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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable Aleph-functions and a class of polynomials with general arguments. Several particular cases are given.
The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [2] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [6]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.
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Suppose , as usual , that the parameters

aj?.j: 17 7p7bjaj = 17 » 45
k k .

()3_1 'ank;c‘gi()k)vj:nk_*'la"'in(k);

k) . .
dé )7]:17"' mk,d(()k),j mk+17"'>Qi(k);

with k=1---,ri=1,---,R,i® =1,... ,R(k)

are complex numbers , and the O/s, I} /S, ’y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives for ¢ = 1 to [, T;(x) are positives for i*) =11 R®)

The contour L is in the Sg-p lane and run from ¢ — 200 to 0 + 200 where 0 is a real number with loop , if

d\®)

k . .
necessary ,ensure that the poles of F( i 5; )Sk) with j =1 to my are separated from those of
T

'l —a; + Zagk)sk) with 7 =1 to n and I'(1 — cgk) + fy](k)sk) with j = 1 to ng to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(y1, -5 yr) =0(|lyd] - L |yel™) smaz(|yal, -+, |y ) =0
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wherek =1, | r:qp = min[Re(d§k)/5§k))],j =1,---,myand
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We will use these following notations in this paper

U=pi,q,7:R; V=mi,ni;- ;me,n, (1.6)
W= pi, @y Ty BRY o piy, oy Ty s BT (1.7)
A={(a;al), - ol in b Anilagi ) ol g} (18)
B ={r(bji: 8%, B matai} (1.9)
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The multivariable Aleph-function write :
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Suppose , as usual , that the parameters
uj,j=1,---, Pivj,j=1,---,0;
a;k)’jzl,... ,Nk;ay;?kwj:nk-i‘l,'“ P

D g =+ L Quu b G =1, My
with k=1 ,s5,i=1,---,7" ,i® =1, ,r(k)

are complex numbers , and the O/S, 5/8, ’)//8 and 'S are assumed to be positive real numbers for standardization
purpose such that

N P ) My,
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k
—Li(k) Z 5J(Z<)k> < (1.16)
Jj=Mp+1
The reals numbers T; are positives for? = 1,--- |7, ¢;(x) are positives for i =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where 0 is a real number with loop , if

mecessary ensure that the poles of F(b(k) B(k)tk) with j =1 to M} are separated from those of

'l —wu; + Zp )tk with j =1 to N and I'(1 — (k) )tk) with 7 =1 to Nj to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
7 /7
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We will use these following notations in this paper

U PmQ’L?LZ) V/ M17N1;'” ;MS7NS (1-18)
W= Py, Qi t;00; 7Moo Piey, Qi L3 ) (1.19)
1 . - (s) 12
- {(ujv ) aﬂ’] )1 N} {Lz(ujzv,uf]z ) muﬂ )N+1,P¢} ( . 0)
B — (oD o
{ei(vis v’y 505 ) m1,Qi ) (121)

1 (1), (1) 1 . (1) L8 (s) . (s)
C _(a’j 3 Q5 )1,N1 aLi<1>(aji(lwO‘ji(l))N1+1,Pi(1)>'" ) (aj 4 )1,Ns 7Li(s>(aji(s>’aji(s))Ns-V-LPi(s)(l‘zz)

1), o(1) 1) | 501 s). n(s) (s) . q(s
D/ :(bg )7ﬁ]( )1,]\417Li(l)(b'g'i()lwﬂ]('i()l)>M1+l,Qi(1)7 e 7(b§ )’ﬂ]( )17Ms7Li(5> (63'1‘()5))BJ('i()s))Ms+1,Qi(S) (1.23)
The multivariable Aleph-function write :

Ao
N(z1, - ,25) = NOU,NWY,I o (1.24)
B :D’

Zg

Srivastava and Garg [4] introduced and defined a general class of multivariable polynomials as follows

h1R1+...thv<L le . -ZR”
SE e zmls Y (CDmmetehor B Ry, RS 0
Ry, ,R,=0 Rle

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [5 ,page 39
eq .30]

%p&g [(Ap); (Bo)s —(w1 + -+ +2,)]

~, [(Bj)

Aj+s1+-+sy)
Bj+si+---+sy)

J 1

1“(—31)--~1“(—3T)x‘f1 ...xirdsl .. 'dST (2.1)

L,

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/(t—a) H 1—7',t—a}“_ Hf7t+g] oidt = (b —a)*™P~1B(a Haf7+g]
a i=1 j=1 7j=1
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(w:hy, - hy, Lo 1) (A : 1), (N i )5 (=012 1), (—og 2 1)
}7,1;17..,7 1o 1
1:0,--,0;0,-- 0
(a+ﬁ:h1,"' ,hlyla"' 71):_’... ,_;_7... , —

CL)hl _(b_a)fl (b_a)fk

T b—ahl,---,T b— , , —
1 ) d afi + g1 afr + gk

(2.2)

where a,b € R(a < b),, B3, fi, gi,04,7j, hj € C, A €eRT(i=1,-++ ki =1,---,1)

} <1
Fl;l,...’l;l...

