & Dy, (Py_4, i-1) since
Y & Dye (Pn_4,i-1) thereforen-7 e .

If we take any element x in [n], then it will cover
atmost 5 vertices. Hence Y u {x} will be inDy, (Pm , i)
form<n-1and Y u{x} ¢ Dy (Pn, i) a contradiction.
.. our assumption is wrong

Y eDwe(Proa,izon)

Lemma: 2.5
(l) If Dve (Pn—11 i—l) = Dve (Pn—41 i—l) = ¢1 then

Dve (Pn—21 i—l) = Dve (Pn—31 i—l) = ¢
(ll) If Dye (Pn _ 1, i—l) ES ¢ and Dye (Pn _ 4, i—l) ES ¢, then

Dve (Pn-2,i-1) #¢ and Dy (Pn—-3,i-1) # ¢.

(”I) If Dve (Pn -1 i—l) = Dve (Pn -2 i—l) = Dve (Pn -3 i—l) =

Dye (Pn — 4, i—l) = ¢7 then Dye (Pn B i) = ¢
Proof:

(i) Since, Dye (Ph_1,i-1) = ¢,bylemma22,i-1>n-1

. n-2
ori—-1< | ——|.
4

Also since, Dye (P - 4, i - 1) = ¢, by lemma 2.2,

. . n->5
i-1>n-4 o0ri-1< {——‘
4

n->5 n-4
Ifi-1< — | ,theni-1<| —— |.
4 4

If i—=1>n-1,theni-1>n-3inthis case,

n->5
Dye (Ph_3,i-1) =¢.Suppose i-1< ’7——|
4

Ifi—-1>n-1, theni—1>n-2. In this case,
Dwe (Ph-2,i-1)= ¢
(ii) Dve (Pn-1,i-0)# ¢,Dvwe(Pn_s,i-2) # 0

n-2 )
—|{<i-1<n-1 and

4

n->5 .

— | £1-1<n-4

4
. . . n->
i-1<n-4=i-1<n-3. i-1> | —
4
) n—4 |
=>i1-12
4

.. Dye (Pn,g,i,l)i (]).i—lﬁ n-4=i-1<n-2

[n-5s . n-3
2 | — | =>i-12 | —
4 4

Dve (Pn -2 i—l) * ¢
(iii) Suppose that Dye (P, i) # ¢, Let Y € Dy (Pn, i)

i-1

Then, atleast one vertex labelednorn-1or n-2isin
Y. If n € Y, then atleast one vertex labeledn -3 or n-4
orn-5isin Y. ThenY —{n} € Dye (Ph_-3,i-1), a

contradiction. If n — 1 € Y, then atleast one vertex labeled
n-4orn-5o0orn-6isinY.

Y —{n -1} € Dy (P, _4 i.1), a contradiction.
Similarly if n — 2 €Y, then atleast one vertex labeled

n — 5 o n - 6 or n — 7 is in Y. hence
Y-{n-2} e Dy (Py_4 i-1) acontradiction.
ifn-5eY,thenY-{n-2} e Dye(Ph_-4i-1)a
contradiction.

ifn-6¢eY,thenY —-{n-2}y e Dje(Ph_si-1)a

contradiction.

if n—7 e Y, then by making some proper rearrangements

(like Y-{n-7,n-2} U {n-6}) we obtain an element

in Dye (Pn_4, i-1) acontradiction.

Lemma: 2.6
If Dve (Pn,i)# ¢, then

(i) Dve(Pn-1 1) = Die(Pno2,ic1) =Dwe (Pros vic1)
=¢and Dye (Pn_4,i1 )= ¢ifand onlyifn =4k +5 and
i=k+1, forsomek e N.

(”) Dve (Pn—z 1i—l) = Dve (Pn—31 Fl) = Dve (Pn—4 ’ Fl)
=¢and Dy (Ph_1,i1) = ¢ifandonlyifi=n.

(iii) Dye (Pn-1 ,i-1) = ¢, Dye (Pa-2,i-1) # 0,
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Dve (Pn-3,ic1)#¢and Dy (Ph_4, 1) # ¢ifand n-1 n-4
whenn=4k+5, | — |=k+1= | —
4 4

4k +3
onlyif, n=4k+3andi= fork e N
Therefore, k + 1 < i < k + 2. Therefore i = k +1. For
(iv) Dye (Pa-1 . i-1) # ¢, Dye(Paoz,io1) # &, 0 ¢4k+5[”‘11 {"‘41 ‘1
Dwe (Pn-3 ,i1)# ¢and Dye (Ph-4s, 1) = ¢ifand 4 4
onlyif i= n-2. Therefore (1) does not occur. Therefore, only possibility

isn=4k +5andi=k +1.
Conversely, Assumen=4k +5,andi=k+1, ke N

(V) Dve (Pn-1,io1) 26, Dee (Pao2, 1) # ¢,
Dve(Pn,g ,i,l)i(])and D\,e(Pn,4,i,1)¢¢,ifand

