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Abstract 
Casson fluid flow through a porous medium 

towards a vertical plate in presence of heat 

generation or absorption is considered in this 

analysis. The governing boundary layer equations 

are formulated and transformed into set of ordinary 

differential equation using similarity 

transformation. Ordinary differential equations 

solved numerically by shooting technique with 

fourth order Runge-Kutta method. Solutions for the 

velocity and temperature were obtained for some 

special cases. The effect of Casson parameter, 

thermal Grashof number, Prandtl number on the 

velocity boundary layer and on the thermal 

boundary layer are studied and plotted. 
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1. Introduction 

Casson fluid flows past a surface embedded in a 

saturated porous medium have received 

considerable attention because of numerous 

applications in engineering and geophysics. Crane 

[1] study the flow caused by stretching of a sheet. 

Many researchers such a [2-4] extended the mark 

of Crane [1] by including the effect of heat and 

mass transfer analysis under different physical 

situations. Several author have considered various 

aspects of this problem and obtained similarity 

solutions [5-13].All the above mentioned studies 

continued their discussions by assuming the 

uniform fluid viscosity. However, it is known that 

the physical properties of fluid may change 

significantly with temperature [14-18] the 

variations of properties with temperature has 

several practical applications in the field of 

metallurgy and chemical engineering in the 

extrusion process, the heat treated materials 

traveling between a feed roll and wind-up roll or on 

conveyor belt possess the feature of moving 

continuous surface. The increase of temperature 

leads to a local increase in the transport phenomena 

by reducing the viscosity across the momentum 

boundary layer and so rate of heat transfer at the 

wall is also affected. Therefore, to predict the flow 

behaviour accurately it is necessary to take into 

account the viscosity variation for incompressible 

fluids. Gary et al. [19] and Mehta and Sood [20] 

showed that, when this effect is included the flow 

characteristics may change substantially compared 

to constant viscosity assumption. For lubricating 

fluids heat generated by internal friction and the 

corresponding rise in the temperature affects the 

viscosity of the fluid and so that the fluid viscosity 

no longer be assumed constant. Mukhapadhyay et 

al. [21] investigated the MHD boundary layer flow 

with variable fluid viscosity over a heated 

stretching sheet. The effects of temperature 

dependent viscosity and thermal conductivity on 

flow and heat transfer over a stretching surface in 

different flow situations and for different fluids 

were considered by El-Aziz [22], Dandupat et al. 

[23], Salem [24], Mukhapadhyay and Layek [25], 

Prasad et al. [26] etc. The increasing of temperature 

leads to the increase in the transport phenomena by 

reducing the viscosity across the momentum 

boundary layer and due to which the heat transfer 

rate at the wall is also affected. A new dimension is 

added to the above mentioned study of 

Mukhapadhyay et al. [21] by considering the 

effects of porous media. 

Flows through porous media are of principal 

interest because these are quite prevalent in nature 

such type of flow finds its applications in a broad 

spectrum of disciplinary covering chemical 

engineering to geophysics. Flow through fluid-

saturated porous medium is important in many 

technological application and it has increasing 

importance with the growth of geo-thermal energy 

usage and in astrophysical problems. In certain 

porous media applications, working fluid heat 

generation or absorption effects are important. 

Representative studied dealing with these effects 

has been reported by Authors such as Gupta and 

Sridhar [27]. Abel and Veena [28]. Abel et al. [18] 

studied the flow and heat transfer of a viscoelastic 

fluid immersed in a porous medium over a non-

isothermal stretching sheet and the fluid viscosity 

may assumed to vary as a function of temperature. 

The present work deals with Casson fluid flow 

towards a vertical plate embedded in porous 
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medium in presence of heat source/sink. The 

governing boundary layer equation have been 

transfomeed to a two-point boundary value 

problem using a local similarity approach and these 

have been solved numerically. The effects of 

various embedded parameters on fluid velocity, 

temperature and concentration have been shown 

graphically. It is hoped that the results obtained 

will not only provide useful information for 

applications, but also serve as a complement to the 

previous studies. 

 

 

 

2. Mathematical Model 
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Fig 1.Physical model of a boundary layer flow over a vertical stretching surface. 

 
We consider steady two-dimensional forced 

convection flow of a viscous incompressible fluid 

past heated stretching sheet immersed in a porous 

medium along a vertical plate in pressure of Cassen 

fluid. The x-axis is taken along the plate and y-axis 

is normal to the plate and flow is confined in half 

plane g > 0 as shown in Fig. 1. The present paper is 

concerned primarily with mathematical formulation 

based on Darcy’s law, where the effects of a solid 

boundary and the inertial effects are neglected. 

These effects become more significant near 

boundary and in a media with high porosity [30]. 

 In this paper, we shall limit our 

consideration to flows where the non-linear 

farchheimer form is neglected but the linear during 

term describing the distributed body force extracted 

by porous medium is retained. Here, we have 

assumed that Reynolds number is very small 

(typically < 10) [31]. 

We assume that the rheological equation 

of state for an isotropic and incompressible flow of 

a cusson fluid can be written as 
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where B is plastic dynamics viscosity of the casson 

fluid, y is the yield stress of fluid,  is the product 

of component of deformation rate with itself, 

namely, = eijeij, eij is the (i,j) the component of the 

deformation rate of c is the critical value . 

