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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable A-functions defined by Gautam et al [1] a
generalized Lauricella function , a class of multivariable polynomials and multivariable I-function defined by Nambisan [2] with general arguments .
We will study the case concerning the multivariable H-function defined by Srivastava et al [7]. .
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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable A-functions defined by Gautam et [1], a serie expansion of multivariable I-function defined by Nambisan
et al [2] and a class of polynomials with general arguments.

First time, we define the multivariable 7 -function by :

(aj; 045'1)7 Ty a§'v); Aj)N—i—l,P :
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where ¢1(s1,-+,8,),&(8i),i=1,--- v are given by :

1
P1(51,7 ,80) = : : (1.3)
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El(sy) = : : _ (1.4)
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1=1,---,v
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2 £ 0 =1, v
6()(d()+k)#5 ( +nl)f07"j7éh“]’h _1 i(izla"'7U>akia77i2071727"'(7::17"'7v)’then
0o (1) (v) T k
7 dhy’ + k1 dhy 4+ ky (=) dhy+k;
I -2 Z Z Z Z [ ( SR ) H PRy 3R (1.5)
hi=1  hy=1k=0  k,=0 5h ) oh" jAhi=1 5h§ )kz'
This result can be proved on computing the residues at the poles :
dh\? + k;
S; = Z77(h1 = 17 ami7ki :0,1,2,"'),](‘07"2.: ]-7 U (16)
sh{”
We may establish the the asymptotic expansion in the following convenient form :
TGz = O, 2] ) maa( 2] [22]) = 0
I(z1", - 2y ) = 017 1P ) (2], -+ [2)']) = o0
. k k .
wherek =1, --- jv:qp = mm[Re(dg )/53(- ))],j =1,---,myand
k k .
Br = maz[Re((c]) = 1) /7)) j =1,
dh’? + k,
We will note ny,, , = ZST J(hy=1,--- ,my,k;=0,1,2,--Vfori=1,--- v 1.7
The A-function is defined and represented in the following manner.
71 1
(aj; Ao AN,
Alzr s z) = Applalilin el
. pM (r) )
Zy (bj7Bj 7"'7Bj )LQ'
(1) ~() X (1) ()
(Cj 7Cj )17;017 B (Cj 7Cj )LPT
(1.8)

1 1 T r
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1 4 ,
:W/L /L P(s1,- ,Sr)H 0i(si)z;'ds1 - - dsy (1.9)
1 T =1
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where ¢(s1,- - ,8,),0;(s;),i=1,---,raregivenby:

T, Ty = S, B s) Ty T — a5 + X7, AYs))
P Dy = iy AV s ) TTE, i D= by + X0, BYs))

I T0 - + C%-) [T, T(d” — D))

Il)l ni+1 ( o C(l 5) r1- dg'” - -D;l)si)

92(81) =
[ mi+1
Here m, n, p, m;, ni, pi, ¢; EN*,Z =1,--- 7r;a’J7bJ7C])?d§Z 7A g B(Z) Cl) D<Z) C

The multiple integral defining the A-function of r variables converges absolutely if :

1 *
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Consider the second multivariable A-function.
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where @' (t1,- -+ ,ts),0.(t;),i=1,--- s are given by :
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[T T = X0, B ) T, DO~ + 50, 450)

d),(tl? Tt 7t8) = 7 7 3 - (1.18)
H?:n’—‘,—l F(a;- - Z A/( Ot ) H7 =m/+1 (1 - b;' + 22:1 Bé'(L)tj)
(1) = ILa T~ 9+ GO0 [T (& — DOt w19
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Here m’,n/,p', mj,nj,p;,c; € N5 i =1,--- ,r;aj, b}, c '7( R d'“) A’( R B'( R C”( R D’< VecC
The multiple integral defining the A-function of r variables converges absolutely if :
1 *
|arg(Q)zx] < 5w, € = 0,m; >0 (1.20)
= H{A’ oy Lm0y H{D'@ 23 H{C/@} G, (.21
j=1 j=1
ja _ q ' g ' Pi _
g =Im(3_ A =S BO LS D N yi=1, s (1.22)
j=1 j=1 j=1 j=1

n’ Pl
TR RS WLES LR WRLES /LD oCLES YLD ol
j=1

j=n’+1 j=m’+1 j=m}+1 j=nj+1
i=1,-- s (1.23)