) sk n-35 n-2 ) n-2
; ; _ i-1-= = < — i=-1< | —.
only if, T +1<i<n-3. 4 4 2
. Dwe (Ph-1,i1) = ¢
(Vi)Dve (Pn-1,ic1) #¢, Dve (Pho2,i1) # 0, st ;
Dve(Pn—S1i—l):¢andDve(Pn—41i—1):¢,ifand also, i—-1= n-> < n- i-1< n-3
only if, i= n—1. 4 4 4
Proof: nos N4
(I) (:>) Dve(Pn—Zyi—l) = ¢ Li=-1= — <
Since, Dye (Pn-1 1) = Due (Pr-2,i-1) _ 4 4
= Dve (Pn-3 ,i-1)=¢, bylemma 2.2, Dee (Pn-s. 1) = ¢
r T n->5
n-2 i i—-1= ——— :
s i—lori—lsn-1 Also, sincei -1 ol Dve (Pn-a,ic1) # ¢
4 .
~ (ii) Dve(Pn-2,i-1) = Dve(Pn-3,ic1)
n-3 - _ - 4.
_1 >  i-lori-1>n-2 Dve (Pnos,i-1) = ¢ .. bylemma, 2.2
4 . . n-s]
_ i-1>n-2 or i-1< | —|ifi-1
n-4] . 4
> i—-1lori-1>n-3
4 n-s _ n-2
< | —— |, then i-1< | —
. n-4 . 4 4
Thus, i-1 < | ——|oOri-1>n-1.
4 oDy (Pa_1,i-1) = ¢, acontradiction
Ifi—-1 >n-1,theni>n i=-1>n-2:.i > n-1.Also, since,
Dye (Pn,i) = ¢, acontradiction. Dve Ph_1,ic1)# ¢
. n-4 s i-1<n-1-. i<n.:. n-1<i and i < n.
therefore, i—-1 < | —— | . . .
4 n-1<i <n.. i=n
n_4 Conversly, If i=n, then by lemma 2.2.
i< {_4 —I + 1. Since, Dve (Pn-2,i1) = Dve (Pn-2,n-1) =&, Dve (Pn_3, i)
X = Dve(Pn—31n—l)=¢
n_
Dve (Pn,i) # ¢,i2> ’7——| Dye (Pn-4,i1) = Dve (Pnoasn-1) = ¢, Dye (Pno1,i1)
4 = Dve(Pn—11n—l)¢¢
n-1 n—-4 i . =
— l<iandi< | —— | +1 (Tiii7) Since Dye (Pn-1,i-1)=¢ , bylemma2.2
4 4 n-2
i-1>n-1 or i-1< | —
4
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if i-1 >n-1 then i-1>n-2 and by n—4

lemma 2.2, Dye (Pn_2 ii1) = ¢, a contradiction Therefore , Dye (Pn-2,i-1) # ¢0 | ——
4

- n_2 -

So,i< | —— | +1Since, Dy (Ph-2,i-1)# ¢ 4K+3—4 4k —1
4 = — = — | <£k=i-1
_ P_ﬂ P 31 _ 4 4
i-12 _ Ll — <01
4 4 . n-4
i-1> ’7——|.Therefore, Dy (Phn_3,ii1) # 60
4

n-3 . . n-2
y +1<i and i < e +1 {n_s"l_{m(ﬂ—s-l B {4k—2—|
Pﬂ "n—z—l 4 4 )
+1 <il< +1  ----- (1) n—s
4 4 <k=i-1,.i-1> {—]

Similarly , 4
_n—4 T Therefore, Dye (Pn-4,i-1) # oL
— [ +1 i< | — | +1
4 4 (iv) Since Dye (Pn-4,i-1) = ¢, by lemma 2.2.
________ n-5
_ ) _ _ i-1>n-4o0ri-1< | —
n-5 . . n-2 . 3 4
— | +1 < — | +1 —oeeee
4 H< 4 () Since, Dye (Pn-3,i-1) # ¢, by lemma 2.2.
= n-4 |
(1), (2) and (3) hold good when n = 4k + 3 and < i-1<n-3
. 4k +3 4
izk+1= . -
4 n-4
Therefore , —— | +1<ig&n-=-2
When n = 4k + 3, we obtain that 4

+ lor

<n-2

n-— 3 n->5
Therefore, i—1 < | —— | is not possible.
4

" “i=1>n-4. . i > n-=3. Therefore,i > n-2. Buti

o
=
—
>
S
N
1
+
[N
1

Therefore, i = n — 2. Conversly, if i = n - 2, then by

"n_S_l +1 = ’7 —I lemma 2.2,
4 Dve (Pn-1,i1) = Dwe(Pi1,n-2-1)
which are not possible.by (1), (2) and (3) Therefore, = Dw(Phoi,n-3 ) # ¢
the only possibility is n = 4k + 3 and i = k +1. Dve (Pa_2,51) = Dye(Pa_2,n.2.1)
Conversly, assume thatn =4k +3andi = k + 1.
= Dwe(Pro2,n-3) # ln
{H—Z—l - ’74k+3_2—| - ’74k+1—‘ Dve(Pn—SM—l) = Dve(Pn—31n—2-l)
4 4 4 = Dwe(Prosin-3) # ln
. . n-2 Dve (Pn—41i—l) = Dve(Pn—41n—2-l)
> k = i-1. Therefore, i-1< Y = Dw(Prs,ns) =0
TherefOI’e, Dve (Pn—l, i—l) - ¢D (V)Wehave1 DVE(Pnflaifl)¢¢7 DVE(Pn721i71)¢¢7
n_3 AK+3-3 . Dve (Pn-3,i-1) # ¢and Dye (Pn-a,i-1) # 0.
[ = - | =k=1i-1
4 4
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n-2
Since, Dye (Pn_1,i-1) # ¢. ’7——| <i-1<n-1
4

n-2
Therefore , {_—I + 1<i €N ccemmmmeeee- (i)
4
Similarly, we have
n-3
— | #1< i <n=-1 e (i)
4
n-4
+1<i<n -2 e (iii)
4
n-5
{——I +1<i <n -3 e (iv)
4

combining (i), (ii), (iii) and (iv), we have,

n-2

S +1<i <n-3

4

’7 —I +1<i<n-3

4
n-— 5
From this, we obtain, <

Conversly, Assume

i-1 < n -4,

(n—4] .
— | €i-1 <£n -3,

4
fo3]
— i< i-1<n-2

4
fho]
— |<1-1 <n -1

4

Hence ,

Dve (Pn-1,i-1) # ¢ Dvwe(Pa-2,i-1)# ¢,
Dve (Pn_3,i-1) # ¢,and Dye (Ph_s,i-1) # O
(vi)

Dy (Pn_1,i-1) # ¢, then by lemma 2.2

n-2
i-l1<n-landi-1 > | — | -—---—-- 1)
4
Dve (Pn-2.,i-1) # ¢, then by lemma 2.2
n-3
i-1<n-2and i-12 ’7——| ------- (2)
4

