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Abstract: In this paper we find disks which do not contain any zero of a
polynomial when the coefficients of the polynomial are restricted to certain
conditions.
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1. Introduction and Statement of Results
Under certain restricted conditions on the coefficients of a polynomial,
researchers have been able to find regions containing some or all or no zero
of a polynomial. In this connection various published papers are available in
the literature . Recently M. H. Gulzar [3] proved the following results:

Theorem A: Let P(z) = iajzj be a polynomial o f degree n such that

j=0

Re(a;)=«;, Im(a;) = B,and
PO, 20 2Oy g ZAO 2O e 20 2T,

for some real numbers 1,p>00<7<11<k<n,a, , #0..
If «,,,>a,,, then the number of zeros of P(z) in || SE(R >0,c>1), does
c

not exceed

R™[2p +|an| +a,+(A-Da, +|A —]4|an7k| —T(|a0| +a,)+ 2|a0| + 22‘,31.‘]
j=0

log
logc |
for R>1
and
3|+ R[2p +|a, |+, + (A -D)ax, +|A—]4|an,k|—r(|ao|+a0)+|a0|+|,30|+2_2‘,6]‘]
log =
logc la,|

for R<1.
ISSN: 2231-5373 http://www.ijmttjournal.org Page 310




International Journal of Mathematics Trends and Technology —VVolume 4 Issue 11 — December 2013

If o, >a, ., then the number f zeros of P(z) in | s%(R >0,c>1) does not

exceed
. R”+1[2p+|an|+an +1-Aea, +|1—A||an7k|—T(|a0|+a0)+2|a0|+22‘,3j‘]

log 1=

logc |
for R>1
and
3| + R[2p +|a, |+ a, + Q- Ve, +|1—A||an7k|—r(|a0|+a0)+|a0|+|,30|+22‘,3j‘]

log 1=

logc la,|

for R<1.

Theorem B: Let P(z) = iajzj be a polynomial o f degree n with complex

j=0

coefficients such that for some real «, g3,
‘argaj—ﬁ‘gagg,jzo,l,z ........ n
and
lp+a,] =2,y > =]a ] = Aa,] =[] = ey = 7fay)
for some p>0,1>01<k<n,a,, #0,0<7<1.
If [a,.,|>]a,Jie4>1, then the number of zeros of P(z) in

HE % (R>0,c>1) does not exceed
1 M

E— | g— ,
logc ~ a,|
where

M =R"™[(p| +[a,)(cosa +sina +1) - [a,_ |[(cosa —sin & — Acosa — Asina — A +1)
~la,|(cosa —sin a +1) +2a |+ 2sin ni‘aj‘], for R>1

i=1, j=n—k

and
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M =|a,|+ R[(p| +[a,)(cosa +sina +1) —[a,_ [(cosa —sina — Acosa — Asina — A +1)

~la,|(cosa —sin a +1) +2a |+ 2sin ni‘aj‘], for R<1.
j=1, j=n—k

If |a,| > [a,..]ie2 <1, then the number of zeros of P(z) in || s%(R >0,c>1)

does not exceed
1 M’

——log:— ,
logc ~ |a,|

Where
M’ =R"[(p| +|a,)(cosa +sina +1) +|a,_ |[(cosa +sina — A cosa + Asina — A +1)

—7la,|(cosa —sin a +1) + 2ja, | + 2sin & ni‘aj‘] for R>1
j=L j=n—k

and
M’ =la,|+ R[(p|+|a,)(cosa +sin & +1) +|a,_|(cosa + Sina — A cosa + Asin a — A +1)

—la,|(cosa —sin a +1) +|a,| + 2sin o ni‘aj‘] for R<1.
j=L j=n—k

The aim of this paper is to find disks which do not contain any zero of
the polynomials in theorems 1 and 2. In fact, we are going to prove the
following results:

Theorem 1: Let P(z) = iajzj be a polynomial o f degree n such that

Re(a;)=«;, Im(a;) = B,and

PHOL, 20 2Oy g ZAO 2O e 20 2T,

n—

for some real numbers 1,p>00<7<11<k<n,a, , #0.

