International Journal of Mathematics Trends and Technology —Volume 4 Issue 11 — December 2013

Fourier transform and Plancherel Theorem for Nilpotent Lie
Group

Kahar El-Hussein
Department of Mathematics, Faculty of Science,
Al-Furat University, Deir-El-Zore, Syria
Department of Mathematics, Faculty of Arts and Science,
Al Quryyat , Kingdom of Saudi Arabia

Abstract
As will known the connected and simply connected nilpotent Lie group N has an important
role in quantum mechanics. In this paper we show how the Fourier transform on the
n—dimensional vector Lie group R" can be generalized to N in order to obtain the
Plancherel theorem. In addition we define the Fourier transform for the subgroup
NA = Ao N of the real semi-simple Lie group SL(n,R) to get also the Plancherel formula

for NA
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1 Notations and Results.

1.1. The fine structure of the nilpotent Lie groups will help us to do the Fourier transform on a
nilpotent Lie groups N. As well known any group connected and simply connected N has the
following form

1K K 0ot
0 1 x x5 X7 X X
0 0 1 x X7 xt x]
0 0 0 1 X772 oxhX]
N =

: X'ooox X,
0 0 0 O 1 X7 X,
00 0 0 0o 1 X
0O 0 0 O 0 0 1

As shown, the matrix (1) is formed by the subgroup R, R?,..,R" and R"
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X X X X/
X5 X3 X;
X X]
0 X X;
R=|  |R’= R™ = R" =
n-1 n
. . X X,
0 0 X7 X1
0 0 1 X,
1 0] | 0| | 0 | | 1]

Each R' is a subgroup of N of dimension i , 1<i<n, put d =n+(n—1)+....+2+1, which is
the dimension of N . According to [6,7], the group N is isomorphic onto the following group

((((R" ocpn)R”"l) ocpn_l)R”"2 oy e ) <, R?) o, R

That means
: -1 -2 3 2
Ni(((R" o<, JR™)oc, JR™P o, ..)oc, RPec, R’)ec, R
1.2. Denote by L'(N) the Banach algebra that consists of all complex valued functions on the

group N, which are integrable with respect to the Haar measure of N and multiplication is defined
by convolution on N as follows:

g+ f(X)=[f(Y*X)g(¥)dY

for any f e '(N) and g eL*(N), where X =(X*, X?, X3., X" X" X"), X'=x,

2 2 2 3 3 3 3 n-2 _ n-2 n-2 n-2 n-2 n-2
X =(X %), X7 = (X, %5, %3) X = (X7 X 5 X T X, T X s ),

n-1 _ n-1 n-1 n-1 n-1 n- n-1 n — n n n n n n n —_ 1 2
X = (XX 0 Xy Xy e X oa X 1)y X = (X X9, X5, Xg e X o X gy X0 ) Y = (Y, Y,

Yo, YPRYT YY), Y=yl YR (Y, YR e

LA A A S N A2 Al (AR S T e e o)
Y =y Yy e Ay e Yy ), and dY =dY'dYldy®..dY"ldY " dY " s the
Haar measure on N and * denotes the convolution product on N. We denote by L*(N) its Hilbert

space
Let M =R"xR"*xR" 2 x....xR*xR?xR =R be the Lie group, which is the direct product

of R",R"* R"?,....,R*,R? and R . Denote by L'(M) the Banach algebra consists of all complex

valued functions on the group M , which are integrable with respect to the Lebesgue measure on M
and multiplication is defined by convolutionon M as:

g* F(X)=[F(X=Y)g(Y)dY
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forany f e L'(M), g el (M), where *
M. In this paper, we use the methods in [3,4,6,7] to show the powerful of the Fourier transform on

signifies the convolution product on the abelian group

R which can be generalized on N in order to obtain the Plancherel theorem.
2 Fourier Transform and Plancherel Formula for N.