Dve (Pn-3,i-1) = ¢, then by lemma 2.2
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n-4
i-1>n-3o0ri-1 < |—| - 3)
4
Dve (Ph-4,i-1) = ¢, then by lemma 2.2
n-35
i-1>n-4or i-1< ’7——| ....... 4
4

from (1),

n-2 n-2
— | <i-1<n-1if i-1=| —
4 4

Dve(Pn - 31i-1)=Dye(Pn_s, ’7—

- n_2 - - -
i-1#| —— | ~1=-1<n-1.1<n.1=n,

—I) # ¢, contradiction.

ifi=n, Dy (Pao1,i-1) =Dwe(Pn-1,n-1) = ¢,
Dve(Pn-2,i-1) =Dy (Pn-2,n-1) = ¢ a contradiction.

i # n,
ifi=n-1,
D (Pi-1,i-1) = Dwe(Pno1,n-2) # ¢, De (Pao2,i-1)
= Dw(Pr-2,n2) # ¢
Dve (Pn-3,i-1) = Dwe(Pr-z,n-2) = ¢,Dve(Pn-s,i-1)
= Dve(Pn—41n—2) = ¢
ifi=n-2,
Dve(Pi-1,i-1) = Dwe(Proi,n-3) # ¢.Dwe(Pro2,i-1)
= Dw(Ph-2,n-3) # ¢
Dve (Pn-ssi-1) = Dvw(Pa-z.n-3) = ¢,
a contradiction . i n-2,n-3,.....
“i=n-1 ... (i)
From (3),
ifi-1>n-3,i>n-2.i2>n-1,
“i=n-=-1,nn+1,...,i # nn+1,
“i=n-1 ()]
from (2),
i-1<n-2, i £n-1,i=n-1,n-2,...,
“i=n-1 (i) ifi = n=-1,
~ (4= n-1> n-4istrue. Conversly, ifi=n-1
Dve (Pn-1,i-1) = Dwe(Pho1,n-2) # 0,

Dve (Pri-2,i-1) = Dy (Pa-2,n-2) # 0,

Dve (Pn-3,i-1) = Dwe(Pa-z,n-2) = ¢,

Dve (Pi-s,i-1) = Dwe(Piosyn-2) = ¢
Hence the result.
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Theorem 2.7

4
(I) If Dve(Pn—lyi—l) :Dve(Pn—ZM—l)

=Dy (Pn-3,i-1) =¢ and Dye (Ph_4a,i-1) # ¢,
then, Dye (Pn.i) ={{3,7,11,...,n-6,n-2}}

(i) If Dye(Pn-2,i-1) =Dvwe (Pr_3,i-1)
=Dy (Pn-a,i-1) =¢, and Dye (Pn_1,i-1) #¢,
then Dye (Py, i) ={[n]}

@iii) If Dye Ph-1,i-1) =0, Dye(Ph_2,i 1) # 0
Dve (Pn-3,i-1) # ¢ and Dye (Pn-4,i-1) # ¢, then
De Pn.i) ={{3,7,11,... ,n-4n}}u{{n-2}
UX|[X €Dy (Pr-a,i-1)}
U{{n-1}uX|XeDw(Pn-z,i-1)}

U{{n} U X|[X €Dy (Pn-2,i-1)}

(iv) If Dve (Pn-a,i-1) =¢,Dve(Pn-3,i-1) #¢,

Dve (Pan-2,i-1) # ¢ and Dyve (Pn-1,i-1) # ¢, then
Dve (Pn,i) ={[n]-{x y}Ix ye[n]}

(V) If Dye(Pr-1,i-1) # ¢,Dwe(Pa-2,i-1) #0,

Dve (Pa-3,i-1) # ¢ and Dye (Pn_4,i-1) # ¢, then
Dve (Pn,i) ={{n} v Xy, {n-1} U X;,{n-2}
U Xz | Xy € Dye (Pho1,i-1),

Xy € Dye (Pn-2,i-1), Xz € Dye(Pn-3,i-1)}
U{{n-2}UX| X eDye(Pn-4,i-1)\Dve (Pn-3,i-1)}
U{{n-1}UXI|X eDw(Pr-3,i-1)\Dve (Pn-2,i-1)}
U{{n}u X|X € Die(Pn-3,i-1) " Dye(Pr-2,i-1)}

(vi) If Dye(Ph_1,i-1) # &, Dwe(Ph_2,i—1) # 0,

Dve (Pn-3i-1) = ¢, Dvwe(Pn-4,i-1) = ¢ and then
Dve (Pn,i) ={[n]-{x}| xe[n]}

Proof:

(i) If Dye(Pn-1,i-1) =Dve (Pn_2,i-1)
=Dve(Pr-3i-1) = ¢, and Dy (Pa_4,i-1) # ¢,

n-1
Foreveryn > 5and i > {——‘

then by lemma 2.6 (i), n=4k +5,i =k + 1 for
somek e N s 4k=n-5
n_ p—
= — iz k+1= +1
n-5+4 n-1
4 4

n
Dve(Pn ,i) = Dve (Pn, T)

Clearly, {3, 7,11, ...,4k-5,4k-1,4k+3 }is a
vertex-edge dominating set with
4k+3+1 4k +4 n-1
= = k+1=i= —— elements
4 4
n-1

Also, no other set of cardinality —— is a vertex-edge
4

dominating set.

n
Therefore, Dye (Py i) = Dy (P, — )
4

={{3,7,11,...,4k-5,4k-1,4k+3}}
={{3,7,11,...,n-6,n-2}}

n
Dve (Pn ,i) = Dve (Pn, T)

={{3,7,11,...,n-10,n-6,n-2 }}
(”) We have, Dve (Pn—21 i—l) = Dve (Pn—s ’ i—l)

=Dve (Pn-si-1) = ¢, and Dwe (Pn-1,i-1) #¢,
by lemma 2.6 (ii) wehavei=n.So, Dy (Pn.i) =

Dve (Pn! n):{{l- 21 3!""!”}}:{[n]}
(iii) We have Dye (Py_ 1, i-1) = ¢, Dwe (Pn_2,i-1) # &,

