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ABSTRACT

In the present paper we evaluate the modified Selberg integral involving the product of a multivariable Aleph-functions, a extension of the
incomplete generalized hypergeometric function and general class of polynomials of several variables. The importance of the result established in
this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of
results merely by specializating the parameters their in.We will study two particular cases.
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1.Introduction and preliminaries.

In this paper, we evaluate the modified Selberg integral involving the product of a multivariable Aleph-functions, a
extension of the incomplete generalized hypergeometric function and general class of polynomials of several variables.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [2], itself is an a generalisation of G and H-functions of multiple variables defined by Srivastava et al [6]. The
multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function
throughout our present study and will be defined and represented as follows.
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1% (A — 88 s) TI7%, T — ) 448 s

R(F) ; P, k k
Zi(k): [T<k) HJ (T'r)zk—i—l (1 - d( ()k) + 5( ()k)s )Hj:(gk+1 F(Cg‘i()k) 'Yj(z()k)sk:)]

and Hk(sk) = (1.3)

Suppose , as usual , that the parameters
aj,j =1, ,pibj, 3 =1, q
(k)J_l '7nk;C§-I;()k)7j:nk+1a"'api(k);
d;k)J- 1. ,mk;d§’:3k>,j =41,
with k=1--- ,ri=1,---,R,i® =1,... R®

are complex numbers , and the als, ﬁls, ’)//8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

ngk D;(k)
k k K k
0 =3 v 3l S e 3 ol A3
j=n+1 j=1 Jj=nr+1 Jj=1
4q;(k)
—Ti(k) Z 5(k()k)\ (1.4)
Jj=mp+1

The reals numbers 7; are positives fori = 1to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to 0 + 900 where ¢ is a real number with loop , if

k k . .
necessary ensure that the poles of F(d§ ) _ (5J(~ )Sk) with 7 =1 to my are separated from those of

1—aJ+Za() ) with j =1 to 7 and T(1 — c!™ 44 s) with j =1 to ny to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where

b,(k)
(k) (k) (k) (k)
A = Za Z afy) -7, Z Z —mio Y W
7j=1 j=n+1 j=1 Jj=nr+1
mpg q,(k)
+3 6"~ Y 6(k()k)>0 wih k=1, ,ri=1--- R i®=1... RO (5
Jj=1 j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(z1, - 20) = 0( [z |2 ™)  maz(lz], -+ s f2] ) = 0

N(Zlf o ’ZT) = 0( |21|617"' >|Z7"|Br)’min( |z1|7' ) |Z7"| ) — 0
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where, withk = 1,--- ,r:ay = min[Re(dgk)/(Sj(.k))],j =1,---,myand

k k)N -
Br = max[Re((cg ) _ 1)/ny( ))],J =1,---,my

Serie representation of Aleph-function of several variables is given by

Gl-l- 4G
N(y17... 7y7') = Z Z 25 Gl 5 G !w(nthl7‘.. 777G7-,gr)
Gi,,Gr=0g1=0 gr gr =T
X 010Gy ,0) - Or (1G9 )y e O (1.6)

Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and

: dY + & ) 4 + G,

G1, ==, GT“ =

1,91 5((]1) g (5((]:)

which is valid under the conditions (5!(]?) [d; + pi] # (53(-@ [dfh_ + Gy (1.7
fOl‘j 7é mi,m; = 17"'77Gi,gi;pi7ni = 07172;"' y 2 Yi 7é 072 = 1; , T (1.8)

Consider the Aleph-function of s variables
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Pr(tr) H;Wkl P — B e) T T —a® +a®sy)
and Qk{tk) = r(k) k) k P k Kk
Zi(k)—l[// (k) HJ Z(Jl\c/}k—&-l ( b( i(k) + 651()1@ )Hj;(]k\;k_H F(a;i()k) — O‘gzgmsk)]

(1.11)

Suppose , as usual , that the parameters
u]vJ:17 7P7U77]:17 7Qa
f =1 Nisallh g =k 1, P s
k . k) .
b(()k)7j mk-l_l?"'aQi(k);b‘g' )7]:17>Ml€7
with k=1 ,8i=1,---,7" ,i® =1... &

are complex numbers , and the O/S, 5/8, 7/3 and 'S are assumed to be positive real numbers for standardization
purpose such that

P;() M,
k k k k k
A LR ST LS DU SRR SR 3

J=N+1 j=Ni+1 =1

@k
—0 Y B (k) < (1.12)
Jj=Mp+1
The reals numbers 7; are positives forz = 1, |7 , ;) are positives for i(k) =17k

The contour Ly, is in the t5-p lane and run from ¢ — 700 to ¢ + 100 where ¢ is a real number with loop , if
necessary ,ensure that the poles of F(bgk) - ng)tk) with § =1 to My are separated from those of

