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Abstract: In this paper we introduce the notion of Interval Max norm Q-fuzzy R-subgroup of near rings and
investigate some of their properties. Using Lower level set, we give a characterization of Max' Q-fuzzy right
R- subgroup. Finally we establish the idea of the homomorphic image and the inverse image.
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Section 1: Introduction

Zadeh [18] made an extension of the concept of fuzzy sets by an interval valued set.. Abou-zoid [1] ,
introduced the notion of a fuzzy sub near-ring and studied fuzzy ideals of near-ring. The notion of
intuitionistic Q- fuzzy semi primality in a semi group is given by Kim [3]. Roy and Biswas [12] studied the
interval valued fuzzy relations and applied these in seaxhez’s approach for medical diagnosis, and Jun and
Kim [5] discussed interval valued fuzzy subalgebra’s in BCK’S algebra’s. Gor. Zalczany[2] studied the
interval valued fuzzy sets for approximate reasoning. A.Solairaju and R.Nagarajan introduced the concept of
Structures of Q- fuzzy groups [[13],[14],[15],[16],[17]]. In this paper, we introduce the notion of Interval Max
norm Q-fuzzy R-subgroup of near rings and investigate some of their properties. Using Lower level set, we
give a characterization of Max' Q-fuzzy right R- subgroup. Finally we establish the idea of the homomorphic

image and the inverse image.
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Section 2: Preliminaries
We first recall some basic concept which are used to present the paper.
An interval number on [0,1], say a is a closed subinterval of [0,1], (ie) a=[a~,a*] where
0<a <a* <1l
For any interval numbers @ = [a~, a*] and b= [b~, b*] on [0,1], we define
(Ya< b ifandonlyif a< b anda® <b*
(ii)a= bifandonlyif a =band a* =b*
(iila+b=[a"+ b~,a* +b* ], whenever a+tb<landa®™+b*<1
Let X be aset. A mapping A: X — [0,1] is called a fuzzy set in X. Let A be a fuzzy set in
Xand ae [0,1]. Define L(A: o) as follows
L(A: o) ={xeX/ A(X) < a}. Then L (A:a) is called the Lower level cut of A.
Let X be a set. A mapping A : X - D[0,1] is called on interval-valued fuzzy set (briefly i-v fuzzy set) of
X, where D[0,1] denotes the family of all closed sub intervals of [0,1], and A (x) = [A~(X), A*(X)], V XE X,
where A and A* are fuzzy sets in X.
For an i-v fuzzy set A of a set X and (o, B) € D[ 0,1] define L(A: [a, B]) as follows
L(A:[o, B]) = {xeX/ A(X) < [a,p]}which is called the Level sub set of A.
Section 3: Interval Max-Norm Q-fuzzy R-sub groups.
The notion of an Interval Max-Norm was introduced by Jun and Kim as follows.
Definition 3.1: A mapping
Max': D[0,1] x D[0,1] - D[0,1] given by
Max(a, b)=[max (a,b), max(a*,b*)], v a,b € D[0,1 ] is called an Interval Max-Norm.
Proposition 3.1: Let Max' be an Interval Max-Norm on D[0,1] then
() Max (3 b)=a,vaeD]I01]
(i) Max' (3, b)=Max' (b,a),vabeD]I01]
(i)  1fa<binD[0,1], then Max'(ac) < Max' (b,t),vceDIJ0,1]
Definition 3.2 : An interval valued fuzzy set A(i-v) is a near ring R is called an interval valued right
(respectively left) R-subgroup of R with respect to the interval Max-norm Max (briefly a Max' Q-fuzzy

Right (respectively left)) R-subgroup if
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(IVR1): A (x-y, 4) <Max' (A (x, a), A (y, 9))
(IVR2): A (xr,q) <A (X) (respectively)
A(rx) > A(x) forall x, y, re R.