Dwe (Pn-3 i-1) # ¢ and Dye (Ph_4a,i-1) =
by lemma2.6 (iii), n = 4k + 3 and

4k + 3
i:’7 —I:k+1forsomekeN.
4

Since X ={3,7,11,...,4k-1} € Dy (P,

K),

k+1
X U {4k +3} € Dye (Pa+3, k+1)
If X € Dye (Pak , «), then X U {4k + 2} €
Dve (Pak+3, k+1)
If X € Dye (Pak—-1 , ), then
XU {4k + 1} € Dye (Psk+3, k+1)
If X € Dye (Pak+3, ), then X U {4k} € Dye (Pax+3, k+1)
. we have, {{3,7,11,...,4k-1,4k + 3}}
U{Xu{dk+2}| X e Dye (Pak, K)}
U{Xuw{4k+1}|X e D (Pax-1. K}
U{ XU {4k} |X € Dye (Paks3 , K)}
€ Dye (Pak 44, k+ 1)
ie, {{3, 7,11, .. .,n-6,n-2}}pu{Xu{n-2}
| X € Dye (Pnoz,i-1)} W{Xu{n-1}]
X €Dy (Progi-0)} {XU{n}| X eDy(P,i-1)}
S Dwe (Pn i)

Now, let Y &€ Dye (Psk+3 , K+ 1). Then, 4 k+ 3 or 4k +2
or4k+lisinY.
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If 4k + 3 € Y, then by lemma 2.3 atleast one vertex
labeled 4k + 2 or 4k + 1 or 4k or 4k -1 isin Y.

If 4k+2ordk+1or4dkisinY, then
Y — {4k + 3}e Dy (P4 +2 , k), a contradiction.
Since Dye (Pac+2 , k) = ¢. Hence, 4k—1 € Y and 4k ¢ Y and
dk+1¢ Y,4k+2¢ Y.
Therefore, in this case Y =
X € Die (Pak+1 , k).
ieY={3,711,...,4k-1, 4k + 3}
Now, Suppose that 4k + 2 € Y (and 4k + 3 ¢ Y) then by
lemma 2.3 atleast one vertex labeled 4k + 1 or 4k or
dk—1ordk—-2isinY. If4dk+1 €Y,
then Y — {4k + 2} € Dve (Pax+ 1, K) = {{3, 7, 11, . . .,
4k - 1}}. {4k + 1} € Dye (Ps + 1, K). Therefore
contradiction. Since 4k + 1 ¢ X for any X € Dye (P + 1, K).
Therefore, 4k , 4k — 1, or 4k — 2 isin Y, but 4k + 1} ¢ Y.
Thus Y = X U {4k + 2} for some X € Dye (Ps, K). Now,
suppose that 4k + 1 € Y. And 4k +2 ¢ Y, 4 k+3 ¢ Y.
by lemma 2.3, atleast one vertex labeled 4k, 4k — 1, 4k — 2, or
4k -3isin Y. Ifdk € Y, then Y — {4k + 1} € D\e (Px , k), @
contradiction since 4k ¢ X.
s 4k—1ordk—-2or4k-3isinY but4k ¢ Y, Then
Y =X uU{4k +1} € Dy (Pax-1 , K).
- Dye (Pass  k+1)c{{3,7,11, ..., 4k -1, 4k + 3}}
U{XU{4k+1}| X € Dye (Pax-1 , K} U
{ XU {4k + 2} | X € Dye (P4, kK)}
U{XuU{4k+3}|X e Dy (Pa+1, K}
S De(Pn)c{{3,7,11,...,n-4,n}}
U{Xu{n-2}|XeDy (P-4, ,i-1)}
U{Xu{n-1}|X e Dy (P,_3,i-1)}

X v {4k +3} for some

U{Xu{n}|XeDy(Pr_z,i-1)}---- 2)
.. from 1(a) and (2)
o Dve (Pn,i) ={{3,7,11, ..., n-4,n}}

U{Xu{n-2}|X e Dy (Pr-q,i-1)}
U{Xu{n-1}|X € Dy (Ph_3 ,i-1)}
U{Xu{n}|XeDg(Pr.o,i-1)}

Dve (Pn-a,i=1)=¢, Due(Pa-3i-1)=¢
Dye (Ph_2,i=1)= dand Dye (Ph_1, i —1) = ¢.
By lemma 2.6 (iv),i=n-2
. Dye (Pn,i) =Dye (P, n=2)

(iv)

If we have n vertices, we remove two vertices that
will cover all the vertices.

2. Due (Pn,1) = Dye (Pn, n=2) ={[n] = {x, y} | x, y € [n]}-
(V) DiePho1,i-12) #& Dwe(Pn-2,i-1) #¢
Dy (Ph-3,i-1) #¢, andDye (Ph_4,i-1) #¢.

Let X; € Dwe (Pn-1 ,i-1), so atleast one vertex
labeled n—1orn—-2orn-3isin Xj.
Ifn-1lorn-2e X; orn-3 e X; then,

Xy u{n}e Dy (P i). Let X, € Dye (Ph_2 ,i-1), then
atleast one vertex labeled n—=2orn-3orn-4isin X,.
Ifn-2orn-3o0rn-4e X, then
Xou{n-1%}e Dy (Pyi).
Let X3 € Dye (Pn_3, i-1), then atleast one vertex labeled
n-3orn-4orn-5isin Xg. Ifn-3o0or n-4or
n-5e Xzthen Xgu {n-2%} € Dy (P, i) -
Let X4 € Dy (Pn_4, i-1), then atleast one vertex labeled
n—-4orn-5orn-6isin X4 If n-4 e X, then
Xgu{x}eDy(P, ) forx e{n,n-1} ifn-5 e X,
then XU {x} € Dye (P, ) for x e {n,n-1,n-21%} if
n—-6 e X4, then

Xsu{n-2} €Dy (P .
Therefore, we have,{{n } U Xy, {n -1} U X,,

{N-2}U X3 X;€Dye(Pr-1,i=-1),

Xy, € Dye(Ph_2,i—=1), X3 € Dye(Pr_3,i-1)}

U{{n-2}uUX|XeDy(Pi_4,i-1)\

Dye (Ph_3,i=-1D}u{{n-1}uX|XeDy,(Py_.3,i-1)

\Dye(Ph_2,i-1)}
U{{n}uX|XeDy(Py_3,i-1)
M Dwe(Pno2,i=1)} < Dye (Pn,i)

LetY € Dye(Pn.i),thenneY,n-1eYorn-2e Y. If
n e Y then, by lemma 2.3, atleast one vertex labeled
n-1,n-2,n-3orn-4isinY.lfn-1eYorn-2eYor
n-3 e YthenY=Xu{n}for some X € Dy (P,_1,i—1).
fn-4e¥Y,n-3¢Y,n-2¢Y,n-1¢Y, then
Y =X u {n} for some
X e Dye(Ph_3,i=1)N Dy (Ph_s,i—1).

