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ABSTRACT

This paper is concerned with the analysis of a single server batch arrival retrial queueing system
with optional extended server vacation. Server provides two stages of heterogeneous service in
succession. Each phase has two types of service and the customer has the option to choice any one of
the two types at the time of service. After completion of the second phase service, the server takes
Bernoulli vacation. After the vacation completion the server has the option to extend the vacation. The
steady state distributions of the server state and the number of customers in the orbit are obtained
along with other system characteristics. A general decomposition law for the model is established.
Numerical results are calculated.
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INTRODUCTION

Recently, most of the studies have been devoted to batch arrival two phase retrial queue with
vacation because of its interdisciplinary character. Numerous researchers, including Senthil Kumar
and Arumuganathan [6,7], Arivudainambi and Godhandaraman[1] and Sumitha et al [9] have analyzed
retrial queueing models in which the server provides, two phases of heterogeneous service in
succession to each unit. The motivation for two phase of queueing models comes from computer
networks and telecommunication systems where messages are processed in two stages by a single
server.

In this paper, we consider M*/G/1 retrial queue with two phases and two types of general
heterogeneous service and extended Bernoulli vacations. Just before a service starts, a customer has
the option to choose one of the two kinds of services at each phase. This type of queueing model may
find application in many day to day real life queueing situations encountered at automobile stations,
post offices, banks or computer centers. Many authors like Madan[4], Madan et al[5], Baruah [2] and
Ebenesar Anna bagyam and Udaya chandrika[3] have studied two types of heterogeneous service.

MODEL DESCRIPTION AND NOTATIONS

In this section, batch arrival two phase retrial queue with two stages of heterogeneous service
and extended Bernoulli vacation is described as follows:
The Arrival Process: The primary calls arrive in batches according to a compound Poisson process
with rate A. The number of individuals arriving in a batch is k > 1 with probability C . C(z) be the

generating function of { Cy } with factorial moments Cy .

Retrial Rule: If the server is idle then one of the customers in the batch starts its service time and the
rest join the retrial group. Upon arrival, when the server is blocked (busy or on vacation), all the
customers enter in to the retrial group. Successive inter retrial times are governed by an arbitrary

probability distribution function A(x), density function a(x) and Laplace Stieltjes transform A"(s).

The Service Process: The server provides two stages of heterogeneous service in succession. There
are two options in each stage, 1A and 1B for first stage, 2A and 2B for second stage. The arriving or
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retrial customer choses type 1A with probability r; or 1B with its complementary probability. After

completion of the first stage service the customer enters second stage service and chooses 2A with
probability ry or 2B with probability (1 —r, ). It is assumed that the service times of type A and type B

services in both the stages follow general distribution with distribution function Bja (x) and Bjg(x),

Laplace Stieltjes transform Bjp (s) and Big (s) and finite moments pja, and pign, N> 1 (i=1,2).
The Vacation Process: As soon as the second stage service of a customer is completed, the server
may go for a vacation with probability 6; or may continue to staying in the system with

complementary probability. The vacation time follows a general distribution with distribution function
Vy(x), Laplace Stieltjes transform Vj; (s) and finite moments vy, , N> 1. After a vacation period the
server may extend the vacation with probability 6, or rejoin the system immediately with probability
(1 —0,). The extended vacation time follows a general distribution with distribution functionV, (x),

Laplace Stieltjes transform V, (s) and finite moments v, , n >1.

The state of the system at time t can be described by the Markov process {X(t), t > 0} = {(J(t),
N(t), &(t),1=0,1, 2, 3, 4;,t>0}, where J(t) denotes the server state 0, 1, 2, 3 or 4 according as the

server being free, busy in first stage service , busy in second stage service, on vacation or on extended
vacation respectively and N(t) corresponds to the number of customer in the orbit at time t. If J(t) =0
and N(t) > 0, then &q(t) represents the elapsed retrial time; if J(t) = 1 and N(t) > O, then

&, (t) corresponds to the elapsed time of the customer being served in first stage of service; if J(t) = 2
and N(t) > 0, then &, (t) corresponds to the elapsed time of the customer being served in second stage
of service; if J(t) = 3 and N(t) > 0 then &5(t) represents the elapsed vacation time; if J(t) = 4 and N(t) >
0 then &, (t) represents the elapsed extended vacation time at time t.