If ¢, >ea,, then in |z <R, P(z) has no zero in |Z|<||3|_0| for R>1 and no

1

zero in |z| <Lj—°|for R <1, where

2

M, =R™[2p +a, |+ @, + (2 =Da, +[2 =Y,y | =7 (o] + ) +]axo| +[ o

+2i\ﬁj\]
and
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M, =R[2p +|a, |+, + (A =Dty + |2 =Yor, | = T(o| + a5) +[aro| +[Bs] + 2 |B; 1.
j=1

If a,, >a,,., thenfor |z <R, P(z) has no zero in |z|<||\a/l|—0| for R>1 and no
3
zero in |z|<Lj—°|for R <1, where

4

M, = R””[2p+|ozn|+ozn +1-Na, +|l—2.||an7k|—T(|a0|+a0)+|a0|+|ﬁ0|

+2i\ﬁj\]
and

M, =R[2p +a, |+, + (L= Dty +[1= Aty | = (ao| + ag) +[aro| +[Bs] + 2 |B; 1.
j=1

Applying Theorem 1 to the polynomial —iP(z) , we get the following
result:
Theorem 2: Let P(z) = iajzj be a polynomial o f degree n such that
j=0

Re(a;)=«;, Im(a;) = B,and
p+ﬂn Zﬂn—l Z"""Zﬂn—kﬂ ZZ‘ﬂn—k Zﬂn—k—l """ Zﬂl ZTﬂO’

for some real numbers 1,p>00<7<11<k<n,g. , #0.

. . a
If B, > B, then in |z <R, P(z) has no zero in |z|< ||v|0* for R>1 and no

1

[2

zero in |z|< for R<1, where

*

2

Ml* = Rn+l[2p+|ﬁn| +ﬁn +(i_1)ﬁn—k +|j‘_1”ﬁnfk|_r(|ﬁ0| +ﬁ0)+|ﬁ0| +|O(0|
+2_Zn:‘aj‘]

and

M, =R[2p +|B,[+ B, + (A =DB, . + |2 =Y B[ = 7(Bo| + Bo) +[Bo| +]exo| +2_i\a,-\].
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If B, >B. .. thenfor |z <R, P(z) has no zero in |z| < ||\20!’ for R>1 and no

3

2

zero in |z|< for R<1, where

*

4

M," =R™[2p +|B,|+ By + A= 2)Byi +L=A|Bosc| = 7(Bo| + Bo) +|Bo| +|exo]

+zj\a,.\]
and
M, =RI2p +|B,|+ By + Q=) B + L= A Bosi| = 7(Bo| + Bo) +|Bo| + et
+zj\a,.\].

Combining Theorem A and Theorem 1, we get the following result:
Corrollary 1: Let P(z) = iajzj be a polynomial o f degree n such that

j=0
Re(a;)=«;, Im(a;) = B,and
PHOL, 20 2Oy g ZAO 2O e 20 2T,
for some real numbers 1,p>00<r<11<k<n,a, , #0.

. a
If «,,,>a,,,then the number of zeros of P(z) in L/I—°|s|z|sE(R >0,¢>1),
c

1

does not exceed

R™[2p +|an| +a,+(A-Da, +|ﬂ, —]4|an7k| —T(|a0| +a,)+ 2|a0| + 22‘,31.‘]
j=0

log
logc |
for R>1
and
3| + R[2p +|a, |+ o, + (A =D,y + |2 =Y a,_ | - (o |+ @) +|ero| +|Bo| + ZZ‘,BJ.‘]
log 1=
logc la,|

for R<1.
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. a
If «,, >a, ., then the number f zeros of P(z) in |M—°|s|z| SE(R >0,¢>1)
c
2

does not exceed
Rn+l[2p+|an|+an +(1_;]“)an—k +|1—A||an7k|—T(|Olo|+a0)+2|a0|+22‘,3j‘]
i=0

1

log

logc |
for R>1
and
3| + R[2p +|a, |+ a, + Q- Ve, +|1—A||an7k|—r(|a0|+a0)+|a0|+|,30|+22‘,3j‘]

log 1=

logc la,|

for R<1.

Here M, and M,are as in Theorem 1.

Theorem 3: Let P(z) = iajzj be a polynomial o f degree n with complex

j=0

coefficients such that for some real «, g,
‘argaj—ﬁ‘gagg,jzo,l,z ........ n
and
lp+a,] =2,y > =]a ] = Aa, ] =[] = ey = 7fay)
for some p>0,1>01<k<n,a,, #0,0<7<1.