Now, suppose that n — 1 € Y and n ¢ Y, then by
lemma 2.3 atleast one vertex labeled n -2, n-3, n-4or
n-5isinY.

Ifn-2eY,n-3eY,n-4eYthenY=Xu{n-1} for
some X € Dy(Pn-2,i=1). fn-5e€VY,n-4¢Y,
n-3¢gYthenY = X u{n-2} for some
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X € Du(Py_ 4, i-1)\ Dye(Py_s. i-1).

SO, Dve(Pni)c{{n}u X, {n-1} U Xy {n-2} U Xz
Xi € Dye(Ph-1,i=-1), X, € Dye(Ph_2,i-1),
X3 €Dy (Phos,i-1)u {{n-2}
UX|XeDwe(Pnos,i=1)\ De(Pn-3,i-1)}{{n-1}
UX| X € Dye(Py_s.i-1)\Dy(Py_p,i-1)}u

- From (i) and (ii) Dye (Py i) ={{n } U Xy,
-1} UuX;,, {In-2}UX;3|X; € Dye(Py_1,i-1),
Xz € Dye(Pn_2,i—=1), X3 € Dye(Pn-3,i—-1)
U {{n-2}UX|X € Dy(Pn-4,i=1)\ Dy(Pr_3,i—1)}
U{{n-1}uUX|XeDy(Py_3,i—10\Dy(Ph_2,i-1)}
U {{n}uUX|XeDy(Pr_3,i—=1)N Dy(Pr_2,i-1)}
(Vi) Dye(Pn-1,i=1)#¢,Dye(Pr-2,i-1) =9,
Dve (Pn-3,i=1)=¢, Dwe(Pn-4,i-1)=9¢,

by lemma 2.6 (vi), i=n - 1.
Therefore, Dye (Pn i) = Dywe(Pn,n=1)={[n] - {x} | x € [n]}
Example:2.8

Consider Pg with V(Pg) = [9] . we use theorem 2.7 to
construct Dy, (P ;) fori=2,3,8,9

Solution:

Due (Ps, 2)

Dve (Ps1) = ¢, (P7,1) = ¢, Dye (Ps,1) = ¢ and,

Dve (Ps,1) # ¢, Dve (P5,1) ={3},

. by theorem 2.7, Dye (P9, 2) = {{3, 7}}Dve (P, 3)

Dwe(Ps.2) = {{3,6}, {2 6}, {3, 7}}

Dw(Pr2) = {{1.5},{2 5}, {2 6}, {35} {3,6}. {3, 7}}

Dw(Ps,2) = {{1.4} {1 5}, {2 4} {2 5}, {2, 6}, {3, 4},
{3.5}, {3, 6}}

Dwe(Ps2) = {{1.3} {1, 4}, {1, 5}, {2, 3}, {2, 4},

{2,5}, {8, 4}, {3, 5}}
Due(Ps,2) \ Dwe(Ps,2) = {{1, 3}, {2, 3}}
Due(Ps,2) \ Due(P7,2) = {{1, 4}, {2, 4}, {3, 4}}
Due(Ps, 2) M Due(P7,2) = {{1.5}, {2, 5}, {2, 6}, {3, 5},
{3, 6}}

.. by theorem 2.7,

Dye(Po,3) = {{9} w Xy, {8} U Xy, {7} U X4

X1 € Dve(Ps, 2), X, € Dve(P7, 2),

X3 S Dve(Pe, 2) } ) {{7} u X | X e Dve(P5, 2) \ Dve(Pe, 2) }

U {{8} U X | X & Dy(Ps, 2) \ Dwe(P7, 2)}u {{9} U X |
X e Dve(PG, 2) M Dve(P7, 2)}

Dve (PQ, 3) = {{31 61 9}1 {21 61 9}! {3! 71 9}1 {11 51 8}1
{2, 5,8} {2, 6,8} {3,5,8} {3, 6,8} {37 8} {14 7}
{1,5, 7}, {2,4,7},{2,5 7}, {2,6, 7}, {3,4, 7}, {3,5 7}
{3,6, 7}, {1, 3, 7}, {2, 3, 7}{1, 4, 8}, {2, 4, 8}, {3, 4, 8},
{1,5, 9}, {2, 5, 9}, {3, 5, 9}}

Dve (PQ, 8)

Dw (P, 7) ={{1, 2,3,4,5,6, 7} {1, 2, 3, 4, 5, 6, 8},
{1,2,3,4,6,7,8}{1,2,3,5¢6,7,8} {1, 24,5, 6, 7, 8},
{1,3,4,5,6,7,8},{2,3,4,5,6,7,8}{1,23,4,5,7,8}}.
Dve (P7, 7) = {{11 21 31 41 51 61 7}}

Dve (P, 7) = ¢, Dyes' = ¢.

Thus Dye(Pn-1,i-1)# ¢, Dye(Pn-2,i-1)# 0,
Duwe(Pn-3,i-1) = ¢ and Dye(Pn-s i-1) = ¢.