The hazard rate functions of repeated attempts, first stage service 1A and 1B, second stage
service 2A and 2B, server vacation and of extended vacation are respectively.

a(x) . bia(x) . _ _big(¥) oy = Vik¥)
-AX) ' B0’ "B T Tegeg MM P T UG

The condition for the system to be stable is C;[ 1 —A"(A)] + ACy[r par+t (-
n)ugrt o woart (1-r2) popy +61 V13 01 05 v ] <1
STEADY STATE DISTRIBUTION
Define the probabilities

nx) = Hia(x) = i=1,2

() = P{ J(t) = 0, N(t) = 0} and the probability densities

Ih(t,x) dx = PL{JIJt)=0,N({)=nx<Egu(t)<x+dx,t>0,x>0,n>1}
Wiyt,x)dx = PL{IJt) =1, N@{)=nx<&g@{t)<x+dx,t>0,x>0,n>0,j=A, B}
Wytx)dx = PL{It)=2,N{)=nx<&()<x+dx,t>0,x>0,n>0,j=A, B}
V(t,x) dx = PL{Jt) =3, N{t)=nx<&g3(t)<x+dx,t>0,x>0,n>0}

V,(t,x) dx = PL{IJt) =4, N@{)=nx<Eg4(t)<x+dx,t>0,x>0,n>0}

Let 1o = lim Io(t), 1n(X) = lim 15(t,x), Wij(X) = lim W;(t,x), i=1,2; ] =A, B, Vi(X) = lim V;(t,x), =1, 2
t—w t—owo t—oo t—>o0
The steady state equations that governs the dynamics of the system behavior are given below

My = (1—92)°§v1,o(x)sl(x)dx+(1—91)°§w2A,o(x)u2A(x)dx
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&Vi,n (X)

+ ogvz,o(x)ﬁz(x) dx +(1- el)ongs,o(x)uzs(x) dx

-~ ) I (%), n=>1

(1)

()

= A+ pia (X)) Wian (X) + 4 (1 = 3¢5 anllck Wiank(¥),1=1,2:n=>0(3)

— A+ 1ig (X)) Wign () + 2 (1 - 50n)k§n310k Wigni (X),1=1,2:n=0 (4)

— 0+ Bi (X)) Vin )+ 1 (1= 8g0) 20 Vi y (¥), 121,200
k=1

with boundary conditions

', (0) =

Win 0(0) =
Wia 1 (0) =
Wig 0 (0) =

Wig » (0) =

Wy n (0) =

Wog , (0) =

Vin (0)

V2, (0)

(1- ez)?:Vl,n(X) Bp(x)dx +(1- el)o(JjWZA,n(X)HZA (x) dx
s ?:szn(x)ﬁz(x)dx +(1- Ol)EWZB’n(x)pZB(x)dx, n>1
At ey Lo+ 1y ?:Il(x)n(x)dx
Aty G lo+ 1y O(j:ln+l(x)n(x)dx+ . Tk"lck |l (0 dx,n>1
A=) g+ (L=1) ?:Il(x)n(x)dx
(= 1) o+ (1= 1) [l ()00
F (Lot A [ 3Ck 1y () dx, n> 1
=

ry [Wian (X) g (X)dx + 1y [Wig o (X) pyg (X)dx, n>0
0 0

(1- rZ)TWlA,n (X) nga (X)dx + (1 - rz)TWm,n (X) g (x)dx, n>0
0 0

0; [Woa n (X) pa (X)dX + 01 [Wop o (X) 1o (X)dX, n>0
0 0

0, V1o (X)B1 00X, n>0
0

Define the probability generating functions for |z| < 1:

©)

(6)

()

(8)

©)

(10)

(11)

(12)

(13)

(14)

I(z,x) = § Ih (2", Wii(z,x) = § Wi (x)2",i=1,2; j= A, Band Vi(z,x) = § Vin (2", i= 1,2
n=1 n=0 n=0
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Theorem 1

Under the steady state, the joint steady state distributions of {(J(t), N(t)), t > 0} are obtained as
1@ = 1h[z-COT@]L- A"(1)]1/D@) (15)
Wia (2)= 1o A"() [1 - Bl (2(1-C(@))]/ D) (16)
Wig(2) = 1o (1-n) A" () [L - Big(A(1-C(2))) ]/ D(2) (17)