If [a, .| >[a,|, then for |z <R, P(z) has no zero in |7 < |a0! for R>1 and no

1

zero in |z| < |a°|, for R <1, where

2

Mll =R™[(p +|a,|)(cosa +sina +1) - [a,_, [(cosa —sin & — A cosa
n-1
—Asina — 4 +1) - tlag|(cosa —sin & +1) + [a,| + 2sin & Z‘aj‘]
j=L, j=n—k

and
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M, =R[(p+|a,)(cosa +sina +1) - [a,_ |(cosa —sin & — A cosax

—Asina — 4 +1) - tlag|(cosa —sin & +1) + [a,| + 2sin & ni‘aj‘].
j=1 j=n—k

If a, | >]a,_..|, then for |z <R, P(z) has no zero in |7 < |a°|, for R>1 and no

3

zero in |z| < |a°|, for R <1, where

4

M 3' =R"™[(p +|a,|)(cosa +sina +1) +a,_, |(cosa + sin & — A cosa
+Asina +1- 1) —tfag|(cos e —sin o +1) +[a,| + 2sin & ni‘aj‘]
j=1, j=n—k
and -
M 4' =R[(p +|a,|)(cosa +sin a +1) +|a,_ |(cosa +sin & — A cosa
+Asina +1- 1) —7fag|(cosa —sin a +1) +[a | + 2sin a ni‘aj‘] .
j=1, j=n—k
For different values of the parameters in the above results, W:e gjlet many

interesting results which, at the same time, generalize many known results
on the subject.

2. Lemmas
For the proofs of the above results we need the following results:
Lemma 1: If f(z) is analytic in |z| <R ,but not identically zero, f(0)=0 and
f(a,)=0k=12,....n, then

R
‘ai‘

Lemma 1 is the famous Jensen’s theorem (see page 208 of [1]).

1 2 i n
— jo log| f (Re'’|d6 - log| f (0)] = ; log

Lemma 2: If f(z) is analytic, f(0)=0 and |f(z)| <M (r)in |z|<r, then the

. r
number of zeros of f(z) in |z/<—,c>1 does not exceed
C
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1 log M (r) .
logc | f(0)

Lemma 2 is a simple deduction from Lemma 1.

Lemma 3: Let P(z) = iajzj be a polynomial o f degree n with complex

j=0

coefficients such that for some real «, 3, ‘arg a - ,B‘ <a g%,o < j<n,and
la;|>[a; ,[0< j<n,then

y

i —aH‘ < (‘aj‘ —‘aH‘)COSa + (‘aj‘ +‘aH‘)sin a.

Lemma 3 is due to Govil and Rahman [2].
3. Proofs of Theorems

Proof of Theorem 1: Consider the polynomial
F(z)=(01-2)P(2)

=(1-2)@,z"+a,, 2" +....+a,z+a,)

n—k+1

=-a2"+(@,-a,)2"+...+(@, ., -2, )" " +(a, —-a, )"

+(@, =8, )2 (8, —a,)Z + 4,

n—k+1

=—(at, +1B,)2"" + (o, —a, )" + oot (@ s — Xy )2

(o, — )2 (o )2 T e+ (@ — T2

+(t -Da,z+ iZn:(,Bj -B,1)2) +a,

=a, + G(z), where
G(2)=—(a, +iB)2"" +(a, —a, )2" + et (0, oy — A, )2

(o, — )2 (o )2 T e+ (@) — T2

+ (@ -Da,z+ iZn:(,Bj - Bz’

If a,,,>a,,, then

G(2)=—(c, + iIBn)ZrHl -pt"+(p+a, —a, )" +...... + (A, —ognik)znkarl
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+ (Aot =0, )2 (A =Do 2" (@ — )2

+ (o, —ta) 2+ (t —Dagz +i) (B, - B1)7’.
-1

For |z/<R, we have by using the hypothesis
|G(Z)| S|ozn|R"+1 + |,Bn|R"+1 +|p|R” +|p +a, —anfl|R” +ot |an7k+1 —a, |R"!

