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Abstract—In this paper, the local well-posedness of the Cauchy problem for the higher-order Camassa-Holm equation is studied with the

initial datain H®(R), s>k by using Bourgain technology.
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1. INTRODUCTION
The formulation of the higher-order C-H equation is
u, =B, (uu), (1.1)

where B, (u,u) = A'C, (u)-uu,, A (u) = Zk: (-1)'%u,C, (u) = —-UA (d,u)+ A (ud,u)—20 UA (u).

The equation is first derived by Adrian Constantin and Boris Kolev as an Euler equation in [3], but first studied by G.M. Coclite,
H. Holden and K.H. Karlsen as an independent equation in [4].
Rewrite the equation (1.1) as

Uy + Uy, + A (UA (U,)) +2A7 (U, A (U) ~ Uy, =0. (1.2)
In this paper we consider the Cauchy problem of the case of k >2 for the equation (1.2). By using Bourgain technology in
[5,6], the local well-posedness of the equation (1.2) is established with the initial datain H®,s>k.
In this paper, we consider the Cauchy problem of the higher-order Camassa-Holm equation

{UI +Uw +A<_l(uA< (ux))+2A<_l(uxA<(u))_uxxx =0 ) (13)

u(x, 0) =e(x)
The equation (1.3) has the equivalent integral equation u(-t) =W (t)p - j;W (t-7t)w(r)dr , where W (t) = e and
o= A"(UA (u))+2A* (u A (u))—u, . Then we shall apply a fixed point argument to the following truncated version

A : s ) 4 mo A (A= _
u(x,t) =y, ()Y p(£)e' Yy (1) el j w(éf,/l)e—gldl :
gez fez = A-¢
wherew, is a cutoff function, satisfying 0<y, <1, supp(v,) c[-26,25], and w, =1 on [-6,5]. Here & is a positive real
number. Let v, is another cutoff function, which satisfying 0<w, <1, w,=1 on [-T,T], and suppy < [-2T,2T].
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Y2
Define the norm |||u|||={ > Inf? r @+ 2=n*])u(n, ) |2dl} ,$>0, where u=u(xt),xeR,te[0,0).

neZ\{0}

Let y* ={ueL,|llull< o}, then we obtain the main resuit.
Theorem 1.1. For ¢ e H*(R), s>k ,k=>2, there exists a T >0 and a unique solution u=u(x,t) satisfying the Cauchy

problem (1.3) such that u e C([0,T];H*(R))NC*([0,T];H**(R)).

2. SOME LEMMAS
Lemma 2.15¢ Following estimate holds

12
1 F e oy < c[ 3 @[ n—m* )| f(m,n)lzj ,

m,neZ

where f = f(x,t),xeR,t€[0,).

12
Corollary 2.2% [ D (In-m°[+1) 7| f(m,n) |2J <l llus oy

m,neZ

Corollary 2.3™ Assume A = (4, ,)nqz IS @ multiplier satisfying| 4, |< (1+|n—m?[)®*for all m,n. The A acts boundedly

m,neZ
from LY*(Rx (0,:0)) to  L*(Rx(0,0)) .

Rewrite @ as o =-A"(UA (u,))+2A"((UA (u),)-u,, . From the properties of Fourier transformation, the estimate

holds| o(n, 1) < @, + w, + @, , where

I, |02
= YA Uy, A) u(h-n, A= 4)
a=2 S [dz lutn,, 2 %

k
2[n|> Y
@, =y ——[dA |u(n, A) lu-n, 2-2)],
m nei
)2
oy =’ [lu(n, 2)|.
Denotec,(n, 1) =|n° | (1+| A —n® |)V2|a(n,/l)|.Thus llulll isthe L?-norm of {c,(n,A)}.

Lemma 2.4 For w defined as above, we have
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Y2
[ZI 25!1 fi”' J <cllullP,s=k

n=0

where ¢ is a constant dependingon s and k.

2
Proof: One can get [ [n[* jlwl(/nl /1)| J <c(l +1,+1,), where
n=0

y2

Z|n|25j |CO1|2 Ci ,
nz0 1+|i—n3|

v2

_ Zlnlkj‘ |CO2|2 di ,
n20 1+|i—n3|

2 12
[ Zinp el g ]
n=0 1+|i_n|

—
|

—
|

The estimation for 1,. From a,,

Inlin Qon) Ing P In=n, | cg(ny, A)e (n—ny, A= 4,)

Infla]
VI LICY < ZJ. , (2.1)
@+ 2=n%) (Znﬂ)mm N )2 (@ | 4y —0f 2@+ 2~ 4 — (n—n)° Y2

By assumption on U , c/(0,4)=0, so that we may assume n =0, n-n =0 (and n=0 ). Obviously,
Inf<2°*|n, [In—n,[". Then we consider two cases: A={|n|>n [}andB={/n|<n [}.