Woa (2) =lg A7) [1 - BoA(MA-C@)] T [ 1y Bia (WA~ C(2)) +(1-11) Big (M(1-C(2))) I/ D(2) (18)
Wog (2) =1y A" (L) [1-Bog (M- C(2))) 1(1- 15 )[ 1y Bia (M- C(2))) +(1-1y) Byg (M(1-C(2))) /D(2) (19)
Vi(2) =lg AT(W) [1- V; (1@-C@)) ] 011, Bja (M1-C@) + (1-1,) Big (M(1-C(2))) ]

[r; Boa (M1-C(@)) + (1-1,) By (- C(2))) ]/ D(2) (20)

Vo(@) =g AT(L) [1- V5 (M1-C(2))) 16 8, Vi (h(A-C(2))) [1y Bia (M(1-C(@) +(1-13)
Bis (M(1-C(2)) 1[r, Boa(M1-C(2)) + (1-15) Byg (A1~ C(2))) ]/ D(2) (21)
where lo= T3 /A" (L) (22)

D(2) =T(2) [A" (W) + C(2) (1 - A" (W)] -2
T(2) =[1, Bia (A1~ C(2)) +(1-11) Big (11— C(2))) ][ T, B3 (A(L-C(2))) +(1-1,) B3 (11~ C(2))) ]
[1-6,+6; (1-62) Vi (ML~ C(2))) + 61 0, V; (L(L-C(2))) V2 (1(1-C(@)]
Ty=ACy [ty tp+ (1-1) g + 12 tpar + (1-12) oy 071 Vi1 61 05 V]
Ty =22 C2 {1 maar +(1-17) papg 1072 moas +(1-12) gy + 01 Vig +07 05 Vor 1401 pyan
+(1-r)piga + 1o Hoa2 t(1=12) popp +01 V1o #2601 05 Vg Vo1 #0710, v 12
+01[r poar +(1-12) koIl Vi1 +02 Vo1 1}

T3 = 1-C[1-A"W)]-T
Proof:
Applying usual procedure, equations (2) — (14) yield

| (z, X) = I (z, 0)e ™ [1-AX)] (23)
Wia(z,x) = Wip (2,0) e HECEX[1 - Bjx ()], 1= 1,2 (24)
Wig(z,x) = Wig(z,0) e *ECEX[1- Big(x)],i=1,2 (25)
Vi (z,%) = V,(z,0) e *EC@OX[1 _ V., (x)],i=1,2 (26)
I(z, 0) = AMo[z-C(@) T(@)]/D(2) (27)
Wia(z,0) = Ao, A"(0W) [1-C(2)]/D(@) (28)
Wig(z,0) = Mo (1-1) A" (M) [L-C(2)] / D(2) (29)
Woa(z,0) = Mo AT(A) [1-C@)] 1, [1y Bia (M1-C(2))) +(1-17) Big (L(1-C(2))) ¥D(2)  (30)
Wog(z,0)  =rlg A"(M) [1-C(@)](1-1,)[ 1, Bia (M(1-C(2))) +(1-11) Big (M(1-C(2))) I/D(2) (31)
Vi(z,0) = Mo ATV [1-C@)] 6;[1 Bla MA-C@)) + (1-1,) Big (WA-C(2))) ]

[r, B2a(ML-C(@)) + (1-T,) Bog (M(1-C(2))) ]/ D(2) (32)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 119




International Journal of Mathematics Trends and Technology- Volume4 Issue 7 - Aug 2013

Vy(z,0) = o AT(L) [1-C@)] 0 05 Vi (1-C(2)))
[, Bia (2(L-C(2))) + (1-11) Big (M1 C(2))) ]

[r2 Boa(A1-C(2)) + (1-12) Bog (M(L-C(2))) ] / D(2) (33)
Using equations (27) — (33) in the equations (23) — (26), we have the following partial
generating functions

I (z, x) = AMol[z-C(2) T(2)] e M [1-A(X)]/D(2) (34)
Wia(zx) = Mo ATV [1-C(@)] e MCEX[1 - B, (x) ]/ D(2) (35)
Wig(z,x) = Mo (L-1) A"(L) [1 - C(2)] e E-CEX[1 - Bip(x) ]/ D(2) (36)
Woa(z,x) = Mo A"(L) [1-C(2)] 1 [1y Bia (M2-C(2))) +(1-1y) Big (M(1-C(2))) ]

e H-C@X[1 — B,, (x) ]/ D(2) (37)
Wog(z,x) = Mo A"(1) [1-C(2)] (1-13) [y Bia (M1-C (@) +

