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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable Aleph-functions , a generalized Lauricella
function ,a class of multivariable polynomials and Multivariable I-function defined by Nambisan [1] with general arguments . We will study the case
concerning the multivariable I-function defined by Sharma et al [2]. .
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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable Aleph-functions, a expansion serie of multivariable I-function defined by Nambisan et al [1] and a class of
polynomials with general arguments.

First time, we define the multivariable I -function by :
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This result can be proved on computing the residues at the poles :

_dhl 4k

5= S (=1, ymak =0,1,2,-- ) fori =1, v (1.6)
5D

We may establish the the asymptotic expansion in the following convenient form :

I(Zi”a o 7Z;;N) = 0( |Ziﬂ|al7 ) |Zg/|av ) ,max( |Z£N y " |Z;N| ) —0

TG 2 = O ) i |21, [22]) = o

where k = 1’ cee VIO = mzn[Re(dgk)/5§k))]7j — 17 See LMy and

Br = max[Re((cgk) — 1)/7§k))],j =1, ,ng

dn\? + k,

5 J(hi =1, my,k; =0,1,2,---)fori=1,--- v 1.7)

We will note 1y, 1, =

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [2] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [7]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.

0,n:mMq, M1, My, N
We have : X(21, -+ ,2,) =R o
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aj7j: 17 7p7bja.7 = 17 y 45
k) .
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dg )7.] :17 mkvd( ()k)aj _mk+17 y Qi(k) 5
with k=1--- ,ri=1,--- ,R,i® =1,... R®
are complex numbers , and the O/S, 15} /8, ’)//8 and 0’ s are assumed to be positive real numbers for standardization
purpose such that
. Nk P;(k) T
=3l 3 a5 e 3 o n S-S
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4q;(k)
~Tiw D Gy <0 (1.11)
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The reals numbers 7; are positives for ¢ = 1 to 2, T;(x) are positives for i*) =1t R%)

The contour Ly, is in the Si-p lane and run from 0 — 400 to 0 + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(d;(k) - 5;(1:)%) with § =1 to my are separated from those of
T

1 - a; + Zagk)sk) with 5 =1 to n and T'(1 — ( ) —|—”}/( ) k) with 5 =1 to ny to the left of the
=1

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(y1, -5 yr) = 0([ya|™, - s [yel® ) maz(lyal, - 5 lye| ) = 0
Ny, ue) = 0( |yl syl ™) smin( -+ Jye| ) = 00
where k = 1, sy = min[Re(d{" /6%)], j = 1, my, and

Br = maz[Re((cf") = 1) /)] j =1, m,

We will use these following notations in this paper
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The multivariable Aleph-function write :
o,n:V
N(zi, - hz) =g | - |, .. (1.19)

Consider the Aleph-function of s variables
Al
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Suppose , as usual , that the parameters

/

uj,j =1, ,p5v5,5 =1, .4}
(k) J=1 ’n;da;l;()k)»j:nk‘*'l»“' UK
D g =+ 1yl 0 G =1, g
with k=1---,s8i=1,---,7 i(F) =1, 7r(k)

are complex numbers , and the O/S, 5/8, ’y/S and 0’ s are assumed to be positive real numbers for standardization
purpose such that

Pik) my,
/ k k k k k k
S 3 S S a3l

Jj=n’+1 j=nj+1 =1

%)
k
—uw Y B <0 (1.23)
j:m;—i—l
The reals numbers T7; are positives forz = 1, |7 , ;) are positives for i =1...p0)

The contour Ly is in the tp-p lane and run from 0 — 200 to 0 + 200 where 0 is a real number with loop , if
necessary ,ensure that the poles of T(b(k) ﬂ(k)tk) with 7 =1 to m;c are separated from those of

'l —u; + ZIJ’J )tk with j =1 to NV and I'(1 — a(-k) + Oz(-k)tk) with j = 1 to nj, to the left of the
=1

contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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1
largzg| < §Bi(k)7r, where

n' P, i (k)
k k k k k
CARS LSS DRI w5 LI ot
j=1 j=n’'+1 j=nj+1
m), ()
+3 8 — e Y B(Z(k)>0 with k=1, ,si=1,--,r,i® =1,... r& (124
j j=mj +1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
N(zla T 728) = O( |z1|a17 T |Zs|as ) ’max( |Zl|7 T |Z8| ) —0

/ ’ .
R(z1, - z5) = 0|21, [26]% ) smin( |2, - 2] ) = 00

where k =1,---,2z:a) = min[Re(b§k)/ﬁ.§k))]7j =1,---,mjand

B, = maz[Re((@\® — 1)/a{)],j=1,--- | nj,

We will use these following notations in this paper

U =p.,q,u;r; Vi=mi,nl; - yml n (1.25)
W' = play, Qs i ™ D @y s Lo s ) (1.26)
Al = { (uy; :u;'l)v e ’/’Lj )1 b i (i Mgz), T a,ug’?))n%l,p;} (1.27)