.. by part (iv) of theorem 2.7,

Dve(Pn i) ={[n] -{¢ | x e [n]}

Dwe(Ps s) ={{1,2,3,4,56,7 9} {1, 23,4,5,6, 8,9},
{1,2,3,4,6,7,8,9}{1,23,5,6,7,8,9},{1,24,5,6, 7,
8,9} {1,3,4,56,7,8,9},{2,3,4,5,6,7,8,9}, {1,2,3,4,5,6,
7,8 }1{1,23,4,57,8,9}}

Dve(PQ s 9)

Dw(Ps s) ={{1,2, 3,4,5,6,7, 8}}

Dye(P7,8) = ¢, Dye(Ps,8) = ¢, Dye(Ps5) =0,

o Dwe(Pr-1,i-1) # ¢, Dw(Pn-2,i-1) = ¢, Dw(Pn-3,i-1) = ¢and
Dve(Pn-4,i-1) = ¢.

then by part (ii) of theorem 2.7, Dy(P, . i) = {[n]}, -
Dve (PQ, 9) = {{11 21 31 41 51 6! 7! 81 9}} = {[9]}

Table I: dye(Py, j), The number of vertex- edge dominating
sets of Pn with cardinality j.
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n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1

2 2 1

3 3 3 1

4 2 6 4 1

5 1 8 10 |5 1

6 0 8 18 15 6 1

7 0 6 25 | 33 21 7 1

8 0 3 28 |57 |54 28 8 1

9 0 1 25 |81 110 | 82 36 9 1

10 0 0 18 | 96 186 | 191 118 45 10 1

11 0 0 10 | 96 267 | 371 308 163 55 11 1

12 0 0 4 81 | 330 | 617 672 470 218 66 12 1

13 0 0 1 57 | 354 | 893 1261 | 1134 | 687 284 78 13 1

14 0 0 0 33 | 330 | 1137 | 2072 |2359 | 1812 | 970 362 91 14 1

15 0 0 0 15 267 | 1281 | 3018 | 4313 | 4126 | 2772 | 1331 | 453 |105 |15 1
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3. Vertex-Edge Domination Polynomial of a path

V()|
Let Dy (Pn X) = >
io 1

4

dve(Pn, i) X' be the

vertex-edge domination polynomial of a path P,,.
Theorem:3.1

1. If Dy(P,i) is the family of the vertex-edge
dominating sets of P, with cardinality i, where

_ {n—ll _ _
12 - -|Dve(Pn1|)|=|Dve(Pn—1,|—l)|
4

+|Dve(Pn—Zai_1)|+|Dve(Pn—31i_l)|
+ | Dve(Pn—4 ’ i— 1)|
2. For everyn >5, Dy (Pn, X) =
+ Dye (Ph-2,X) + Dye (Ph_3, X)
with initial values
Dye (P1, X) = X, Dye (P2, X) = X2 + 2X,Dye (Ps, X)
= X%+ 3x% + 3X, Dye (P4, X) = x* + 4x3 + 6x% + 2x

X[ Dve (Ph-1,X)
+Dve (Pn,4,X)]

Proof:
1. From Theorem 2.7, we consider the cases given below,

. n-1
wherei>| —— | andn>5
4

(i) I Dye(Pho1,i=1)=Dy(Py_>,i-1)
=Dy (Pi_3,i—-1)=dand Dye(Ph_4,i-1)=0,
then Dye(Pn, ) ={{3,7,11,...,n-6,n-2}}

(i) If Die(Pho2,i=1)=Dye(Pn_3,i-1)
=Dy (Pr_a,i-1)=¢and Dy (Ph_1,i—1)= ¢ then
Dee (Pn, 1) = {[n]}

(iii) If Dye(Ph_1,i-1)=¢, Dpe(Ph_o,i-1)=4¢,
De P, - 3 , i -1 ) # ¢ and
Dy (Pn_4, i—1)=¢, then Dy (Pn, i) = {{3, 7,
11,...,n-4,n}}
U{{n-2uX|XeDyePns,i-1)}u{{n-1}
UX|X €Dy (Ph-3,i-1)}
U{{n}uX|XeDy,Py_2,i-1)}

(iv) Dy (Ph_s,i—-1)=0,

Dye(Pn-3,i—=1)# ¢, Dye(Pn-2,i—-1)=¢ and
Dye (Pn-1,i—=1) # ¢ then
Dye (Pn, 1) = {[nN] -{x. y}Ix, y € [n]}
(V) If Dye(Ph_1,i=1)#¢,Dye(Pr_2,i—-1)=4¢,

Dye (Ph-3 i-1)=¢and Dye (Pn_g,i—-1)=4¢,
then Dye(Pn, 1) = {{n} U X, {n -1} U X,,

(Vi)

2.

{n-2}uX
X1 €Dye(Pho1,i=1), Xy € Dye(Ph_2 i-1),
X3 €Dye(Progi-1),u{{n-2uX|Xe
Dye (Pn_4,i=1)\Dye(Ph_3,i-1)}
Uf{{n-1}uX| X € Dy (Py_3,i=1)\
Dve(Pn—21i_1)}
U{{n}uX|X eDy(Py_3,i-1)
N Dy (Ph_2,i=-1)}
If Dye(Pno1,i—1)#¢,Dye(Pno2,i=1)# ¢, Dy
(Phn_z,i—-1)=¢and Dy (Ph_4,i—-1)=4¢, then
Dye (Pn, i) = {[n] -{x} | x € [n]} from the above
construction, in each case we obtain that, Dy (P, i) |
=|De Pn-1,i=1)]+[DePn-2,i-1)]
+ |Dve(Pn—31i_1)|+ |Dve(Pn—4ai_1)|
By definition,

n )
Dye (Pn, X) = > dve (Pn, i) X'
i
4
n )
> dve (Pai) X'~ ! by using part (i)
n-1
==

(dye(Pqq »1-1) +dye(Py_p,i1-1) P4
X
1 + dyg (Py_g: i—1) + dyg(Ph_g. i-1)

i{T‘l

n .
=X > dve(l:)n—l,i—l)xPl
. {n-lw
i= —
n i-1
+ Z dve(Pn—Z,i—l)X
i -1
1%
n i-1
+ Z dve(Pn—S,i—l)X
i -1
_{4
n ) i—1
+ X dye Ph_4 .1 -1)x
n

= X[Dywe(Pn-1,X) + Dy (Pao2,X) + Dye(Pa_3, %)
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+ Dve(Pn—4,X)]