27 nle,(n, e, (n-n, A—4) _
(L] 2= 2 (| 2 =1 D@ A2~ (n-n)*

Also it holds that | (A —n*)—[(4, —n®)+ (A -4 —(n-n)%)]| = 3n,(n—n)n|>2n*. This results in that one of following

Case A. Ityields that Y, stdA1
n

cases happens

|A-n®|>1/2n?, (2.2)
| 4 -0 [>y2n?, (2.3)
| A=A —(n-n)*[>1/2n%. (2.4)

where C(s) is a constant dependingons.

. C(s)c(n, A)e,(n—n, A-4)
Case (2.2). It yields that (2.1) < qzo: j dA, 1L PP Ao T

i(mx+ Cs m1 L
LetF(x,t):Zjdy{e( ”‘)W}.Then Y, <C(s)F?(n,1). Thus we get

R 12
I, ~ {Z'ﬂ F2(n,A) [ d/l} ~|| F ||i"(dxdt(loc))'

n=0
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Since §<1, Lemma 2.1 implies that || F ||, < C(chs(m,y)zd‘u)m =c|llu]ll.

C(s)e,(n, 4)c,(n=n,, 2 - 4)
@ A=n" )@ A-2~(n-n)" )P

Case (2.3). It yields that Y, 32]‘“1
n
LetG(x,t) = Y [ dfe' ™ *c, (m, )} which L,-norm||G l,~ (3" [ ¢, (m, u)*d )" =l u .
From the above calculation, Corollary 2.2 yields that
2\ Y2
____(F.-GQ) < < Z,
1—{2 fd {(1+| e (o) (nﬁ)} } <c|FG|,, sclFLIGILscllull

C(s)c,(n, 4)e, (n—n, A~ 4)
(L[ A=n 2 (0 | 2 -0t )7

Case (2.4). Ityields that (2.1)< Y j dA,
n

Replacing (1+] A —n®)** by (4 A-A—(n-n)*)", the following process is similar to the case of (2.3).

Case B . The estimating process is similar to the case A .
The estimation for 1, .

Infinf Qone) In PIn=n, [ e (ny, A)e,(n=ny, A= 4y)

Inflo,
2= y2 = Zj‘dll koo .
W [A-n*)" ~ £ @ 1A= 2@ 2, = )2 @ 2= 2, = (0=n)° )

The estimating process is similar to the estimation for 1, .
The estimation for 1,.

n=0

V2
s (NPU(N,A) P 2
=[;In| jlle J [Z| | j(l el e ) [u(n, ) P d/lj ~clulll.

Lemma 2.4 is proved.
Lemma 2.5 Forw defined as above, we have

2\ 42

o ¢ lon A
Sinf [jl R J <cllulf.s=k,
n=0

where ¢ isa constant dependingon s andk.

12

2
Proof: By the computation, <>[n[* [j%l} <c(ly+15+15), where
+]A-n

n=0

22
— Z|n|25 '[ |CO1| 3di ,
n=0 1+|i_n |

212
_ 2s |, |
ez Tt |

(2.5)
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o Y1
_ 2s @,
_{§|n| U—d1+|/l—n3| /IJ} .

k .
Inflo | I linf o) I PIn=n, [ ¢, (ny, A)c,(n-n, A= 2)
1

o Inflal s, ! _ (2.6)
(@] 2=n) wj o) | 2=n® [t | 2, =03 42| 2- A - (n-n,)* )2

The estimation for 1,.

[n]c,(n, 2)c,(n-1y, 2 4) |
(A= D@+ 2 -1 D@ 2= 2~ (-n) )

Case A . Ityields that Y, stdz1
n

1 1 . .
Case (2.2). To estimate 1, , replace b in I, . Then consider a sequence {4, ¢ ,
(2.2) oo replace o by e i L quence {a,}
satisfyinga, >0, a; =1. Applying these conditions, we have Y, = Zjda{%ﬁ(n,l)}.
- n°+|A-n

Inla,

> —which L*-norm
n“+| A

Define the function H (x,t) = Zjd/lei(”““) |
- -n

IH [, [ZI (|”+||;D T2~Za§=1.

