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ABSTRACT

In the present paper we evaluate the modified Selberg integral involving the product of a multivariable Aleph-function, a multivariable I-function
defined by Prasad [2] , the S generalized Gauss hypergeometric function and general class of polynomials of several variables. The importance of the
result established in this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable
to yielding a large of results merely by specializating the parameters their in.We will study two particular cases.
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1.Introduction and preliminaries.

In this paper, we evaluate the modified Selberg integral involving the product of a multivariable Aleph-function, a
multivariable I-function defined by Prasad [2], The S generalized Gauss hypergeometric function and general class of
polynomials of several variables.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [3], itself is an a generalisation of G and H-functions of multiple variables defined by Srivastava et al [7]. The
multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function
throughout our present study and will be defined and represented as follows.
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and Qk(sk) = (1.3)

Suppose , as usual , that the parameters
Clj,j: ]-7 Jp?bJ?J = 17 y 45
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dg )7j:17 mkvd(()k)aj mk+17"'7Qi(k);

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, I} /S, ’)//8 and ' s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for ¢ = 1 to I , T,(x) are positives for i) =1 to R(k)

The contour L is in the Sp-p lane and run from 0 — 400 to 0 + 400 where O is a real number with loop , if

40

k . .
necessary ,ensure that the poles of F( j T 5; )Sk) with =1 to my are separated from those of
T

'l —a; + Zag-k)sk) with 7 =1 to n and ['(1 — ( ) +7( ) ;) with j = 1 to n to the left of the
=1

contour Lj, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
Rz, z0) = 0( 2] - [2|™)  maz([z], -+ s [z ) = O

R(z1, o ze) = 0( a1, o ™) omin( |, - 2] ) = 00
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where, withk = 1,--- ,r:ay = min[Re(dg.k)/dj(.k))],j =1,---,mgand

k k)N -
Br = max[Re((cg. ) _ 1)/73(. ))],j =1,---,my

Serie representation of Aleph-function of several variables is given by
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Where 1/)(, S .), Qi(.),i = 1,--- ,7 are given respectively in (1.2), (1.3) and
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591 557“)
which is valid under the conditions 55? [d; + pi] # 53@ [d; + Gy 1.7)
fOI‘j 7£ mg, Mg = 17"'77Gi,gi;piani = 071727"' v Yi 7£ O,Z = 17 , T (1.8)

The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [2]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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1
largzi| < §Q§k)7r , where
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wherei=1,---,s

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

(21, ,26) = 0( |21 oo |2, ) maz( |z, |z5] ) = 0

(21,0 ,2) = 0(|21)t o [z, ) omin( [z1], - [z4] ) = 00
where, with k = 1,--+ |z :a) = min[Re(bg.k)/ﬁ](k))],j =1,---,myand
Bt = maz[Re((aj” — 1)/af)],j =1, . my

We will use these following notations in this paper :

U =Dp2,q2;p3,q3; "+ ;Ps—1,qs—1; V = 0,n2;0,n3;- -~ ;0,51 (1.12)
W= q); 50", q¢9);X = @m n); s (m),n) (1.13)
A = (azk, 0, )i+ 5 (a(s—1)k), & (s— 1)k Qls1yp> ,aﬁiiiik) (1.14)
B = (bak, Bois By )s -+ 5 (b(s—1)k)s B (s—1)ks Bls—1ypr "+ ,/3((2:3,4;) (1.15)
A= (Ask; & sk, Uy 5 A5g) 2 B = (bsr; B shr Beg> - > Ber) (1.16)
A = (dy, )1 s 5 (@, 0l i B = B, Birgrs -5 (08, B8 g0 (117)

The contracted form is :
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71

A LAY
I(z1.--2) = Iy | (1.18)
B; %; B’

Zg

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

hiRi1+---htR¢<L ZRl ZRt
h Jeee 7h . 1 A t
SLl t[Zl,--- ’Zt]: E (_L)h1R1+~-+hthB(E, Ry, -, Ry )7' (1.19)
R{! - Ry
Rlv“' aRt:O
the coefficients B(F; Ry, -+ , R) are arbitrary constants, real or complex.