S
T(1—u;+ Y Pt )with j =110 N and T(1 —a{® + al™t) with j = 1 1o Ny to the left of the

=1
contour I . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §B§k)7r, where

Qi
Bi(k) Z“(k) Z M(k) LiZU +Zoz( )—Lz<k> Z 0‘5?@

j=N+1 j=1 G=Np+1
My, q;(k)
k . .
+3 8 = Y 5(M)>o with k=1, ,si=1--,r i =1... r®& 3
j= J=Mp+1

The complex numbers Zz; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
/ /
R(z1,- -+ 5 25) = 0( ||, - |26 ) s maz( |z, -+ s Jz] ) = 0

N(217"' 728) :O( |z1|617"' 7|Z8|BS)’min( |21|,--- 7|ZS|)_> o0
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where, with k = 1,- -+, z:a) = min[Re(bg-k)/ﬁj(»k))],j =1,---, Mgand
By = ma:c[Re((a;k) — 1)/a§.k))],j =1,---,N,

We will use these following notations in this paper

U=P;,Qivi;r"; V=M,Ny;---; My, N, (1.15)
W= Py, Qi ;TN Py, Qi tycors 7 (1.16)
A= {18 i) e S v e} (1.17)
B :{Lz‘(vji;vﬁ)a”' 7v§f))M+1,Qi} (1.18)

—, (1), (1) n . @ N (s) . ()
C_(aj ) &5 )1,N1 7Li(l)(ajiu)704.7-1-(1))N1+1,Pi(1)7"' 7(aj ) @ )LNs 7Li<s>(a'7'7;(8)’Oéji(s))Ns'i'l,Pi(s)(1'19)

1 1 s s s S
D Z(b§ );ﬁj( Nt o (0] byt . 5! Z(l))Ml+1 Q. ,(b§~ );5j(~ D1t tico (ﬁj(igw;ﬂ§i38>)ﬂfs+1,a)i(s> (1.20)

The contracted form is :

0,N:V .
N(Zla T 725) = NU:W . R (1.21)

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

hiRi+-hiRe<L SR ot
h oot 7h X 1 A t
Sy e &= > (=L)ny Ryt +nr, B(E; Ry, -+ Ry )ﬁ (1.22)
e Ry
Ry, ,R:=0
the coefficients B(F; Ry, -+, R¢) are arbitrary constants, real or complex.

2. Generalized incomplete hypergeometric function

The generalized incomplete hypergeometric function introduced by Srivastava et al [3 page 675, Eq.(4.1) is represented
in the following manner.

C1,0 €o)y - e 0o

( ) )7( )’ 7( P) B (el;g)n(€2)n"'(€p)n N

e 2l =)0 TR AN (2.1)
(f1), -+ (fa) n=0

where the incomplete Pochhammer symbols are defined as follows :

(a;0), = 7(@%{3;0) (a,ne C;z>0) (2.2)

v(s,x) = / t*"le7tdt  (Re(s) > 0,2 > 0) (2.3)
0
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3. Required integral

We note S (CL, b, C), the Selberg integral , see Askey et al ([1], page 402) by :

S(a,b,c) / /Hg;a Y1 —ay)° H l2; — 226 day - - dame

1<j<k<n

1:[ a+jc)T(b+jo)T(1+ (j+ 1)e) o

Fla+b+(n—1+j7)c)I'(1+c¢)

1
with Re(a) > 0, Re(b) > 0, Re(c) > Max {__7 _Re(a) ’ _Re(b)}
n n—1" n-1

We consider the new integral , see Askey et al ([1], page 402) defined by :

Lemme

1 1k n
/ / H”El :U;l_l(l = ati)b_l H lz; — l’k|26 dzy---dx,=
0 0 1 << ke

=1 1=

k
(a+ (n—1)c)
—131 @bt @n—i-ng o G2

1  Re(a) Re(b)
ith Re(a Maz § ==, — -
with Re(a) > 0, Re(b) > 0, Re(c) > am{ T 1 T o1

} andk < n

where S (a, b, c) is defined by (3.1). In this paper, we will denote the modified Selberg integral

4. Main integral

ot [l I o= -t

(_L)thlJr"'JrhthB(E; Rla T 7Rt)

B, =
t R R,

we have the following formula

Theorem
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Y1X041,51,’71 Z1X5171/)1,¢>1 ZlXGl»’?LCl
Shl"" Jhe No,n:v N07N:V de: ---d
L wew . U:W c e . I o
ththaﬁtz'Yt ZTXérawrad)r ZSXésarr]sts
hiRi+--ht Ry <L oo My Gi+-+G n’
(—) r ~ B An/z
E : E § : E ’ E : 5 G l...§ Q |U(77G17g1ﬂ"’77Gr79r) t n'!
=0 0G1> "'7G 7091 0 gr:0 91 1 gr T )
7. A,
NG1.91 . NGr.gr, R1 Ri wO,N+3n+2k:V
“1 “r 7Yt NU3n+2k,2n+2k:5W o
Zs |B,