1:0,--- ,0;0,,,,’}) is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[3,page
454] and [4] given by :

(b—a)fi

min(Re(@), Re(3)) > 0, max, {|r;(b —a)"|} <1, max { ofi + g,

ANV

(w:hy,-+- hy, Lo 1) (A1), (N i 1) (=012 1), (—og 2 1)

(a+/6:h17"' 7hl717"' 71):_7"' s Ty Ty T

(b—a)f1 (b—a)fr T'(a+ B)

: h— hl,__., h— hl7_7,...’_ —
mi(b—a) b= afi+gi | T@IT_, TO) T T(~0;)

F<Q+Zl,_ h-5-+2k_ s ) l k
1 =114 =1°l+j
(2mw)i+k / / ] I - K [IrO +50) [T 005 + s14)
Ly L T (a +8+ Ej:l hjs; + Ej:l Sg+j) =1 j=1
l+k
[IrCspar -ty 2k dsy - - dsipk (2.3)
j=1

Here the contour LQS are defined by Lj = Luwc, 00 (Re(()) = U;’) starting at the point v;/ — woo and terminating at the
point v} +woo with vj € R(j =1,---,1) and each of the remaining contour L1, - - , Li 4 run from —woo to woo

l
. . . hi1— N
. can be easlily establisne expandin — 3 - ' means o e rormula :
(2.2) can be easily established by expanding | [ [1—7(t —a)™] ™ by f the formul

j=1

@ (el < 1) .4
r=0 '

(1—2)"=

integrating term by term with the help of the integral given by Saigo and Saxena [1, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [3, page 454].

3. Eulerian integral

In this section , we note :
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l l

C(l i ) , _C’<7«) i .
Hl—T]t—a i ,C]()>O(l:1,-~-,r);&i:H[l—Tj(t—a)’“] g ,C;()>0(Z:1,---,s)
/‘/(i) i )
0! = H 1—Tjt—ah} G ,C;-/()>0(Z:1,---,u) 3B.1D
Kl:(l_a_ZRiai;:ulﬂ'”7#7‘7#37"'5#{97}1'17"'ahla]-a"'vl) 3.2)
=1
—ZRibi§P1>"'apr7P/17"'7/)/5;0;"'70’0""0) (3.3)
=1
Kj = [1 _>‘j _Zngjﬁ(l)aCJ(l)v aCJ('T)vcjl'(l) 1(5(5)707"' 117"' aOaO"' 70]1,l 3.4)
J
(4 1 T /(1 (s
K],:[1+O—J_ZRZ>\J()5)‘§)77>\_§)7)‘j()7>‘j()707707071370]1,k 3.5)
=1
J

Ll:(]-_Q_B_ZRZ(CLZ'i_bl))#l'i_pla 7/‘LT+p’I“nu/1+p,17 >M;+P;7

1=1
h’lv"'ah‘lala"'71) (3.6)
Lj = [1_)\] _ZRzC;/(Z)vcj(l)a 7{7(7’)’6‘;(1) 7C;(8)707"' 7070"' 70}1,l 3.7)
(% 1 T (1 s
L 1+UJ ZRA())‘() ’ 7)‘§')7/\j()"'aA;‘()aOW"aOaOy”'70]1,k (3.8)
Vi=V;V’1,0;---51,0,1,0;--- 51,0 s Wq = W; W'0,1;---;0,1;0,1;--- ;0,1 (3.9)

C1=C:C"(1,0);---5(1,0);(1,0);--- 5(1,0) ; Dy = D; D';(0,1);- -+ 5(0,1); (0,1);--- 5(0,1)  (3.10)

k
Py = (b—a)*tP~ 1{]_[ afj +g;)° } (3.11)
j=1

h
u 1b R _su K@D p
Pu e (b — a/)zizl (al+bl)Rl {H(af] + g]) 2[:1 )‘j Rz } (312)