2. S Generalized Gauss's hypergeometric function

The S generalized Gauss hypergeometric function F,S‘*’B ™) (a, b, ¢; 2) introduced and defined by Srivastava et al [4,
page 350, Eq.(1.12)] is represented in the following manner :

. > B(Q’B;T’“)(b—kn c—b) 2"
(o, 57, 1) C) P , C z"
R 2)= S (@, 2 O D E < ex

provided that (Re(p) > 0, minRe(c, 8,7, 1) > 0; Re(c) > Re(b) > 0)

where the S generalized Beta function B{**™*)(z,y) was introduced and defined by Srivastava et al [4,
page 350, Eq( 1.13)]

1
BT (g, ) :/1 VARG R gy o (a 3 (1—pt)>dt (2.2)

provided that (Re(p) > 0, minRe(z,y, «, 8) > 0; Min{Re(7), Re(u} > 0)

3. Required integral

We note S(a, b, ¢), the Selberg integral , see Askey et al ([1], page 402) by :

(a,b,c) / /Hm“ Y1 — ) H |z; — zp|* day -+ dop=

1<j<k<n

1:[ (a+je)T'(b+jo)T(1+ (§ + 1)c) G.1)

Fa+b+(n—1+35)c)T'(1+c¢)

1 Re(a) Re(b)
. - _
with Re(a) > 0, Re(b) > 0, Re(c) > Max{ T 1 T o1
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We consider the new integral , see Askey et al ([1], page 402) defined by :

1 1k n
/ / HCE‘Z A G Lo H 2 — 2| day - - dap=
0 0 1 <

=1 1=

(a+ (n—1)c) S(a,b.c)

with Re(a) > 0, Re(b) > 0, Re(c) > Max {——,

a+b+(2n—1i—1)c)

1 Re(a) Re(b)

k<
n’ n—1’ n—l} and "

where S (a, b, C) is defined by (3.1). In this paper, we will denote the modified Selberg integral

4. Main integral

— (_L)h1R1+"'+hthB(E; Ry,--- ’Rt)

Ryl Ry!

we have the following formula

n
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Ag—[l—a—na—ZRal anugz —b—mp — ZR’LBZ ZﬁGugﬂbz

t r
a+m+@n—j—1¢, - —2n—j—Dct+my+> %R+ > 0inc.q);
=1 =1

€s+ns+(2n—j—1)G] (4.6)
Provided that

a) min{avﬁvvvaia/6i77i75j7wj7¢j7elvanl} >077“:17 7t7j: 17 ,T’,l: 17 » S,

r (2) s
_ /
b)A = Rela +n'a+ 2_; o B, 5<z> * Z 1 5“)]

& bt
‘ J
0B = Re[b+nﬁ+z¢zl<3<m 50 +;n min /3(”] >0
d(i) s b(i) 1 A B
9= Re[c+n7+z¢ll<3<m 5" +i_21< 1< 6()] >Max{ n’_m’_m}
e)largzi| < %Agk)ﬂ , where Agk) is defined by (1.5);4 =1, -+ ,r

f) The conditions (f) are satisfied and k& < n
1
g) largZy| < §Q§k)7r , where Qf:k) is defined by (1.11) ;¢ =1,--- , s

h) The series occuring on the right-hand side of (3.1) are absolutely and uniformly convergent.
i)(Re(p) = 0, minRe(a, 8, T, 1) > 0; Re(c) > Re(b) > 0;|z| < 1)

The quantities A, B, 2,8, A’ and B’ are defined by (1.16), (1.17), (1.18) and (1.19).

Proof

First, expressing the generalized the S generalized Gauss hypergeometric function FIE“”H 1) (@, b, ¢; 2) in serie with the
help of equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the general class of
polynomial of several variables Szl’m e [.]with the help of equation (1.19) and the I-function of s variables in
defined by Prasad [2] in Mellin-Barnes contour integral with the help of equation (1.10), changing the order of
integration ans summation (which is easily seen to be justified due to the absolute convergence of the integral and the
summations involved in the process). Now evaluating the resulting modified Selberg integral with the help of equation

T'(a+1
(3.2). Use the following relations I'(a)(a), =T'(a+n) and a= ﬁ

interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

several times with Re(a) > 0. Finally

5. Particular cases

1) If U =V = A= B =0, the multivariable I-function defined by Prasad [2] reduces to multivariable H-function
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defined by Srivastava et al [7]. We have the following result.