+|ﬂ.ozn7k - oznfkfl|R"*k + |A —Zq|oer(|Rr"k

+ |an7k71 - an7k72|R”’k’1 Font |a1 - TOZ0|R + (l—T)|a0|R

+ o]+ |Bo] + D (8] +|B AR’

-1
=|or [R™ +[B,|R™ + pR" + (p+ &, = )R" + oot (@i — @ )R™

+ (Aa n-k an—k—l)R "k + |ﬂ' - 1”0{ n—k |R "

(ot~ )R +(a; —ta,)R+ (- T)|a0|R

+3 (8] +/8, PR’

< Rn+1[2p+|an|+an +(A-Da, +|ﬂ,—1”0!n,k|_T(|0!o|+0!o)+|ao|+|ﬁ0|

+2)° |1
j=0
=M, for R>1

and

G(2)| <R[2p +at, | + oty + (A =Dty + A =Uar, | = (o] +g) +]ao| +[Bo| + 2D |B]]
j=1

=M, for R<1.

Since G(z) is analytic for 7] <R and G(0)=0, it follows by Schwarz Lemma

that
G(z)| <M, |z| for R>1

and
G(z)| <M,|z| for R<1.

Hence for [/ <R, R>1,
IF(2)|=a, + G(2)|
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>a,| - |G(2)|
>a,| - M, |7
>0
if
|z|<M.
M

1

And for |z/<R, R<1, |F(z)|>0 if |z|<L?I—°|.
2

This shows that F(z) has no zero in || <|;—°| for R>1 and no zero in || <L?I—°|

1 2

for R<1.
Since the zeros of P(z) are also the zeros of F(z), it follows that that P(z) has

no zero in |Z|<||3|_0| for R>1 and no zero in |z|<L?I—°|for R<1.

1 2
If «,, >a,,., then

G(2)=—(a, +iB,)2" —pr" +(p+ 0, =, )2" + et (@ g — A, )2

+(o,  —a, )2 == Va, 2" (o~ )2 T
n .

+(a1 —OlO)Z-i-iZ(,Bj _ﬁj—l)zj'
-1

For |z/<R, we have by using the hypothesis
|G(Z)| S|ozn|R"+1 + |,Bn|R"+1 +|p|R” +|p +a, —anfl|R” Font |an7k+1 —ﬂ,oznfk|R"’k+1
+|an7k - oznfkfl|R"*k + |l— }L||oer<|Rr"k+

+ |an7k71 - an7k72|R”’k’1 + e + |a1 - TO!0|R +@- T)|a0|R

+3 (8] +/8, PR’

< Rn+1[2p+|an|+an +(1—l)an7k +|1—l||0!n,k|_T(|ao|+0!o)+|ao|+|ﬁ0|

+2)° |1
j=1
=M, for R>1

and

G(2)| <R[2p +at, |+t + (L= At +[1= Ay | = 7(to| + atg) +]axo| +[Bo| + 2D ||
j=1
=M, for R<1.
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Since G(z) is analytic for |z]<R and G(0)=0, it follows by Schwarz Lemma

that
G(z)| <M,z for R>1

and
G(z)| <M,|z| for R<1.

Hence for |7 <R, R>1,
IF(2)|=a, + G(2)|

> [ag| -[6(2)
>[a,| - M.z]
>0
if
|z|<M.
IVIS
And for |z/<R, R<1, |F(z)|>0 if |z|<Lj—°|.
4
This shows that F(z) has no zero in |z|<||\a/l|—0| for R>1 and no zero in |z|<Lj—°|
3 4
for R<1.
Since the zeros of P(z) are also the zeros of F(z), it follows that P(z) has no
in (o] <2l in (2] < 2l
zero in || < for R>1 and no zero in |z <—for R<1.
M, M,

That proves Theorem 1.
Proof of Theorem 3: Consider the polynomial
F(z)=(01-2)P(2)
=(1-2)@a,z"+a,, 2" +....+a,z+a,)

n—k+1

=-a2"+(@,-a,)2"+...+(@, ., -2, )" " +(a, —-a, )"

(A, — Q)2 T et (8, —ay)Z + 8,
=a, + G(z), where
G(z)==-a,2"" +(a, —a,,)2" + et (A, sy — 3, )Z
+ (@ — Ay )2 T+ (8, —ay)Z.

If la, .| >[a,/, i.6. 2>1, then

n—k+1 +'(an7k __anikil)zn—k

Foet (A, — 8, )2

+(Aa,_ —a,, )" -(A-Da, 2" +(@, -2, . )"+
+(a, —m@,)z+ (r —-1a,z

so that for |z/<R, we have by using the hypothesis and Lemma 3,
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G(z)|<[a,|R™ + pR" +|p +a, —a,4|R" +..ccc. + |2, 4y — 8, [R" + |20, —a, R
+|2 =1|a, |[R™™ +]a,_; — 8y 4o R" T+t |3, — 78 |[R+ (1-17)|3g|R
<R"™la,|+ p+(p +a,|-|a, ) cosa + (p +a,|+[a, ) sine +......