Example 3.1: Let R={a,b,c,d} be a set with two binary operators as follows

+ a b C d a b c d
a a b C d a a a a a
b b a d C b a a a a
C C d b a c a b c d
d d C a b

Then (R,+,.) is a near ring we define a Q-fuzzy set A:RxQ—[0,1] by
A(c,q)= A(d,r)=[0.3,0.4] > A(b,q)=[0.2,0.3] > A(a,q)=[0.1,0.2], then A is a Max Q-fuzzy Right
R-subgroup of R.
Proposition 3.2 : If A is a Max Q-fuzzy Right (respectively left) R-subgroup of a near ring R, then
A(0,q) <A(x,q) forallx e R, ge Q.
Proof: For every x € R, ge Q,
A(0,q) = A(xx,q) <Max' {(A(x, q), A (x, q)}
= [max ((A7(x, ), A~(x, q),
max((A"(x, 4),A"(x, 9))]
=[A~(x,0), A"(x,a)]=[A(x,0)]

completing the proof. In what follows, the notion of Q-fuzzy (resp. Max' Q-fuzzy) R subgroup means the
notion of Q-fuzzy (rsp. Max' Q-fuzzy)right R-subgroup.

Proposition 3.3: If {A;/ iea} is a family of Max' Q-fuzzy R-subgroups of a near-ring R, Then so is AA;

where A is any index set.

Proof: Let X, y € R, qeQ, we have (A Aj)(X-y,q)=sup {A; (x-y, q): ier}
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< sup{Max'{Ai(x,q), Ai(y,q)} : ien}
=Max' {sup{Ai(x,q):ier},sup{ Ai(y,q): ien }}
=Max'{ (AA}) ica (%,0), (A A) ica(y,0)}
And for every r, x € R ,we have (A Ay)(xr,q)=sup{Ai(xr,q) : ieA}
<sup {A(xrt, q) : ien}
=(AAi )(x,0)
Hence AA; isaMax Q-fuzzy R-subgroup of R.

Proposition 3.4: Let R be a near-ring. An i-v Q-fuzzy set A in R Max' Q-fuzzy R-subgroup of R if and only
if A" and A" are Q-fuzzy R-subgroup of R.

Proof: Assume that A" and A™ are Q-fuzzy R-subgroup of R and let x,yeR and qeQ. Then
A(x-y, ) = [A(xy, g), A"(x-y, 9)]

<Max' {(A(x, ), A(y.a)} , Max{A"(x,0), A"(y.0)}

= Max' (A(x, 9), A(y, 9))
and for x, re R
A(xr, q) = [A(xr, ), A"(xr,q)]

<[A(x, q), A"(x, 9] =A(x, q)

Here A is a Max' Q-fuzzy R-subgroup of R.
Conversely,
[A(y,0) A" (x-y.q)[=A(x-y,0)<Max (A(x, 4).A(y,))

= Max' ([A(x,q), A"(x, )1, [A (Y, ), A"y, @) = [Max (A(x,q),( Ay, 9)) , Max(A"(x ,q), A"(y ,Q))]
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It follows that A’ (x-y,q) < Max(A(x,q), A(y,q)) and
A" (x-y,0) < Max(A"(y,q), A"(y.0))

For any xr € R we have

[A(xr,q), A" (xr,q)]=A(xr, )<A(x,)=[A(x,q),A"(x,9)]

And So A'(xr,q) < A(x,q) and A*(xr,q) < A*(x,q)

How A and A" are Q-fuzzy R subgroups of R.

Proposition 3.5: Every R subgroup of a near-ring R can be realized as an lower level R subgroup of a Max

Q-fuzzy R subgroup of R.
Proof: Let H be an R subgroup of a near-ring R and let A be on i-v Q-fuzzy set in R defined by

a if xeH

Alx0) = {f) otherwise

Where @ (#0) e D[0,1]. Itis clear that L(A,3) = H . We will show that A is a Max' Q-fuzzy
R-subgroup of R. If x,ye H, then x-yeH and so

A(x-y,q) = a=Max (3 a) = Max' (A(x,q), A(x,q)).
If x,y does not belongs to H ,then A(x,q)= 0 = A(y,q) and thus
A(x -y ,q)<=Max (0, 0)= Max'(A(x,q), A(x,0))
Suppose that the only one of X,y belongs to H, say x. then

A(x - y)< 0= Max'(@,0) = Max' (A(x,q), A(y,q)). Now if xe R/H , then A(x, q)=0 and so A(xr,q) < 0= A(X)
for all reR. If xeH, then xreH which implies that A(xr,q)=a = A(x ,q) for all re R. Hence A is a Max'
Q-fuzzy R-subgroups of R.
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Proposition 3.6: Let H be a subset of a near-ring R. A function t4 : R x Q— D[0,1] Defined by

1 if xeH
0 otherwise

wixa) = |
for all xe R is a Max' Q-fuzzy R-subgroup of R. If and only if H is an R-subgroup of R.
Proof: Let H be an R-subgroup. Using the same inference of Proposition 3.4.
We know that Ty is a Max' Q-fuzzy R-subgroup of R. Conversely, suppose that t is a
Max' Q-fuzzy R-subgroup of R.