Srivastava [4] introduced and defined a general class of multivariable polynomials as follows

[N1/M:] [Nu/My)

My, M, (—N)mr,  (=Nu)m,k,
SNll,-“,Nu [yla"'vyu - Z Z K1 K.
1- au:
K1=0 K,=0
K K,
A[Ny, K15+ 5 Ny, Kulyp -y, (1.24)
where M7, -, M, are arbitrary positive integers and the coefficients are A[N1, K1;- -+ ; Ny, K| arbitrary

constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

1, T(4))
= " - oF A5): (BAh): — )
H?zll"(Bj)P Q [( P)a( Q), (xl T o )]
H l +81+.“+8T) . S1 Sy
27'('(.4} /L1 / J +Sl_|__.__|_S7>)F(7‘51)”.F(78T)x1 ceexl dSl"'dST (21)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
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are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by Calculatmg the residues at the poles of I'(—s;),7 =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k
/ (t—a)*” H 1—74( (t—a) H fit+g;)7dt = (b—a)** "' B(a H afj+9;)”
a j=1 7j=1

Jj=1

(w:hy, - hy, Lo 1) (A1), s (N i 1) (=o1 0 1), (—og 2 1)
plile il 1
1:0,-+,0;0,+- ,0
(Oé-i—ﬁ:hl,--- 7hl717"' 71):_’... s Tyttt —

Tl(b—a,)hl _(b_a)fl _(b_a)fk

)hl , ,
afi + g1 afr + gk

;Tl(b_a 3

(2.2)

where a,b € R(CL < b)aaaﬁvfhghgivr'jvh‘j € (Cv)‘j € R+(Z =1, 7k7] =1, 7l>

Lo

1:1,---,1;1---,1 , . . . . .
and F 1:07’,,_ 7’0;’0’_,,”0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :

(b—a)fi

min(Re(a), Re(B)) > 0, Iilaf {‘Tj(b —a) ‘} <1 1<J<k { afi + gi

(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 0 1), (—og 2 1)

(a+/3:h17"' 7hl717"' 71):_7"' y Ty Ty T

afi+91” 7 afit+gr| T@II T I, T(~o0y)

oy, L= @h (- a)f Mo+ 5)

0“"23 1h53+zg 15145 ! k
(2rw) l+k / /L ) I + ) [T T (=05 + s145)

l+kF a+5+271h8]+2j 1Sl+])11 Jj=1
I+k
H D(=sj)zi -2l e g dsy - - dsygg (2.3)
j=1

Here the contour Ls are defined by Lj = Lu¢;00(Re((;) = v7) starting at the point v; — woo and terminating at the
point v} + woo wlth vy € R(j =1,---,1) and each of the remaining contour Li1, - - - , Li1x run from —woo to woo

l

1=
(2.2) can be easily established by expanding H [1 =7t - a)’“] ! by means of the formula :
j=1
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> Oé
1-2)=) T (2l < 1) (2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we note :

l l )
C(l) i ) , -_C;’(Z) i .
H 1—7j(t—a) ] C](-)>0(z:1,---,r);ei:H[l—Tj(t—a)hl] 7CJ'-()>0(Z:1,---,s)
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Y =p1,quis- e @ Py 40 3P 463 0,15 00050, 1,0, 15444 50,1 (3.3)
— (g AD oA g
A_(a’jaAj ) 7A] 707 70707 70707 70)1,]3 (34)
—(b.-BY ... B ...
B_(bjaBj ) 7B_j ;O 7070 7070 70)1,q (3.5
A/ - (CL;,O, 707A;'(1)7"' 7A;'(8)707"' 70707"' 70)1,17' (3~6)
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(1,0);- -+ ;(1,0);(1,0); -+ 5 (1,0) (3.8)

D =(d5 DS ) 1gys e (7, DI g (@5 D)2 (), D) g

(071);"' ;(071);(071);"' ;(0»1) (3-9)
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05”'7070'”717"'70]1,16 (3.13)