= {6zl 0 ) (1.28)
O =(a";al") 1 o (a§131> aﬁfé»n T (850l e ( Efg ); §f2 D!, (129)

1 1 1 1 s s s
D’ :(bg )’BJ( )>17ml1’bl(1 (bgz()l)’ ]('i()1>)m/1+1vq;(1) <b( )’ﬁ( ))1 ml s Li(s >(ﬂj(2() )vﬁ ii(s ))m L+1, Q( ) (1.30)

The multivariable Aleph-function write :

L A C
N(zi, o ,2) = R |7 | L (1.31)
B D

Srivastava [4] introduced and defined a general class of multivariable polynomials as follows

[Ni/Mi]  [Nu/M.]
Mla

< My, (_Nl)M1K1 (_Nu)MuKu
SNl,"'vNu [ylv"' 7yu = Z Z Kl' K'u!
K,1=0 K, =0 '
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ANy, Kq - 5 Ny, Koyt -y (1.32)

where M7, -+, M, are arbitrary positive integers and the coefficients are A[N7, K1;- -+ ; Ny, K] arbitrary
constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

P T4
“PFQ (Ap): (B —(@1 + - + )
f— —1 HJ 1 + gl + + S"V) —8 . e —S xsl « o 8 xsr CECEEY
o / s R @D

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of T'(A4; 4+ s1 + -+ + s;)
are separated from those of I'(—s;),j = 1,--- ,r. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/ (t—a)* ' (b—1)°" H 1—7;( t_ah H fit+g5)%dt = (b—a)***'B(a H afj +9;)°
a Jj=1 Jj=1 Jj=1

(w:hy,--  hy, oo 1) (A1), (N s 1) (=0 2 1), (—og 2 1)
(O‘_{—B:hla"'vhl?l?"'71):_7"'7_;_7"'7_

b-—a)fy ~ _(b—a)fk

T b—ahl,---,T b—ahl,— , ,
i ) d ) afi + g1 afr + gk

(2.2)

WhereaviR(a<b)7a757fivgi70—i77—j7hj G(C7>\j ER+(i: 1? aka.]: ]-a 7Z)

bet,

and F' 1101 01 01 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] and [6] given by :

(b—a)f;
afi + g;

min(Re(a), Re(3)) > 0, fg?gl {{Tj (b —a) ‘} <1 1<J<k {

(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 2 1), (—og 2 1)

(a+6:h17"' 7hl71,"' 71>:_7"' y Ty Tty T
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b—a)fy (b—a)fi Mo+ 6)
s (b—a)tr ... b—a)u _(7 — —
T T o | T T [T O TP Ty

l k

1 (Wrz 1hysi+ 22 1Sl+j) l b

W/ / = = H (Aj +55) HI‘ —0j + S145)
L1 L T (a —+ ﬂ + Z] 1 h; i Sj + Z] 1 9l+]) j=1 j=1

[ITCsia -zt oo 2 dsy - - dsig 23)

Here the contour Ls are defined by L;j = L, (Re((j) = v}) starting at the pomt v} — woo and terminating at the
point v;’ + woo with v;' €R(j =1,---,1) and each of the remaining contour L1, - - , Li+x run from —woo to woo

l N
(2.2) can be easily established by expanding H [1 -7t - a)}”] ’ by means of the formula :
j=1

(1—2)" Z% "(|2] < 1) 2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [3, page 454].

3. Eulerian integral

In this section , we note :

l l

O O
H L—7j(t—a)] ™ K 7C§Z)>0(i:1,“'a7");95=H[1—Tj(t—a)hi] “ ,C;(z)>0(i:1,'--,s)

j=1 j=1

l _A11(1) A
92,:1_‘[ [I_Tj(t_a’)hz} Cj 7C],'/(Z) >0(Z:17 ,’LL)
Jj=1

l

=TTt - O S 0 =1, ) 6
j=
K| = (1_0[_2[(1.%_;77(;“% TR R TSR R TN SURTTI I FRRRIN ) (3.2)
=(1-p8- ZKb —Znaz,gz L1, e Py Pl 0, 0,0+, 0) 3.5)
K = - ; K¢~ gnai,gi ¢t AW ),
0,"',.1,“‘,0,0“‘,0]1,5 3.6)
J
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10y = 3N =, A e AP X

S

(I—a=B=Y Kilai+b) =Y (af +0)0c, g1+ 1 o fir + proph + 01,
= i=1

7hl7]-7"' 71)

- /\J - Z K’CJH(” - chl'//(i)n(;i,gi;gg(l)? e ’CJ(T)7CJ/‘(1) e a€5(3)707 T 7070' o ,0
=1 i=1