(1-1,) Big (M(1-C(2))) ] e *ECEXT1 - Bog(x)]/ D(2) (38)
V1 (z,X) = Mo AT(L) [1-C(2)] 0,[1, Bia (M1-C(@))+ (1-1;) Big (A1~ C(2)) ]

[, Boa(M1-C(2))) +(1-1,) Bog (M(1-C(2))) e *ECEX[1-v, (x) ]/ D(z) (39)
o AT(A) [1-C@)] 0 05 Vi (1-C(2)))
[1; Bia (A1-C(@)))+ (1-11) Big (A1~ C(2))) ]

[r2 B2a (AM(L-C(@) + (1-T2) Bzg (M1~ C(2))) 1e - “@X [1-v, (x) )/ D(2) (40)
Integrating equations (34) — (40) fromO to oo we get the results in the equations (15) — (21). By

V5 (z,X)

2
using the normalizing condition IO+|iml[I(z)+z (Wia(2)+Wig(2)+Vi(2))]=1 we obtain
7 i=1

lo=Ta/A"(L).
Corollary-1

The mean number of customers in the orbit and system are
Ly = T,/ Ty (41)
Ly = Lot ACy[r myar +(1-1) pypy + 1o moas +(1-12) pops ] (42)
where T, = T, +[Ty Ci+Cy/2] (1 - A" (M)
Proof:

The probability generating function of the number of customers in the orbit is
2 *

Pq(@)=1lo+1(2) + _Zl [Wia(2) + Wig(@) + Vi(@)] =1, A (M) (1-2)/D@) (43)
1=

The probability generating function of the number of customers in the system is

2
Ps(2) = Ps(2) = 1+ 1(2) + _Zl [zWia(2) +2zWig(2) + Vi(2)]
1=
= log A"(1) (1 -2) [y Bia (L1~ C(@) + (1-11) Bi (41~ C(2))) ]
[r2 Boa(A1-C(2)) + (1-12) Bog (1(L-C(2))) ] / D(2) (44)
The results are obtained by differentiating equations (43) and (44) with respect to z and taking z—1.
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The following theorem gives the decomposition of expected number of customer in the system
and in the orbit for the model under consideration.
Theorem 2
Ls=Ly, *Ly and Lgq=L, +L,, Where Ly and L, are respectively the expected number of

customers in the system and queue for the classical bulk arrival two phase queue with two types of
heterogeneous service and extended Bernoulli vacation and L, is the expected number of customers in

the orbit during retrial time for the model under study.
Proof:

The probability generating function of the number of customer in the system for the classical
bulk arrival two phase queue with two types of heterogeneous service and extended Bernoulli vacation
is given by

dz) = [L-T1[1-2][r Ba(M@-C@))+ (1-1,) Big (A1-C(2))]
[r, Boa(A@-C(2))) + (1-1,) Bog (M@-C(@) ]/ [T(2) - 2] (45)
Ly = Z'lnlf—z¢(2) = T, /=Ty +A Cy [ 1y pmyag +H(1-11) paps + 12 Hoas +H(1-12) nop ] (46)

The probability generating function of the number of customer in the queue for the classical
bulk arrival two phase queue with two types of heterogeneous service and extended Bernoulli vacation
[

¢ = [M-TI[-2z]/[T(2)-7] (47)
. d
L = lim —¢(2)=T,/[1-T. 48
o) 001 0z o(2) =T /[1-T4] (48)
If the server is idle either due to retrial of customers from the orbit or due to empty system.
Then

Iy +1 *
v = P = A M- /{PE 1T} ()
L, = Mm@ =TT - Ty /T (50)

From equations (41), (42), (46), (48) and (50) it is clear that Lg=L,, +Lg and Lq=L, *+L,

SYSTEM MEASURES
In this section, we provide explicit expressions for the system state probabilities and some
important performance measures.

o The probability that the server is idle in the non empty system is

| =limiz) = [1- AW ][Ty+ Ci— 11/ A™() (51)
The mean system size when the server is in idle is
Li=liml'@) =[1- A"A)KICy T+ Cpf 2+ T+ Ty~ C+ 1 T/ T M A°() (52)
o The probability that the server is busy is
W = iéleAWij @) =ACy [ mpar+ (1-1)pggy+ 1o moar+ (1-12) pops ] (53)