Let x,yeH then ty(x ,q) =1=14 (y,q), and so

t(x- Y, q) < Max' {tu(X , q),tu(y, q)}= Max'(1 ,1)= 1.
It follows that tn(x-y,q) =1 sothatx-y e H.
Let reR and xeH then we have ty(xr,q)<tu(X,q) =1 and So xre H. Hence H isan R-subgroup of R.
Proposition 3.7: If A is a Max' Q-fuzzy R-subgroup of R, then the set
Ra:={xeR/A(x,q) =A(0,q)} is an R-subgroup of R.
Proof: Let X,y € Rz and geQ then
A(x,q) = A(0,g) = A(y,q) and so
A(x-y,g)<Max'(A(x,0),A(y,q)) = Max'(A(0,,q),A(0,0)

=A(0,9)

It follows from Proposition 1.1 that A(x- y,q)=A(0,q) So that x-ye Ra.

Letr € R and x € Rz then we have
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A(xr,q) < A(x,0) =A(0,0).
Hence A(xr,q) = A(x,q) and so xr € Ra.

Definition 3.3: Let R and R’ be near-rings. A map f:R— R’ is called a (near-ring) homomorphism if f(x+y)

= f(x)+f(y) and f(xy)= f(x) f(y) for all x ,ye R.
Let X and Y be sets. A mapping f: X—Y induces two mappings.
Fr: IF(X)—> IF(y) and F¢™: IF(y)— IF(X)
supA(x) f~1(y) #0

We define Fs (A)(y) = { x e f71(y)
0 otherwise

and F;(B)(x) = Bf(x) Vxe X where A = IF(x) , B IF(y) and
Fi(y) ={x e X/ f(x) =y}

Proposition 3.8: An i-v Q-fuzzy set A is a near-ring R isa Max' Q-fuzzy R-subgroup of R if and only if the
non-empty lower level set L(A:[a., B]) is an R-subgroup of R for o,p e D[0,1]

Proof: Assume that A is a Max' Q-fuzzy R-subgroup of R and Let [a, f]eD[0,1] be such that
X, ye L(A:[ o, B]) Then A(x-y,a)<Max'(A(x,q),A(y,q))
<Max'([o.,B. et B])~[ct, B,
and so x-y € L(A;[a,B]), let re R Then we have
A(xr,q) < A(x,q) = [o,B] for every x e L (A;[a,pB]) and so xreL (A;[a, B 1)
Thus L(A;[a.B]) is on R-subgroup of R.

Conversely, Assume that L(A;[a.,B])( # 0) is an R-subgroup of R for every [a.$]€D[0,1].
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Suppose that there exist Xo,Yo € R such that A(Xo- Yo, G) > Max' (A(Xo,q),A(Y0,q))
Let A(x0,0) = [aa, B1] . A (y0,0) = [0z, B2] and A(Xo - ¥o,q) = [o1, 62]
Then [o1, 62] > Max' ([[oww,Ba].[ [02.B2]) = [ Max' (al,02 ), Max' ([oi2,B2)]

Using the definition of the interval numbers with respect to the order “>’without loss of generality we may

assume that 8; > max (oy,02) and d; > max(B1,[2),

Let M1, 22] Y2(A(Xo-Yo,0) + Max' (A(x0,9), A(yo, 9))

Then [A1, 22]=%2([61, 82]+ [Max(ai, az).min(B1, B2)]) = [“ (d1+max (oa,02)) , Y2(S2+max(B1, B2))]
It follows that max(ou,00)<A1= Y2(o1+max(o,02))< 81
max(B1, PB2) <Az = Y%(c2+max(Bi, B2)) < &2

So that

[min(o,02),Min(B1,B2)1<[A1,22]<[81,82] = A(X0-Yo,q)

Therefore Xo,Yo € L (A:[A1,A2])

On other hand, noticing that

max(o,02) > o1, max(ou,o) > o,
max(B1, B2) > B1, max(Bs, B2) > P and we get

A(x0,0) =[01,B1] < [max(ou,02),max(Bs, B2)I<[ Aa,22]

And

A(yo,0)=[02,B2]<[Max(ou, 0i2),max(Bs, B2)]<[A1,22]