Jj=1

(=L)n Ryt 4 horR,B(E; Ry, -+ Ry)
Ryl Ryl

B, = (3.13)
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We the following generalized Eulerian integral :

b l k
/(t—a)“ Yot -t —a)] Hfjt—i-g,
a j=1 =1

17(1)
207 (t —a) (b= )" [Ty (f5t +95)
hi, ke
’ k _ /./(u)
zn00(t — a)® (b — )b TI;_, (fit + g;)
" o k _)\(1) Iy :U'/ p/ k _)\/‘(1)
216 (t — @) (b — )7 [, (fit + g5) 77 201 (6 = a)r (b — ) J[;_ (fit +g5)
N N
0 e (h — £)or TTF —al gt wo(h — )P TTF -2
20 (t —a)tr (b= )P [T, (fit +95) ™ 2,0, (t — a)#=(b— )= T[,_; (fit +95)" "
h1R1+"'huRu<L u
dt =p, > I] =%
Ry, ,R,=0 k=1
z1(b—a)t1tP1
AlD
[T, (afj+g;)"
- . . /.
Zp(b—a)krTer A ) A ) I(]_,[('Q,[(v],[(i7 . Cl
™
TT5_, (afi+g;)
zi(b—a)“/l +p1
[T (afs+9)
0,n+N+l+k+2:V N
NUnU/ k42, z+ki1 Wi 2z} (b—a)ts %( ) 19
H] 1(afj+gj)>\
(b — a)h
(b — a)l LT T 7.
-y BB’ L, L;, L : Dy
afi+g1
(b—a) /
afr+gx
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We obtain the Aleph-function of r + s + k 4 [ variables. The quantities A, A’, B,B’,C,C’,Cy,D1,V; and W, are
defined above.

Provided that

A) a,be R(a < b)?#iaﬂ;apiap;aA.S'Z)vA;(u)ahv €R+:fivgj7TU704j’)‘v eC (Z =1, ri=1,-3k;
u:17 78'7/0:17"' 7l>7ai7bi7<;’/(i) €R+7(i: 17 ,U;j:17"' 7k)

(B) See the section 1

(b—a)fi

1<k | afi + gi

1<l

() max { } < 1, max {|Tj(b—a)hﬂ"} <1

r d(]) S b(J)
®) Re[a + ;u]  dnin 5@) Zm Jnin ﬁm} >0

PN b
/ . k
ol +ij B, 507 T2 i ) >0
7_

(E) Re (Q+ZR¢Q¢ +Zﬂi3i Jthi,u;) > 0; Re <B+Zszl Jeris,- +Ztip;> >0
1=1 =1 =1 1=1 i=1 =1

c (Aj RO 43 sl + Ztigm) >0( =1, ,1);

i=1 i=1 =1

Re (—aj FY RN L3 a4 Zm;(i)) >0(j=1,---,k);

i=1 =1 =1

N P,(k) Mg
k k k k k
® U —Za( ) 4 Z i)+ 3 A e > A —nZﬁ” > a0
j=n+1 j=1 Jj=nk+1 Jj=1 J=1
4q;(k)
j:m;ﬁ—l
k k k i b_N" gk
0
i = Zu”ﬂz 5 M”+Za”+b<k> > %w—‘lzv() >4
j=N+1 J=Np+1 j=1
Q)
i) Z (k<)k>\
J=Mp+1
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n qi ng Pi(k)
k k k k k k
@ A =3 aon 3 ol a3 A S 3 ol
Jj=1 j=n+l j=1 Jj=1 j=nr+1
mp q,(k) l '
+Z(5§'k) R (k()m Z)\(Z ZCJ@ —pk —pr >0, with k=1---r
=1 jE— 1=1
i=1,---,R,i®=1... R®
B () N E
k k) k k (k) o)
Zuy . Y LZZU Doy —he D g
i=N+1 j=1 J=Nit1
My 4q;(k) k l
+Zﬁ( P D0 B =2 N =300 —uh = p >0 wi k=1 s,
j=My+1 =1 I=1
1=1, ,r,zk):l, ,r(k)
! ¢ k 1w
(H) |arg zH[l—Tjt—a Hfjt—kgj ; <§Al T(a<t<hi=1---,r)
Jj=1 j=1
l AR )| _L ok
arg ZH[l*T (t—a) } H(fjt+gj) J <§Bz T (a<t<bi= ,S)
j=1 j=1
Proof

To prove (3.24), first, we express in serie a class of multivariable polynomials defined by Srivastava et al [4],
S Rl [] with the help of (1.25), espressing the Aleph-function of r variables by the Mellin-Barnes contour
lntegral with the help of the equation (1.1), the Aleph-function of s variables by the Mellin-Barnes contour integral with
the help of the equation (1.13). Now collect the power of [1 — 7t — a)hi] with (i =1,--- ,r;5=1,--- 1)
and collect the power of (f;t+ g;) with j =1,---,k. Use the equations (2.2) and (2.3) and express the result in

Mellin-Barnes contour integral. Interpreting the (r + s + k + [) dimensional Mellin-Barnes integral in multivariable
Aleph-function, we obtain the equation (3.14).