Definition 2.1. For 1<i<n, let 3' be the classical Fourier transform on R', we can define the
Fourier transformon N as
If (1) = j f (X)e XN dx )
N

for any f e '(N), where X = (X1, X2, X3, X2 XXM,
dX =dX*dX2dX3..dX"2dX " *dX" and A=(A", A%, A%,..,A"% A" A"), where F is the
commutative Fourier transform on R*

Plancherel formula (Theorem 2.1). For every function f e L*(N), we have

j|3f (W) dA = j|f(><)|2dx ©)
R N

where dA is the lebesgue measure on R*
Proof: For each 1< j<n, let 3 be the Fourier transform on R’. If we denote

T/ =3"3M3MS 250, R =R xR™ xR xR/, XD = XXX LX,
dX " =dX "dX "X "X, AT = AL A2, and dA) = dAdAT AT 2..dAT, then

we get 3= T, R =R}, X =X, dX =dX, A=4], dA=dA]. Now if we refer to [6,3],
then we get

[ st (ag. ) s = [ [|f(x3,xH)[ dx jax ©)

nR nR
Ry Ry

P2 (AL, A2, /11)| dAbdA%dAl = Hj|f(x3,x X )| dXdX 2dX*® (10)

2R
R3R

Jnli

By indiction we get

[ [ T Jfleocmxmxee oxe x2, xhf

RﬂRn_an_z R3R2R

dX "dX "1dX "2, dX *dX 2dX

= [l Oxm X X2 X3, X2 X dX "dX X 2 dX X 2
N

=[ [ ][]

RMRM™IRMN-2 R3RZR

dAdA A2, d 22 d A% 2

= [[arsmiamt S (A 202 A A
Rd

dA"dA" M dAM .. d A d A d A (11)

R s 1~n 2 “3“2’lf(ﬂn An—l - 2 13 iz Al)|
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Hence the proof of our theorem.2.1.
3 Plancherel Formula for the Solvable Lie Group AN

3.1. Let G =SL(n,R) be the real semi-simple Lie group and let G =KAN be the lwasawa
decomposition of G, where K = SO(n,R),

0 1 = *
N = * |,
00 01
and
a 0 0 0
0 a, 0
A=
0 O 0 a

where &,.a,...a, =1 and a, e R,
The product AN is a closed subgroup of G and is isomorphic (algebraically and topologically) to
the semi-direct product of A and N with N normal in AN. Then the group AN is nothing but
the group S = N oc , A, where p: A— Aut(N) the group homomorphism from A into Aut(N)
of all automorphisms of N , which is defined by

p(a)(m) =ama

So the product of two elements X andY by

(x,a)(m,b) = (x.p(a)m,ab) = (ama™,ab)
forany X =(x, a)eS and Y =(m, b)eS. Let dnda be the right haar measure on S and let
L*(S) be the Hilbert space of the group S. Let L'(S) be the Banach algebra that consists of all

complex valued functions on the group S, which are integrable with respect to the Haar measure of
S and multiplication is defined by convolution on S as

gxf= If ((m,b)™*(n,a))g(m,b)dmdb

Where

m=(m;,m,,...m._,m.),b=(b,b,,..Db, b))
and
dmdb = dm,dm,....dm,_,dm, dbdb,db,....db,_,)

In the following we prove the Plancherel theorem for NA. Therefore let T = N x A be the
Lie group which is the direct product of the two Lie groups N and A, and let H = N x Ax A be
the Lie group, with multiplication
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(n,t,r)(m,s,q) = (np(r)m,ts, rq)
for all (n,t,r)e H and (m,s,q)e H. In this case the group S can be identified with the closed

subgroup N x {0}x, A of H and T with the subgroup N x Ax{0fof H
Definition 3.1. For every functon f defined on S, one can define a function on L as follows:
f(n,a,b) = f (p(a)n, ab)

for all (n,a,b) e H. So every function y(n,a) on S extends uniquely as an invariant function
w (n, b, a) on L.
Remark 3.1. The function f is invariant in the following sense:

f(p(s)n,as ™, sh) = f(n,a,b)
forany (n,a,b)e H and se A
Lemma 3.1. For every function f e L'(S) and for every g € L'(S), we have

g * f~(n,a, b) =g, f~(n,a, b)

for every (n,a,b) € H, where * signifies the convolution product on S with respect the variables