And s0 Xo,Yoe L(A;[ A1,A2]) It contradicts that L(A;[ A1,12]) is on R-subgroup of R. Also suppose that there
exists Xo,yoe R such that A(Xoro, ) > A(X0,q)
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Let A(Xo,q)=[01,B1] and A(Xoro, §)=[ 1, &2]
Then [81, 8,] > [, B1]
Let [ A1,A2] =%2(A(Xolo, q)+A(X0,0))
Then [A1,22] = %2([31, 2]+ [0, B1])="2(81+ a1 , 82+ B1)
it follows that o3 < A =%(81+ 01) <61 and
Br <Az = Y282+ P1) < &2
So that [o1,B1] < [As,A2] < [81, 82]=A(Xol0,0)

Therefore xoro € L(A;[A1,12]). On the other hand ,we get A(xo, 9)=[ a1,B1]<[M.X2] and S0 Xo € L(A;[A1,A2]). It

contradicts that L(A;[A1,12]) is an R-subgroup of R. Hence A is a Max' Q-fuzzy R-subgroup of R. This
completes the proof.

Proposition 3.9: Let f: R—R’ be an onto homomorphism of near-ring. If A is a Max' Q-fuzzy ~ R-subgroup
of R. Then Fs(A) is a Max' Q-fuzzy R-subgroup of R.

Proof: For any ys, y» € R’, let S;=f*(y,)
S=F(y2) and Syo=f(y1-y)
Consider the set
S1-S,={xe R/ x=a;-a,for some a;e S,a, € S}
If Xx e S;-Sy thenx=x3-x,forx; € S and x; € S; and so f(xX) =f(x1- x2) = f(x1) —f(x2) = y1- Y2
(ie) x e FX(yi- ¥2,0) = S12. Thus S;- S, < Sso it follows that
Fi(A) (y1- ¥2,0) = Sup A(x,0)

X € Fi(y1- y2)
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= Sup A(x,q)

XESlz

< Sup A(x,q)
XeSi-S
= Sup A(X1- X2 ,0)
XeS, X2e S2
< Sup Max' (A(x1,q) ,A(X2 ,0))
X1- X2 € S
< Max' (Sup A(x1,q) , Sup A(xz ,q))
Xi€ S X €S
= Max' (F(A)(y1,0),F(A)(y: .q))
Also, for any x,reR. Let T,= f1(x), To= f*(r) and T1,= f'(xr). Consider the set
TiT2 ={yeR/ y=tit; for t1eTy and tz €T2}. If ye TiT2, then
y =x’r’ for some x’e Ty and r’ €T and so
F(y) = f(x'r") =f(x")f(r")=xr
(ie) yef(xz) = Tz thus ToiTo < Too
It follows that F¢«(A)(xr,q) = Sup A(y ,q)

ye f(xr)
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=Sup A(y,q)
yeTi

< Sup A(y ,0)
y e TTiT,

= Sup A(X’r’ ,q)
X eTir’eT,

< Sup A(X’,q)
x"eT1=F*(x)

=F«(A) (x,)

Similarly , Fr (A) (r'x’) < FfY(A)(x,q)

Proposition 3.10: Let f: R— R’ be a homomorphism of near rings. If B is a Max' Q-fuzzy

subgroup of R ,then FY(B) is a Max' Q-fuzzy R subgroup of R.
Proof: Let x,yeR, then Ff'(B)(x-y,q) =B(f(x-y,q)
= B(f(x,q)-f(y,q)) <Max'(B(f(x,q),B(f(y,q))
=Max'(F*(B)(x,q).Fr"(B)(y ,))
Let reR, then we have
FF(B)(xr,q)= B(f(xr,q)) = B(f(x.q),f(r.q))

< B(f(x,0))= Fr'(B)(x ,q)

Hence Ff(B) is a Max' Q-fuzzy R subgroup of R.
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Conclusion : Y.B.Jun [6] introduced the concept of interval valued fuzzy R-subgroup of near ring. In this
paper we introduce the notion of Interval Max norm Q-fuzzy R-subgroup of near rings and investigate some
of their properties. Using Lower level set, we give a characterization of Max' Q-fuzzy right R- subgroup.
Finally we establish the idea of the homomorphic image and the inverse image.

Future work: One can obtain the similar idea in interval valued soft fuzzy subgroup of near rings with

suitable mathematical tool and characterize the images of soft fuzzy groups.
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