[La{l,a - Zzzl Ria; — Z::l NG;,g: 51 - ](C + ’Y/R + Zle ’Yz'Ki + Zzzl d)mGugi); €+ j<1, €5t st]l,n

(_C'n77 - 25:1 Rz% - 2221 ¢inGi,gi;€17 c 7{8)7 R

[1—b—n’ﬁ - 22:1 R;B; — ZZ 1 77G“gz¢z (C + 7/R + Z, 1%K + Z, 1 ¢177G“gz) m+ G, s+ jCS]l.,n

(-cm’y — Z:zl ViR — Z:zl ¢inGi,gi;<1> -+, (s), By, By, B3,

[ —(J—|—1)(C—|—Il”}/ + 25:1 ’Y’LRZ + Z::l d)inGi,gi); (J + l)Cla R} (] + 1)Cs)]0,n—1a A27 AS :C

. (4.1)
D
t r
where By = [l —a—b— (a+B)n' = > Ri(ai + Bi) = > _(8i + ¢i)nc, g, —(n — 1+ 5)x
=1 i=1
t r
c+n'y+ Z Rivi + Z@nGi,gi);El +m 453G, es 15 + 5Con—1 4.2)
=1 =1
AQZ[—G_HQ—ZRQZ ZnGl7g’L n ])(C+m7+Z’YzR _I_Z(bZ/’IGzygz)
=1 =1
vt (n =), e+ (0= 5)G] 4.3)

By [1—a—na—ZR a; — ZnG“gz (n — ])(C+m7+Z%K +Z¢ﬂ7G“gz)
1=1 1=1
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Lt (n—75)C e+ (n = 5G], 4.4)

t r ‘ .
By=[—a—n'a=Y Riai—=» ¢, 5.0 —b—mB—Y Rifi— Y nc, i
i=1 =1 =1 =1

t T
a+m+@n—j—1¢, —Cn—j—1)(ctmy+ > viRi+ > ¢imc,q);
=1 =1

es+ns+(2n—37 1), 4.5)

t r t r
Az=[l—a—n'a=> Rioi— Y 1G,g0—b—mB—> Rifi—> 1G4
=1 =1 =1

=1

t T
a+m+2n—j—1¢,—Cn—j—ctmy+ > viRi+ > dilc,q);
=1 =1

€s+ns+(2n =7 —1)G], (4.6)
A, B,C and D are defined by (1.17), (1.18), (1.19) and (1.20) respectively.

where Usp ok 2nt2k = Py + 3n + 2k, Q; + 2n + 2k, v 1

Provided that

a) min{‘%ﬁv%az‘aﬁi,%afs_j»@bj,(ﬁj,flvﬁbCl} >077“: 17 7t7j: 17 ,T’,l: 17 » S,

r d(fi) s b(.i)
_ ] . . j . .
= ndotor 5o e S, Hioo
i=1 7 i=1 J
_ / ) . J ‘ . J
OB =Relb B ) v min, St 2, B, Sl > 0
1= 7 1= J

O mee i Sy o s~ i e e LA B
OC=Reletn'y+3 61 min 5+ Gy o) > Maw =, =0T Ty
1= J

1
e)largzi| < §Al(-k)7r , where Agk) is defined by (1.5);¢2 =1,--- ,7r
f) The conditions (f) are satisfied and k& < n
1 o) k) .
g) largZy| < §Bi 7, where B;" is defined by (1.13);2 =1, - , s

h) The series occuring on the right-hand side of (3.1) are absolutely and uniformly convergent.
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Proof

first, expressing the generalized the generalized incomplete hypergeometric function ,y4(.) in serie with the help of
equation (2.1), the Aleph-function of r-variables in series with the help of equation (1.6), the general class of

polynomial of several variables .S, frass [.] with the help of equation (1.22) and the Aleph-function of s variables in

Mellin-Barnes contour integral w1th the help of equation (1.9), changing the order of integration ans summation (which
is easily seen to be justified due to the absolute convergence of the integral and the summations involved in the process)

Now evaluating the resulting modified Selberg integral with the help of equation (3.2). Use the following relations
I'(fa+1
I'(a)(a), =T(a+n) and a= (F(a)) several times with Re(a) > 0. Finally interpreting the result thus obtained

with the Mellin-barnes contour integral, we arrive at the desired result.