1 )
The initial values are Dy (P1, X ) = X dye (P1 3) X'
n-1
I= T
= X dve(P1. ) X' = dye (P1,0) X°+ dye (P1, 1) X
i=0,1
=0.1+1x =X
2 , 2 ,
Dye (P2, X) = > dve (P2, ) X' = X dve (P2,9) X
[ 2!
4
dve (P2,1) X'+ dye (P2, 2) X?
= 2x+1x* = X*+2x
3 , 3 ,
D (P3, X) = > dve (P3, ) X = X dwe (Ps,i) X
[ 2!
4
= dye (Ps,1) X + dye (P3,2) X*+ dye (P, 5) X°
=3x +3x2+ 1.3 =x3+3x% +3x
4 i 4 i
Die (P4, x) = z e (P, i) X' = X dve (Pai) X
i— 41 =1
4
= dye (Pg, 1) X' + dye (P4, 2) X2
+ dye (P4, 3) X*+ due (Pa, 4) X*
= 2x 462 +4x3+13=x"+4 %8
+6x% + 2x
Theorem:3.2

The following properties hold for the co-efficients of
Dye (Pn, X ) :
(i) dve (Pn,n)=1
(ii) dye (P, n—=1)= nforn>?2

(iii) due (P = 2) = "("2_1) ,

n>3

(iv) dve (Pn,n-3) = {2}—2, n>3

(v) dye (Pak+1. k) =1
(vi) dve (Psx  K) = k+1

n
(i) IfS,= ¥

s

197
Sh=S,_1+S,_2+S,_3+S,_4 with initial values
3121,32:3,53:7,54:13.

dye(Py, j) forn >5, then

(Viii)  dve (Pans2.n)=0, neN

0 0
(IX) Y due (Pn , i) =43 de (Pn , i-l)
n=1 n=1

Proof:
(i) Proof is obvious.
(ii) We prove this by induction on n.
Obviously the result is true for n = 2.
Now, suppose that the result is true for all numbers
less than n. Now, we prove it for n. We have,
dve Pnn=1)= dee(Ph-1,n=2)+dye (Ph_2 n-2)+
dve (Phoa n=2)+dye (Ph_s n=2)
=(n-1)+1+0+0=n (byinduction hypothesis,
and part (i)).
. The result is true for all n, Hence by principle of
induction, The result is true for all n > 2.
(iii) We prove this by induction on n.
Obviously, the result is true for n = 3.
Now, suppose that the result is true for all numbers less
than n.Now, we prove it for n. We have
dwe (Pn n=2)=dye (Py_1 n-=-3) + dye(Ph_2 n=-3) +
dve (Pn-3 . n=3) +dve (Pn-sa n-3)

= W +n-2+1+0 (by induction
hypothesis and part (i) & part (ii)).
- 00 s -1y {n—z +1}
2 2
n(n-1)
2

Therefore, the result is true for n. Hence by principle of
induction, the result is true for all n > 3.

(iv)  We prove this by induction on n. Obviously, the
result is true for n = 4. Now, suppose that the result is true
for all numbers less than n.Now, we prove it for n.

we have dve (Pn ,n-3) = dve (Pno1,n-4) *dve (Pho2 ,n-4)
+ dve (Pn—s ,n—4) + dve (Pn—4 ,n—4)

(n-1)(n-2)(n-3) (n-2)(n-3)
= I P —

6 2
induction hypothesis and part (i),(ii), (iii)

(n-H(n-2)(n-3)  (n-2)(n-3)
= + +
6 2

+ n-3+1by

n-4
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Hence, by principle of induction, the result is true for all
n>4,neN
(v) We prove this by induction on k.
Obviously,the result is true for k = 1. now, suppose
that the result is true for all numbers less than k.
Now, we prove it for k.We have,
Ove (Pak+1,6) = Ove (Pax k-1) + dve (Pak—1,k-1)
+dve (Pak-2,k-1) * dve (Pak-3 k-1)
=0+0+0+1=1
Therefore, the result is true for k. Hence, by principle
of induction, the result is true for all k.
(vi) We prove this by induction on k
Obviously, the result is true for k = 1.
Now, suppose that the result is true for all numbers less
than k. Now, we prove it for k. We have,
dve (Pak , &) = dve (Pak-1,k-1) *+ dve Pa-2,k-1) +
Ove (Pak-3,k-1) * dve (Pak—4 k-1)= 0+0+1+k=k+1
Therefore, the result is true for k. Hence, by Principle
of induction,

The result is true for all k, k € N.

(vii) We have
n
Sn = > dve (Pn,j)
[
=z
n
= Zl (dve (Pn-1,j-1) +dve (Pn-2,j-1)

+dve (Pnos,jo1) ¥ dve (Pno4,j-1))

n n
= )y dve (Pr-1,j-1) + )y Ave(Pn-2,j-1)
[ [
J{ 4 H 3
n n
t o5 dve (Pn-3,j-1) + )y Ave(Pn-4,j-1)
-1 | n-1
o
n-1 n-2
= > e (Pn—l,j) + > dve(Pn—Z,j)
o[ n1 i1y
% H7 |
n-3 n-4
+ Z dve(Pn—S,j)+ Z dve (Pn74,j)
n n-1

. -1 .
J{T — J_T -1
=Sh-1+Sh_2+Si_3+Sha, 5

(viii)
We prove this by induction on n.
Obviously, the result is true for n = 1.
Now, suppose that the result is true for all numbers less
than n.Now, we prove it for n.We have,
dve (P4n+2 ,n) = dye (P4n+1,n—l) +dye (P4n ,n—l)
+ dve (P4n—1,n—1) + dve (P4n—2,n—1)

= 0+0+0+0
= 0
Therefore, the result is true for n
Hence, by Principle of induction, the result is true for all
n,neN.

(by induction hypothesis)

(IX) Z dve (Pn, i) = Z
n=5

(dve (Pn—l,i—l)

+dve (Pn-2,i-1) +dve (Pn-3,i-1) +dve (Pn-4,i-1))

= dve(Pa,i-1) +due(Ps ica)+de(Pg,ice)+....+
Ove (P3 i-1) +duwe(Ps i-1)+dye(Ps o) +.....