+ (|| —[ana ) cosa + (@, | + |2 ) sin e + (A - D)fa, |

+ (Aay | = |apaa)) cosa + (Ala, . | +]a, ) sin @

+ (2| — a2 cosa + (a, | +]ap o) Sina +......

+ (|jay| — 7[a, ) cosa + (|a,| + ]a,|) sin & + (1 —7)[a, ]

<R™[(p +|a,(cosa +sina +1) - a, ,|(cosa —sina — A cosa

—Asina — 4 +1) - tlag|(cosa —sin & +1) + [a,| + 2sin & ni‘aj‘]
j=1 7k

i

=M, for R>1
and
<R[(p +|a,(cosa +sina +1) —[a,_ [(cosa —sina — A cosa
—Asina — 4 +1) - tlag|(cosa —sin & +1) + [a,| + 2sin & ni‘aj‘]
=1, j£n—k
= Mz' for R<1.
Since G(z) is analytic for |z <R and G(0)=0, it follows by Schwarz Lemma
that
G(z)| < M1'|z| for R>1
and
G(z)| < M2'|z| for R <1.
Hence for [/ <R, R>1,
IF(2)|=a, + G(2)|

+[a-[e )
2[a,| - M, [
>0
if
<L
M

And for |z/<R, R<1, |F(z)|>0 if |z|<m

7

2
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: : a :
This shows that F(z) has no zero in |z| < | 0! for R>1 and no zero in

1

|a°|, for R<1.

2] <
2
Since the zeros of P(z) are also the zeros of F(z), it follows that that P(z) has

no zero in |z| < |a0! for R>1 and no zero in |z < |a°|, for R<1.

1 MZ

If [, | >]a,.|, i.€. 1<1, then

G(z)=-a,2"" —pz" +(p+a, -2, ,)2" + et (8, 4y — A8, )2"
(@~ 1)Z T = (@=)a, 2" (@ g — )2 T T
+(a, —a,)z
so that for |z <R, we have by hypothesis and Lemma 3,
G(2)|<|a,|R™ + pR" +|p +a, —a,4|R" +..ccc. + |2, 4y — A8, [R"™ +]a, —a, R

- A2, R +|a, s — 8, o|R T+

+a, —78,|R + (1-7)[a,|R

<R"™la,|+ p+(p +a,|-|a, ) cosa + (p +a,|+[a, ) sine +......
+ ([nin| = A|an ) COsa + (B, 4| + A, ) sin e +[1- A]a, |
+ (2| — [ansa) cosa + (|a, . | + |2, 1)) Sin @
+ ([, | —an2) cosa + ([, | + |2, o) Sina + ...
+ (|Jay| — 7|a, ) cosa + (|a,| + ]a,|) sin & + (1 - 7)[a, ]
<R™[(p +|a,|)(cosa +sina +1) +|a, |(cosa +sin a — A cosa

+Asina +1- 1) —tfag|(cos e —sin o +1) +[a,| + 2sin & ni‘aj‘]
j=1, jen—k
=M3' for R>1
and

IG(z)| <RI(p +|a,|)(cosa +sin a +1) +[a,_, [(cosa +sin a — A cosa
n-1
+Asina +1- 1) —tfag|(cos e —sin o +1) +[a,| + 2sin & Z‘aj‘]
j=1, j=n—k
= M4' for R<1.
Since G(z) is analytic for |z] <R and G(0)=0, it follows by Schwarz Lemma
that
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G(z)| <M, || for R>1
and
G(z2)| < M4'|z| for R<1.
Hence for |7 <R, R>1,
IF(2)|=a, + G(2)|

2[a,| -[G(2)
>[a,| - M, |2
>0
if
<Ll

3

And for |z/<R, R<1, |F(z)|>0 if |z|<|a—°|,.
M4
This shows that F(z) has no zero in |z| < |a°|, for R>1 and no zero in

3

HES |a°|, for R<1.

4
Since the zeros of P(z) are also the zeros of F(z), it follows that that P(z) has

no zero in |z| < |a°|, for R>1 and no zero in |z < |a°|, for R<1.

3 M,

That proves Theorem 3.
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