Then by the Holder inequality, it yields that Y, <c||H |LI| F [F<c]ulP.

c,(n, A4)c,(n—n,A-4)
L[ A=n* A+ [A =24 ~(n—n)* }*

Case (2.3). It obviously yields that Y, SCZjdﬂl
m

Choose% <p< % and write(I+|A-n*) "= @+ | A-n®|) P (A+]|A-n’|)” .By using the Cauchy- Schwartz inequality,

2 y2 2 2
L C(”JJC(” n,A-4) 1 A
it yields that 1, < {Zjdﬂ{z“j }1(1+|ﬂ ) (b A A—(n— nl) DJ/Z}J SC{Zﬂ:Idﬂ{m(F-G) (n,l):| } .

Corollary 2.2 yield the estimate 1, <c|FG || <c||FILIGILSclullP-

L4/3 (dxxdt (loc))

- c.(n,A4)c,(n—n,A-4)
C 2.4). 1 Ids th < d : : .
ase (2.4). It yields that Y4<c;j 21(1+|/1—n3 1L )

Replacing (1+] 4 —n® )** by (1+] A — A4, —(n—n,)* )¥*, the following process is similar to the case of (2.3) in this lemma.

Case B The process is similar to the case of A.

ntio, InfinfE 22 I [FIn=n, | ¢, (n, A)e,(n—n, A—4,)
The estimation for |, . It yields that np. SELLEL 108 Zj 120 .
i (Zn2’)<1+|a 0 (L+| 4~ 20| A=A — (-1 )" 2

The following process is similar to the estimate of 1, .
The estimation for I;. From a,,
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12

g A 2 . 2
I, = Z|n|25["'%}i SC(ZMFSj(1+|i—n3|)|u(n,i)|2diJ =c|||ulll-

pwr 1+]|A-n°|

Lemma 2.5 is proved.
Lemma 2.6 For limited constant T >0, we have that |||y,u|||< X(T)|||ulll, where X(T) is a monotonically increasing

function at argument T .
Proof: Obviously, it holds that

2
[[70 ||I={ > Inp Lc(1+|/1—ﬂ3 D ly,u(n, 4) [ dl}

neZ\{0}
[ @ 1A= D [nF w,u, 2-mdn s,

<l @ )2 v, () .

From the definition of Fourier transformation, it holds

" T iy 1 o
W [ ey, 000 <= (€ —e ™)
n

sin2Tn |

Denote X(T) = J‘m 1+ |7 Y2 mdn .Then X(T) is bounded. In fact it’s known that
- n

/4T sin2T 2 sin2T
x(m=2 (1+|nl)”TndmZLm(lHnl)”Tndn

Hence, X(T) isconvergent.

There exists a constant M > 0, satisfying
X(T) =Xy (T)+X,(T),

where X,(T) = ZJOM A+]n |)V2mdn , X, (M) = Zj; +|n |)V2mdn , and| X,(T)|<e. Hereg is an arbitrarily small
n n
number. The first derivative of X, (T) is Xl'(T)=4'[0M (1+|n))*cos(2Tn)dn . So for0<T <ﬁ,0<n< M, we have

Xll(T) >0. That is, X,(T) is a monotonically increasing function at argument T . So X(T) is a monotonically increasing

function at argument T .

3. LOCAL WELL-POSEDNESS
Now we give the proof of theorem 1.1.

Lemma (2.4) and Lemma(2.5)yield that ||Jull| is bounded, i.e. uey® . Denote I" the transformation

(Tu)(x,t) =t;/l(t)W(t)go—t//l(t)j;W(t—z')a)(r)dr , Where o=A"(UA(U))+2A (u A (u)-u, . From the preceding it’s

proved that ||| Tuli<c(ll@]l,. +Illu IF) . SoT is a map from y° to x° .Then if consider Tu—T'v, @ is replaced by
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A (UA, (1)) + 27 (U A (U) ~Uy, —A" (VA (V,)) = 2A7 (VA (V) + Vg -

The preceding calculation yields that
lITu=Ivl<c,(llwaull+llwav i llu=vill+c; Ty, @=v)Il < [e, X (T[T u Il + [T v I +c, XTI ITu =Vl
Hence, for small enough T , it holds that||| Tu —T'v ||[< & (T) ||| u — v ||| where x(T) satisfies 0 < x(T) <1.
So that T" is a contraction and therefore Picard’s theorem yields a function U satisfyingT'u =u . Moreover the solution is
unique and persistent. By the Sobolev embedding theory, we prove the theorem 1.1.
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