+ e (P2,i-1) +dve (Ps,i-1) +dve (Ps,i-1)

+dve (Ps,i—1)+. ... +dve(P1,i-1) +dve (P2, i-1)

+ e (Ps i-1) +dve(Ps i-1) +dve(Ps ic1) +.....

= dve (Py,i) +dve (P2,i) +dwe (Ps,i) +dve(Ps,i)

+0ye (P1,i-1) +2dve (P2, - 1) + 3dve (P3,i-1)

+4( Z dve(l:)n,i —1))
n=4

Adde (Pr,ic1)+4de (P i) +4de(Psiz1)
+4de(Ps i-1)+4dwe(Psi-1)
+.... ([Odwe(Po,i-1)=0)

0
4 Z dve(Pn,i—l)
n=1

o0}

0
Z dve (Pn,i): 4 Z
n=1

dve (Pn,i—l)

Theorem: 3.3

n-1
For everyn e N, and {——‘ <i <n, | Dy (Pn i)l
4

is the co-efficient of u"v' in the Expansion of the function.

6u4v2+4u4v3+u4v4+6u5v2+4u5v3+u5v4+5u6v2
+ 4u6v3 + u6v4 +3u7v2+ 3u7v3+u7v4

1—uv—u2v—u3v—u4v

f(u, v) =
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Proof:

o0 o0 .

Z Z | Dve (Pn o ) | UnVI by
n=4 i=1

recursive formula for | Dy, (P, i) | in theorem 3.1 we can
write f(u, v) in the following form.

Set f(u, v) =

e 0] [e 0]
f(U1V): Z Z (|Dve(Pn—l,i—l)|+|Dve(Pn—Z,i—l)|+
n=4 i=1
| Dve (Pn-3.i-1) |+ | Dve(Pa-a,i—1)|) UV

o0 e8] L i1
=uv| X _Z |DV9(Pn—1,i71)|Un_VI_)
n=4 i=1l

2, L X 2.,
+UV] T Y | Due(Paozio1)u"WV)
n=4 i=1l

8 - 3 3,,i-1
tuv DI |Dve(Pn—3,i71)|Un'V")
n=4 i=1

4 0 0 i ia
+uv( > _Z | Dve (Po_si-1) ] u”'v")
n=4 i=1
= V(| Dy (Ps.0) lu"+| Due (P3,1) | U™V +| Due (Ps.2)
e8]
2 Dewe(Pi-1,i-1)]

=1
u"" v ) + uPv (| Dye (P2o) | U? + | Die (P2, 1) | UPV

o0
V2 + | Dy (Ps 3) | UV + _25
1=

+ | D\,e (Pz 2) | UZV2 + | D\,e (P3 o) | U3 + | D\,e (P3 1)|
UV + | Dye (P3,2) | UV

o0 e8] .
+| Dye (P3,3) | UV + '26 'Zl | Dye (Pn_z.io1) | U"" "1
1= 1=

+ U’V (| Due (P1,0) | U +|Dye Py, 1) | UV
+ | Dye (P2,0) | U2 + | Dye (P2, 1) | UV + | Dye (P2, 2) | UAV?

+ | Dye (P3.0) | U+ | Dye (P3,1) | UV + | Dye (P3,2) | U3V2 +

o0 [e 0] .
| Due (P33) | U3V + 27 'Zl | Due (Pn_z,i1) |u" 3!
n= 1=

+U'v (| Dye (Po,0) | +|Dye (P10) | U+ |Dye (Py1) | UV +]|
Dve (P2,0) | U* + | Dye (P2,1) | UV + | Dye (P2, 2) | UV

+ | Dye (P3,0) | U3+ | Dye (P3, 1) | UV + | Dye (P3,2) | UPV? + |

o0 e8] .
Die (P3.3) | UV + X Y | Dwe(Paoai-1 Yu" At
n=8 i=1

Dve (Pn i ) is the family of vertex-edge dominating set
with cardinality i of P, .

.| Dwe (Pno)|=0,neN and|Dy (Poo)|=0

Dye (P i ) is the family of vertex-edge dominating set
with cardinality 1 of P, ... | Dye (P1 1) | =1

From table I,

| Dve (P2,1) | =2, Dye (P2,2) | =1, Dve (P5,1) | =3,
| Dve (P3,2) [ =3, Die (P33) [ =1

| Dve (P2,1) | =2, Dye (P4,2) | =6, | Dye (Ps,3) | = 4,
| Dve (P24) | =1

0 o0
= uv@UWivH3BV + UtV + Y Y
n=4 i=1

|Dve (Pn ,i) | unvi)
+ u’v (2uiv + UV + 3uPv +3udV + udVP

L 2 n,,i
+Z Z |Dve(Pn,i)|UV)
n=4 i=
+ udv (uv + 2uv + udV? + 3uiv + 3udVi + U
o0

0
+ 2
n=4 i=1

| Dve (Pn,i ) | unvi)
+ u'v (uv + 2uv + udV? + 3uiv + 3udVi + U3

0 0 .
+ X X |Dve(Pn,i)| u"V)(|Dwe(Pao)| =0

n=4 i=1
f(u, v) = uv (Budv + 3u®V? + UPV® + f(u, V)
+ v (2uv + UV + 3ulv+ 3 UV + U+ f(u, v))
+udv (uv + 2u?v + uBVv2 + 3uiv + 3 U2 + UAE
+f(u, v))+ u'v (uv + 20%v + UV + 3Uv + 3 U3V + UV +
f(u, v)) = 3u’Vv? + 3u’V® + u*v* + uv f(u, v) + 2u'V?
+ UtV + 302 + 3uPVE + UV + Uy, f(u, v) + UtV
+2 uPV2 + uPVe + 3ubV + 3ubvd + usvt + WiV f(u, v)+ utV?
+2 U2 + u83 + 3u'Vv2 + 3u’VE + UV + Uy f(u, v)

6u4v2 +4u4v3+u4v4 +6u5v2+4u5v3+u5v4

+5u6v2 +4u6v3 + u6v4 + 3u7v2+3u7v3+u7v4

1—uv—u2v—u3v—u4v

f(u, v) =
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