<
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i=1
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Li=[1-x Y KD =3 Dng, gtV W 90,000,0,00 -, 0], @3u15)
=1 1=1
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h
Py = (b—a)*P1 {H(afj +g;)% } (3.17)
j=1
h
By, = (b _ a)Z (@i 4016, g, +2071 (aitbi) K H afj + g] Yo N Mg ng =iy A K (3.18)
—N N,
4, = N (ENu, Bu AN K15 Nay K (3.19)
Kl! u'
A=AA;B=DB,D (3.20)

We have the general Eulerian integral.
b l a k
/(t— H].—Tjt—a "1t + 9
a j=1 j=1

a k _ /‘/(1)
2107 (t — )™ (b— )" TTj_, (fit + 95) ™
Nl7"'7Nu

11(w)

20001 (¢ — @) (b— )% TT5_, (fit + ;)™

, , 111(1)
207 (t — @)™ (b — )% TT5_, (ft + ;)™

I
200 (E— )% (b— )% T, (ft +g;) ™
k NCY)
2101(t — @)1 (b — ) J[;, (fit +g;) "
A
' N
2:0,(t — a)#r (b — )P TTE_, (it + g5) ™
) ’ ’ k 7)\’.(1)
2101 (t —a)1(b—t)" Hj:l(fjt+gj) !
A . dt =

/' _\/(s)
2,00t — a)s (b— )P TI5_, (fit +g5) ™
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[Ni/Mi]  [Nu/M,]

00 00 w
=P Z T Z e Z Z H h( )kl | ;”nhi’kiH 2" kAuBu,v[le (Uhhkl o ?nhr,kr)}j;ﬁhi

hi=1  hy=1ki=0  ky,=0 K;=0 K,=0 = 10 k=1

zl(b—a)’*1+pl
NE
Hg 1(afj+93) i

/.
R KK KGR C
[T (afs b0 .
2] (b a)“1+ﬂ1
A% (1) *

H] 1(afi+g;)7

m+m’ n+n’+1+k+2;X S,
App ikt 2,4 g/ + kALY 2, (b—a)"= " s : (3:21)
NAC)
[T)_i(afj+g;)"™ .
(b —a)h

Tl(b — a)hl

(b—a)f1 ! .
afl—i—gl % ,Ll,Lj’Lj .D

(b—a) fi
afr+9k

where 2, B,C, D, X, K1, Ko, K;, K}, L1, Lj, L; , Py, P,, B, and B, are defined above.

Provided that

(A) a,b € R(a < b); i, p, pis s N XN By € RY fi g3y 70y 0, A €C (=1, ryj =1, 1k

J 77

Uzl, 75;1}:17“' al)aaubu)‘;/ ]N(Z) €R+a(i:17"' 7uaj:15 7k)

a. v )\/// i) C}”(i)ER+,(i:1,--',U;jzl,"',k)

AR R

B m, N, P, My, N, Piy C; € =1, , T35 ay, c €
N*i =1 ; b (1) d A(U B(i) C(l) D C

]7J7]7

m' 0’ p mhnlph i eNi=1,-- s d;, b, @ d"( A;(’L),BA;(Z),C";(Z),D‘;(’L)EC

7’7’7
b

T d(]) s d/(J)
o) Re [CY + ZI,UJ 1<r£1<11n D(J) Z:U% 1<k<m ;f( .)] >0
.]:

(b—a)fi
afi + g

(C) max {

1<5<k
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r d(J) s . d;g(j)
Re[B + ; pi, Jnin D(]) + ; ¢ min —D;jj)} >0

v
(E) Re ((Jé + ZT]G“gb a; + ZK a; + Z,uzsz + th//%)
=1
=1 i=1 i=1 i=1
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e ()\j —l—ZnG“%/\;" )+ZK )\”(Z) —I—Zs C( 2 +Zt C’(Z ) >0G=1,---,1);
=1

e (—aj +3 06, N STEND 13 s 1 3 tiA;-(i)) >0 =1,---,k);
i=1 i=1 i=1 i=1
1 *
(F) |arg(Qi)Zk| < 577127‘-75 = 05771 >0
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S VIR SRS WA SIS 3R SRS SCR S
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k l
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=1 =1