(n,b) and =_signifies the commutative convolution product on B with respect the variables (n, a).
Proof: In fact we have

g* f(nahb)= jF((m,c)-l(n,a, b))g(m,s)dmdc

= [flioe ) m™).c)(n,a,b)Jg(m, s)dmde
= J'F[p(c‘l)(m‘ln),a,c‘lb]g(m,c)dmdc

= J'F[m‘ln,c‘la,b]g(m,c)dmdc =g=*, f(nahb)
S

Definition 3.2. If f e L(S), one can define its Fourier transform 3f by :
3 (£,4) = [t (n,a)e"“”a™ dnda
S

for any &=(&,&,,...E)eR,N= (X, %X )ER, A=A, Ay, )R and
a=(a,a,...,a,,4,), &R’ ,1<i<n, aa,..a,,a, =1, where
da=9% 92 08,
al aZ a'n—l
a’= a[”iaz_mz...a;j”‘l . Denote by S(S) the Schwartz space of the group S =N oc | A, itis
clear that if f € S(S), then 3f € S(S) and the mapping f — 3f s topological

(& X) = EX +E XKy +o+EX, dn = dx,dx,...dx,, and

isomorphism of the topological vector space S(S) onto S(R™"™).
Definition 3.3. If f e L'(S), we define the Fourier transform of its invariant f as follows
I(F)EA0= [ f(nab)e'“a b "dndadbdu

HxR" L

where 1= (uy, ty,...., i, ,) €R"and b= (b,b,,..,b ) eR""
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Theorem 3.1. For every g e L'(S), and f e L'(S), we have
[ (g* )& A mdu = [ S(F)E A wF(Q)E Adu = 3(F)(E L0F(9)(E, 2) (25)

Rn—l Rn—l

Proof: By equation (21) we get immediately
[ 3@+ D& A wdu= [ H(gx F)E A mdu=3(F)E 10)3(a)E 2) (26)

Rn—l Rn—l

Plancherel's theorem 3.2. Forany f € L'(S)n L?(S), we have
j| f (n,a)|"dnda = j |3 (&, 4))" d&da 27)

S RMxRNL

Proof: First, let f be the function defined by

f(nab)= f((p(@)n ab)) (28)
then first we have

f (10,000 = [Fa) "1, 1,01,0]f (na)dnda
[flio@hm*a™)(,.1,.1,]f (raydnda

flio@ )N 11,87 ]f (n,a)dnda

(%]

[flo@hm™).1,.a7]f (na)dnda

[ tlp@h(n™).a]f (n,a)dxdt = [F(n,a)f (n,a)dnda

= ﬂ f(n, a|2dnda (29)

Secondly by (27), we obtain
Fo (1 1)
= [ (DG amdedadu= [ 3(Fx )& 2 p)dédrdu

Rr+2(n—l) Rr+2n-2

= [ S(fx DE20dEI= [ S(1)EADI(F)E Ddad

Rr+n—1 RH—n—l

= J'S(f)(g,/l)S(f)(g,l)dgd/l: j|3(f)(§,/1)|2d§d/1:j|f(x,t)|2dxdt

Rrr+n-1 Rrr+n-1 S
which is the Plancherel's formula on S. So the Fourier transform can be extended to an isometry of
L*(S) onto L*(R™"Y).
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Corollary 2.2. In equation (29), replace the first f by g, we obtain
[FxDatxndxdt=" [ I(F)(E A39(& A)ddz (30)
S

Rr+n—l

which is the Parseval formula on S.
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