(i D AW (r) () ()
=140, - ZK)\ ZA Grgii Ay AN N 0,.00,0,- -

=1

h
P =(- oH—ﬂ 1{Haf]+g] }

h
Buy = (b — a)Si=1(@Hbne, o0+ i (0t K, {H afj 4 gj) 7 2 N e i MK }

A, =

Vi=
Ch

(_Nl)MlKl (_N )
Ky K,

UA[NlaKla”' ;NIL?Ku]

ViViL,05000 51,051,050 51,0 5 W = Wi W50, 1550, 150,15+ 50, 1

:C;C,;(l,O),"' 7(170);(170)7"' ,(1,0) ; D1 :D;D/;(071)7"' 7(071)3(071)7"' ><071)

We have the general Eulerian integral

b l k
-
/(ta Hl*Tthah JHth+gJ
a =1 j=1

~

a’ / k — A\
200 (¢ —a)® (b — )% TT5_, (it + ;)™

77(1)

ay 1 k d Y
2000 (t — a) (b — )" [T5_, (it + g;) ™
r1(w)

2000 (L — @)@ (b — )% [TV, (fit + g5) ™

) , 111(1)
AP0 (1 — ) (b — )% T (fit 4+ g,)

11(v)

(3.7)
sty =+ Py
(3.8)

111 (3.9)

,0]1.%(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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i p1 TTF —ASY
2101(t —a) (b — )" [, (fit +g;) 7

N
. ()
200, (t — a)r (b — )P [T5_, (fit +95) ™
Iy Nl p/ k —)\l,(l)
2101 (t —a)r (b — ) [[,=, (fit +g5) 7
N ) dt =

’ /. _y/(8)
7,00, (t — a)s (b— )P« TIL_y (fit + g5)

[Nl/Ml] [Nu/Mu] v (_)kl u
Z H 5h(i)k 'zz{//m,,“kiH S kAuBu,v[d)l (nhh]ﬁ? - 7nhmkr)]j;éhi
K,=0 =1°"% "

k=1

zl(bfa)‘”*pl

(1)

[T%_, (af;+g;) "3

. .. . . / .
zp(b—a)Hrter A 3 A ’ K]JKQ,KJ,KJ . Cl

NG

[T5_(afi+g;)"

2 (b_a)“/1+Pl1

A% (1)
[T, (afi+g;)"

0,n;0,n";l+k+2:V4 S,
N O 1 b2, k41 W7 2 (b—a)retet . (3.16)
[T (afs+9)

Tl(b — a)hl

Tz(b'—'éb)hl Do, . .
(b—a) f1 B ;B’; Ll,Lj,Lj : Dy

afi+g1

(b—a)
afr+gr

We obtain the Aleph-function of r + s + k + [ variables. The quantities A, A’, B,B’,C,C’',Cy,D,V; and W, are
defined above.

Provided that
/

(A) arbe ]R((I < b)?,u‘lalu‘éuplvp;uAEZ)aAI(u)/hU S R+;fivgj;7_v70-ja)\v S C (Z = ]-7 7T;j = 17 aka
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(I ) The multiple series occuring on the right-hand side of (3.16) is absolutely and uniformly convergent.
Proof

To prove (3.14), first, we express in serie the multivariable I-function defined by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava S]]\\;[ll”.:"%“ .] in serie with the help of (1.32), the
Aleph-functions of r-variables and s-variables in terms of Mellin-Barnes type contour integral with the help of (1.8) and
(1.20) respectively. Now collect the power of [1 — T (t — a)hi] with (i = 1,--+ ,r;5=1,--- 1) and collect
the power of (f;t+ g;) with j =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes

contour integral. Interpreting the (r+ s+ k+1[) dimensional Mellin-Barnes integral in multivariable Aleph-
function ,we obtain the equation (3.14).

Remarks

If aypi=-,pp=py=-,p,=0;b) 1=+, =p; =+, =0, we obtain the similar formulas that
(3.24) with the corresponding simplifications.

4. Particular cases

If i, L;00),-++ ,Lits) — 1, the multivariable Aleph-function of s-variables reduces to multivariable I-function of s-
variables defined by Sharma and al [3] and we have

b l
/(t—a) H 1—7;(t—a)t Hf]t—&—gj

j=1 Jj=1

11(1)

2007 (t — )@ (b— 1) T (fit + g;)

' 1w
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under the same conditions and notations that (3.16) with ¢, £;(1), - ,Lis) — 1

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions and a class of multivariable polynomials defined by Srivastava [4].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
function, a expansion of multivariable I-function defined by Nambisan et al [1] and a class of multivariable polynomials
defined by Srivastava [4] with general arguments. The formulae established in this paper is very general nature. Thus,
the results established in this research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving the special functions of one and several variables can be obtained.
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