The mean system size when the server is busy is
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_ 2= 2
Lw = A2 Ci[r noar + (1=T2 ) oo + 1y pan + (1-1) pgp 1/ 2

+ A Cp T [ Moar+ (-T2 popy + 1y miag+ (1-11) papy 1/ T3

+22C2 [ mag + (@-1) nipp 1012 moar+ (1-12) Mg ] (54)
o The probability that the server is in on vacation is
v = lIm[V1(2)+V2(2)1= 61[vy1+65 v 11 Cy (55)

The mean system size when the server is on vacation is
— 227" 2
Lv= 22 Cy? 0[(ry maar+ (1-1) magn + 12 tpar (1-12) Mgy ) Vig + 02 Vou ]
+ 0y ACy Ty [Vig+ 0, vy 1 /T3 + 22 Cr2 01 [Vip +Vp +2Vyg Vg ]/ 2 (56)
o The availability of the server under the steady state condition is given by

A= lgtlm {10+ 5 [Wa(d)*Wig(2) ]
={T3+[1-A W) [Ty +Cy— 11} /AT (W) + [ pyag + (1-1y) gy + 1o Hoar+ (1-1) pop 1ACy (57)

NUMERICAL ILLUSTRATION
Assuming that the retrial time, service time and vacation time are exponentially distributed with
parameters n, Wi, Bi, (1=1,2; j=A, B). Using MATLAB the performance measures are calculated and
presented in table by taking the parameter values (61, 0,, Hia, His, Hoa, Hog, I1, T2, C1, C2) = (0.5,0.5, 15,
14,12, 10, 0.5, 0.5, 0.5, 0.5)
Table -1 Performance measures A, Lg and Ls

A H By B, A L, L
10 10 0.9437 0.0796 0.2002

10 15 0.9500 0.0757 0.1963

15 10 0.9562 0.0725 0.1931

15 0.9625 0.0690 0.1895

10 10 0.9437 0.0450 0.1656

05 30 15 0.9500 0.0420 0.1625
15 10 0.9562 0.0396 0.1601

15 0.9625 0.0368 0.1574

10 10 0.9437 0.0383 0.1589

50 15 0.9500 0.0355 0.1560

15 10 0.9563 0.0332 0.1538

15 0.9625 0.0306 0.1512

10 10 0.8875 0.3673 0.6083

10 10 15 0.9000 0.3399 0.5810

15 10 0.9125 0.3173 0.5584

15 15 0.9250 0.2934 0.5345

10 10 0.8875 0.2122 0.4533

. 20 10 15 0.9000 0.1937 0.4348
15 10 0.9125 0.1790 0.4201

15 15 0.9250 0.1629 0.4040

10 10 0.8875 0.1845 0.4256

50 10 15 0.9000 0.1676 0.4086

15 10 0.9125 0.1542 0.3952

15 15 0.9250 0.1394 0.3804

Ls 10 10 10 0.8313 1.3859 1.7475
' 10 15 0.8500 1.2230 1.5846
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15 10 0.8688 1.0933 1.4549
15 15 0.8875 0.9698 1.3314
10 10 0.8312 0.6841 1.0458
30 10 15 0.8500 0.6069 0.9685
15 10 0.8687 0.5460 0.9076
15 15 0.8875 0.4840 0.8456
10 10 0.8313 0.5833 0.9450
50 10 15 0.8500 0.5164 0.8780
15 10 0.8688 0.4639 0.8255
15 15 0.8875 0.4097 0.7713
10 10 0.7750 14.8114 15.2936
10 10 15 0.8000 8.7901 9.2722
15 10 0.8250 6.0918 6.5739
15 15 0.8500 4.4958 4.9780
10 10 0.7750 2.3716 2.8537
) 30 10 15 0.8000 1.9535 2.4357
15 10 0.8250 1.6495 2.1317
15 15 0.8500 1.3827 1.8648
10 10 0.7750 1.8484 2.3306
50 10 15 0.8000 1.5421 2.0242
15 10 0.8250 1.3157 1.7978
15 15 0.8500 1.1097 1.5919
CONCLUSION
Gia Goa

In this paper MX/{ }/1 queue with general retrial times, Bernoulli vacation and
Gig Go2s

extended server vacation is analysed. Performance measures are obtained analytically and numerically.

Future investigation can be carried out to incorporate a more complex system having non- Markovian

input, balking and reneging.
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