Corollary 1

n
/ / HSC@ Hx;l =) H |25 — @k [PEL P (a,b 05y Xap,4)

leanBlﬁl Z1X51,¢1;¢1 ZlXﬁla”]val
Shla"' yh NO n:w HO,nS;X d
L U * ps,qs;W A xl .

thO‘taBtz'Yt ATX(Sr,d’m(ﬁr ZSXEsansaCs

- dz,,
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(aﬁru) B (- Gi++G,
D I M D S S e R

Rt 0 n’=0 Gl, . G,-—Ogl 0 g7—0

Zy

/7

n
)y NG1.91  NGrgr, R1 . Re HO ne+3n+2k; X

G(NGy,g1s" 1G9, ,,21 Zr Y1 ps+3n+2k,qs+2n+2k;W

Zs

[1—&—11704 - 22:1 Riai - 22:1 nGiygi(Si - ](C + ’Y/R + 22:1 ’yiKi + 22:1 QbinGi,gi); €1+ j{l, L€t st]O,n—l

7 . e
(_C_n Y= 21‘,:1 RZ/Y’L - Z::] (z)inGi,gi;Cl)' o ’C5)7 Ty

[l—b—n’ﬁ - Zle Rif; — Zz 171G, gzwz - ( + 'YIR + Z 1%K + Z 1451776’“91) M+ G, s ‘|'j<8]0,n71

(ce-ny = S iR = S 61663 G- 5 Cs), Br, Ba, Bs,

[ -(_]—|—1)(C‘|—1'l7’7 + E::l ’lel + 22:1 ¢inGi79i); (7 + 1)C1> Tty (.] + 1)CS)]O,TL—17 A27 A37 A A

B :B’

under the same notations and conditions that (4.1) with U=V =A=B =0

A B’ B® . (¥)
Hj:l(aj)ngl_F..._FRtg(t) Hj:l(b/')fhci);- T Hj:l (b; )Rt¢>(.t)

c D@, o(t
| FC IR | (/A TIPRERY § P A PNE

—~

<

i B(L; Ry, ,Ry) =

(5.1)

(5.2)
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then the general class of multivariable polynomial Szl -
defined by Srivastava et al [5].

4

1+A:B’;...;BM®
FC_':D’;--- ;D ()

We have the following formula

Corollary 2

[(-L)iRa, -+, Ry [(a)' o, -

[(C);qu/a ’

1<j<k<n

X
pLtABe B iR [(-L);Rq, - -
C:D’;---;D®) C
thatzﬁtv’Yt
0. Z1X5171/J17¢>1 Vi X ZlXGlJ]uCl
n:v b
RO o IyomneX L
ZTXérvdj'mqsr ZSXesvnsaCs
m1 ( )GH— +Gr

n’=0 Gly ,Gr=0 gl:O
’

y G191 T]G'r gr

n/' 1 yl

[l-a-n'a — S| Ria; —

[1-b-n’f — Zzzl R;B; —

ISSN: 2231-5373
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'aht[

Zl’...

’Rt][(a);el
[(C);d/u e ’,L/}(t)] : [(d )7 5/13

dxy -

http://www.ijmttjournal.org
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0] : [(b/) ¢';-
w@] [( ;6]

O]

dx,,—=

Z 8y, Gl 0, G' GGy ,g15" 1G9, ) (@
g1

gr=0

A

B;

j(C + ’YIR + 22:1 %Ki + 22:1 ¢z‘77Gi,g¢>§ €1 +j<11 ce

a<s)7"'7

(C+7,R+Zz Vil +Z1, 1¢z776’z,gz) m + jCry e

2 -
|25 — @p]* ESPT (0,0, ¢y X p.y)

[(b’) o' [0
; [(d(t)), 50

hiRi+-he Ry <L

2.

Ry, ,R¢=0

Bl()aﬁ;ﬂllr) (b+n',c—b)

B(b,c—b)

7(8)7B17B27B37

, Zt] reduces to generalized Lauricella function

 [(0); 0]
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-G ey + S0 iR+ S 0inGig:); G+ DGy, (5 + 1)Cs)]on—1, Az, Ag, A+ A/
(5.4)

B B’

under the same conditions and notations that (4.1)

(=L)n,Ry++n.r B(E; Ry, - -+, Ry)
Ril- Ryl

and B, = ; B(L; Ry, -, Ry) is defined by (5.2)

6. Conclusion

In this paper we have evaluated a modified Selberg integral involving the product of the multivariable 7-function
defined by Prasad [2], the multivariable Aleph-function, the S generalized Gauss's hypergeometric function and a
general class of polynomials of several variables. The integral established in this paper is of very general nature as it
contains multivariable I-function, which is a general function of several variables studied so far. Thus, the integral
established in this research work would serve as a key formula from which, upon specializing the parameters, as many
as desired results involving the special functions of one and several variables can be obtained.
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