Remarks

If aypr=-,pp=py=-,p,=0;b) 1=+, =p) =---,u’ =0, we obtain the similar formulas that
(3.24) with the corresponding simplifications.

4. Particular cases

a) f ¢;,¢;0), -+ ,t;s) — 1, the multivariable Aleph-function of s-variables reduces to multivariable I-function
of s-variables defined by Sharma and al [2] and we have

b l
/(ta) HlfT]t—a )\JHf]tJrg]

j=1 j=1
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3 7(1)
207 (t = ) (b = 0" Ty (it +9) 7

/‘/(u)

00 (t — a)@ (b— )% TI5_ (fit + ;)

(1)
2101 (t — ) (b— )" [T5_ (fit + ;)

’ (M
200, (t — a)r (b — )P [T5_, (fit +95) ™

/ ’ /(1)
401t = a)s (b= )% [T, (f5t + g5)
h1R1+huRu<L m

I dt =p, > I] =" P.B.

Rlv"'vRu:O k=1
)\/(s)

7,00, (t — a)s (b — )P [TV, (Fit + g5) ™

Zl(b_a)uﬁ—m
(1)
Té_, (afy+9,)™
- ) / /.
Zp(b—a)HrTPr A 3 Kl,KQ,Kj,Kj,Q[,Ql,Q[l

(r)

A

H?:l(afj‘l’gj) J
zg(bfa)“l1+p/1

AL (1)
H?=1(afj+gj) J

Io,n+N+l+k+2:V1 , s ‘,+,

U;U’l+k+2, 1+ k+1:Wy zg(b—a)ts™TPs
AL (8)

[Tf_ (afj+g;)"

(b —a)™

(4.1)

O '
b B, Ly,L; L, %B, %%,

afi+g1

(b—a)
afk+9gr

under the same notations and conditions that (3.14) with ¢;, ¢;(1), =+ , Li)—> 1
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A B’ B (4
Hj:l (aj)R19/_+,..+Ru9(“) Hj:l (b;)Ruﬁ; T H] 1 (b§ ))Ru¢(")
b) If B(L; Ry, -+ ,Ry)=—= s z s 4.2)

C D’ D), o(u)
Hj=1(cj)mlr¢;;+~--+muzp§“) Hj:l(d;')Rﬁ; "'Hj:l (dju )Ru6§“)

then the general class of multivariable polynomial Sﬁl b 21, , 2y reduces to generalized Lauricella function

defined by Srivastava et al [3].

prran 5 o [CL)Ry, o Ru[(@): 0 00 [(0): ¢
Copris D)L () ] [(d); 85+ 5 [(d™); 0

Zy

(4.3)

and we have the following formula

b l k
/(t—a Hl—TJt—a Hfjt—l—gj
a : :

k _ /4/(1)
267 (t — a) (b — 1) [T5—y (fit +g;)

1+A:B’;-- ;B
F(j;D/;... ;D (w)

)\”(UJ

Zi0(t — a)™ (b — t)P TIV_, (fit + g5)

[(L)iRi, -, Ral[(a); 0, 0] [(V); ¢ - 7[(5(“)) o]
[(e)st!, - ] 2 [(d); 8] 5 [(d0)); 6]

(D)
2101 (t — a) (b — 1) [T5_, (fit +95) ™

' (™
200 (t — )i (b — )P [T5_, (fit +95) ™
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200 (t — ) (b — 1) [T5_ (fit +g5)

o,N:V'/
N ws

Z,00,(t — a)"s (b — )7 TI5_ (it +g;)

hiRi+hyR,<L

- P, > I] z"p.B,

Ry, Ry =0 k=1

zl(b—a)“1+p1

(1)
AN
I[Tf_ (afj+g;)"

Zr (b,a)lﬂr +or

™

. AL

15—, (afj+g;)"
2 (b—a)11°1

RO PN+ 4k+2:V) L '/+,
U;U’1+k+2,1+k+1: W zg(b—a)tsTPs

AL (1)
IT5_1 (afj+g;)"3

71 (b — a)hl

Tl (b — a)hl
(b—a)f1
afi+g1

(b—a)
afr+gx

under the same conditions that (3.14)

AL (s)
[T, (afj+g;)"

(1)

dt =

/(s)

. (4.4)

(_L)}L1R1++huRuB(E7 Rl’ e 7R'Ur)

and B, =
' Ry!---R,!

Remark:

; B(L;Ry,---, Ry) is defined by (4.2)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions and a class of multivariable polynomials defined by Srivastava et al [4].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
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functions and a class of multivariable polynomials defined by Srivastava et al [4] with general arguments. The formulae
established in this paper is very general nature. Thus, the results established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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