5. Particular cases

D Ife,t;0,- -, i) — 1, the Aleph-function of s-variables reduces to I-function of s-variables defined by Sharma et al
[2] and we obtain.

Corollary 1

i=1 1=1 1<j<ksn (fl), s (fq)
Y1X0£1,51,’71 Z1X5171/)1,¢1 ZlXGl»"’]val
Shl’m Jhe NU,n:v IO,N:V de: ---d
L . ww o e . UW o e . xl xn:
thaLyBLfYL ZTX&«,UJT,d)r ZSXES:USst
hiRy+he Re <L oo _\Grtt Gy A
5 G 5 G |\J(77G1791"”77Grvgr) t n!!
“Ri=0 n/=0Gy, Gr=0g1=0 1o T '
Z1 |A,
NG1.91 |, J1Gr.gr . 0,N+3n+2k:V
21 " ar y yt IU3n+2k,2n+2k1W L
Zs |B,

[1-&-11’0& - Zf’:l Riai - Z::l nGi,gi 51 - ](C + ’Y,R + Ef’:l ’leZ + Z::l ¢inGi,gi>; €1 + j<17 ER P + jCS]l,n

(-C-Il”)/ - Z:;l Ri% - Z:;l ¢inGi,gi;€17 T 7<5)7 T

[L-b-0'B = S RiBi = Y MG — e+ Y R+ Yo viKi+ 0 GG g )im +3C1, 5 0s + 5Cs)im

(-c-n'y — Zzzl ViRi =Y i 66,60 Cis e+ 5 Cs), Br, B, Bs,
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[-(+1)(c+n’y + 2221 ViR + > ¢incig:); G+ DG (G + 1)C)]on—1, A2, Az : C

C (.1
D
under the same conditions and notations that (4.1) with ¢, ¢;c1), - -+ , ;5 — 1
A B’ B® . (t)
Hj:l(aj)319;+...+3t9§t) Hj:l(b;‘)Ruﬁ; T Hj:l (b] )thbg.t)
2) 1f B(L; Ry, - ,Ry) = s o IOPD (5.2)
Hj:l(Cj),nlw;+...+mt¢§t> Hj:1<dj)R163 o 'Hj:1 (dj )ths;”
then the general class of multivariable polynomial Szl eohe [21, -+, 2¢] reduces to generalized Lauricella function
defined by Srivastava et al [4].
71
o DRy RI@ 0 601 (@) 5[0 00|
CiDsee- 3D t [(C);d),v U ¢(t)] [(d )7 5,] [(d(t))a 5(t)] .
Zt

and we have the following formula

Corollary 2

. [ o)
/ /Hm,,Hx? (1— ;)b H |z — 21|y C s ¥Xagy

g o [ X )Ry RY(@): 800 5 (4); )

~ . . . ’ ’ ’
I S A (', O] [(@)s8)s+ -+ 5[(d);80)
21X, 1,61 71X e, m .o hiRi+-hy Ry <L
RO o Ny o dzy -+ A, — Z
ZTX5T,¢»~,¢T ZSXGS}US;CS Ry, ,R¢=0

my ( )G1++G /An/zn/

Z Z ZZ 3, G1l -0, G' GGy g0 UGr,gT)BtT

n'=0 Gy, ,Gr=091=0  g,=0
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Z: A

Y

NG1,91 . NGr,gr Rl . Rt 0,N+3n—|—2k:V
“1 ro Yt ROy o o g W

Zs |B,
[l-an'a— Y Ry — 30y 06,000 — e+ YR+ Y %Ki+ S0y ding, g )€1 + G o€ + G

(-cm'y — Zﬁzl Rivi = 0inG, g Gy, Cs)ye e

[Lb'n,ﬁ - Z::l Rzﬂz - 22:1 nG¢,g¢¢i - ](C + ’YIR + Zzzl %Ki + Z;l Qsmegi); m + j(h s + jCS]l,n
(en'y = Yo iR = Yy $inGgii Gl Cs)y Bry B, Bs,
[ —(j—l—l)(C—i—Il”y + Z§=1 ryiR’i + Z::l (binGi,gi); (.7 + 1)§17 Ty (] + 1)@9)]0,71—17 A2> A3 :C
Ce (5.4)
D
under the same conditions and notations that (4.1)

(_L)h1R1+'~~+hthB(E; R17 e 7Rt)

and B = Ryl R,

; B(L; Ry, -, Ry) is defined by (5.2)

6. Conclusion

In this paper we have evaluated a modified Selberg integral involving the product of two multivariable Aleph-functions,
a class of polynomials of several variables and the generalized incomplete hypergeometric functions.The integral
established in this paper is of very general nature as it contains multivariable Aleph-function, which is a general
function of several variables studied so far. Thus, the integral established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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