1 *
|CL7’(](Q;)Z;€| < 5771/"”75/ = 0777; >0

P o q g _ P _ )
0 = Ty TTem Oy 2 Ty Oy [He @y i= 1,

j=1 j=1 j=1 j=1

o } q ) qg ) p;ﬂ .
S LIO LI SRS SV LI Die U R R
j=1 j=1 j=1 J=1
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j=1

j=n'+1 j=m/+1 j=m/}+1 j=ni+1
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(H) |arg || i( 0 Tt + a0 5T ( )
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(i) k

d —¢ ' 1
arg H[l—T t—ah} ’ H(fjt—&—gj)_)‘j() <§7];7T(a<t<b;i:17...7s)
j=1 j=1

( I )The multiple series occuring on the right-hand side of (3.21) is absolutely and uniformly convergent.

Proof

To prove (3.21), first, we express in serie the multivariable I-function defined by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava S]]\\;[ll”_:',’]]\\,i“ H in serie with the help of (1.24), the
A-functions of r-variables and s-variables defined by Gautam et al [1] in terms of Mellin-Barnes type contour integral
with the help of (1.9) and (1.17) respectively. Now collect the power of [1 — T (t — a)hi] with
(¢=1,---,r;5=1,---,1) and collect the power of (f;t+ g;) with j = 1,--- , k. Use the equations (2.2) and
(2.3) and express the result in Mellin-Barnes contour integral. Interpreting the (r + s + k + ) dimensional Mellin-
Barnes integral in multivariable A-function defined by Gautam et al [1], we obtain the equation (3.20).

Remarks

If a)pr=-,pp=py=-,p.=0;b) py=-,pur=p, =+, =0, we obtain the similar formulas that
(3.21) with the corresponding simplifications.

4. Particular cases

If Agi), Bj(i), C’;.i),Dy) eR ,;m=0 and 4 @), B;j @ C;(i), D) () ¢ R and m' =0, the multivariable A-functions
reduces to multivariable H-functions defined by Srivastava et al [7], we obtain the following result.

b l k
/(t—a)"‘ Lb—t)P~ H1—7'7t—a'“_ Hf,t+g,
a :

17(1)

207 (t — a)™ (b —t)" H] (fit+g) ™

My, My
Nla"' aNu

, a ’ _ /V/(u)
2007t — ) (b— )% IS, (f5t +g5) ™

"ot a’ b, TTF A
2{'07"(t — a)® (b — 1) Hj:l(fjt +g;)

I
200 (¢ — a) o (b— ) [T5, (it + ;)N
k AW
2101(t — )1 (b — ) T[T, (fit +g5)" "
H

. (™
2e0r (t — a)#r (b — )P [T5_ (fit + ;)™

ISSN: 2231-5373 http://www.ijmttjournal.org Page 89



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 40 Number 1- December2016

K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 89



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 40 Number 1- December2016

’ / /(1)
2)0,(t — a) (b — 1) [T5_, (fit +95)

MMy o oo MM N .
RO IPIESS |
hi=1  hy=1k1=0  k,=0 K;=0 K,=0 =170 ™ k=1

21 (b_a)u1+pl

N
[15_,(afj+g;)"

Zr (b_a)MT+Pr

(r)
Al .
H?:l (afj+g;)"d
2] (bfa)”ll"'pll
(1) *
ITj_i (af;+g;)™

0,n4n'+1+k+2;X T,
H ) i ket 2004 g/ 4 k413 2, (b—a)ts TP . 1)
A% (s)
ITj=i (af+95)™ .
71(b —a)h
(b —a)

(b—a)f1 ! .
afi+g1 % 3 L17LJJLJ .D

(b—a)fi
afr+gk

under the same notations and validity conditions that (3.21) withA(-i),BJ(-Z‘),C'J(»Zv),D;i> eR ,m=0 and

. . . . J
ALO BIO ) DO € R and m’ = 0

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable A-functions and a class of multivariable polynomials defined by Srivastava et al [4].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable A-functions
defined by Gautam et al [1],a expansion of multivariable I-function defined by Nambisan et al [2] and a class of
multivariable polynomials defined by Srivastava [4] with general arguments. The formulae established in this paper is
very general nature. Thus, the results established in this research work would serve as a key formula from which, upon
specializing the parameters, as many as desired results involving the special functions of one and several variables can
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be obtained.
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