 
 The governing equations of continuity and energy equation are given by (with the application of 

Darcy’s law) 
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The boundary conditions are 

 0 y at    T  T , 0   v;cx u 
w

      …(4) 
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 y    as  T T0;u       …(5) 

where u and v are components of velocity respectively in x and y directions, T is the temperature, K is the 

coefficient of thermal diffusivity, Q0 is the dimensional heat generation/absorption (  > 0/ < 0), Cp is coefficient 

of the specific heat,  is the fluid density,  is the coefficient of fluid viscosity, k is the permeability of the 

porous medium,  is the thermal expansion coefficient, 1 is Casson parameter,      c ( > 0) is constant, Tw is the 

uniform wall temperature, T  is the temperature far away from the sheet and y is gravitational acceleration. 

 Proceeding with the analysis, we introduce the following dimensionless variable f and  as well as the 

similarity variable  

 

TT

TT

f(x c  y)x,
c

y 

w

      …(6) 

where  is the stream function. 

 The temperature dependent fluid viscosity is given by [32] 

 T)]b(Ta
w

 

where * is the constant value of coefficient of viscosity far away from the sheet and a,b are constant and b( > 

0), stream function defined by  
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Equation of continuity is satisfied and equation (2) and (3) reduce to 
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The boundary conditions are 

 0at    10; f0f '
      …(10) 

and 

   as  00f '
       …(11) 

Here 

T(T b A 
w

  Swati Mukhopadhyay et al. [37] 

A is viscosity parameter. 

 
ck

k
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is the permeability parameter 

 
k

 Pr is the Prandtl number and 
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0
is the heat-source or sink parameter 
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2

3

w

T

xTTg
G  Thermal Grashof number 

It is noted that when GT = 0 and 1  this paper reduces to the Swati Mukhapadhyay [37]. In order to assess 

the accuracy of the numerical method, comparison with these obtained by Swati Mukhapadhyay [37] are shown 

in Table I. The results show good agreement. 

 

3. Results and Discussion 

 The system of non-linear ordinary differential equation (8) and (9) with boundary condition (10) and 

(11) is solved numerically using the shooting technique with fourth-order Runge-Kutta scheme. We guessing of 

0 and 0f '' '
by showing technique until the boundary conditions at infinity are satisfied. The step size 

 = 0.001 is used while obtaining the numerical solution and accuracy up to seventh decimal place which very 

sufficient for convergence. 

 In this method, we choose suitable finite value which dependent on the values of the parameter used. 

The computations were done by a programme which uses a symbolic and computational computer language 

matlab.  

 

 
(a) 

 
(b) 
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Fig2. Velocity profiles for several values of viscosity variable parameter A (a) in case of non-porous medium 

and in absence of heat source/sink (a=1,k=0,Pr=0.5, =0,Gt=0, 1=  

)(b)in case of porous medium and in presence of heat source /sink (a=1,k=0.1,Pr=0.5, =0.1,Gt=0, 1= ) 

 

 
Fig 3  Velocity profiles for several  values of viscosity variable parameter A  in case of non-porous medium and 

in absence of heat source/sink (a=1,k=0,Pr=0.5, =0,Gt=0, 1= ) 

 

 

(a) 
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(b) 

Fig 4 Velocity profiles for several values of permeability  parameter k1 (a) in case of        uniform viscosity and 

in absence of heat source/sink (a=1,A=0,Pr=0.5, =0,Gt=0, 1= ) (b) In case of variable viscosity and in 

absence of heat source /sink (a=1,A=0,Pr=0.5, =0.1,Gt=0, 1= ) 

 

 

(a) 
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(b) 

Fig 5 Temperature distribution for several values of permeability parameter k (a) in case of uniform viscosity  

and in absence of heat source/sink(a=1,A=0,Pr=0.5, =0,Gt=0, 1= )(b) In case of variable viscosity and in 

absence of heat source /sink (a=1,A=1,Pr=0.5, =0.1,Gt=0, 1= ) 

 
Fig 6   Temperature distribution for several values of heat source/sink parameter  in case of porous medium and 

variable viscosity,(a=1,A=1,k=0.1,Pr=0.5,Gt=0, 1= ) 
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Fig 7   Velocity profile for several values of prandtl number Pr in presence of porous medium, variable 

viscosity, heat source/sink and(a=1,k=0.1,A=1, =0.1,Gt=0, 1= ) 

 

 
Fig 8 Temperature distribution  for several values of prandtl number Pr in presence of porous medium, variable 

viscosity,  heat source/sink (a=1,k=0.1,A=1, =0.1,Gt=0, 1= ) 
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 (a) 

 
(b) 

Fig 9 (a) Velocity profile (b) Temperature distribution for several values of Grashof  number (Gt) in presence of 

porous medium, variable viscosity, heat source/sink  with in both case (a=1,k=0.1,Pr=0.5, =0.1,A=1, 1= )) 
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 (a) 

 
(b) 
Fig 10 (a)Velocity profile (b) Temperature 

distribution for several values of casson parameter 

1 in presence of porous medium, variable 

viscosity, heat source/sink with in both cases 

(a=1,k=0.1,Pr=0.5, =0.1,A=1,Gt=1) 

 

The effects of temperature-dependent fluid 

viscosity on velocity distribution and heat transfer 

in case of non-porous media in absence of any heat 

source/sink. In fig. 2(a) and 2(b) velocity profiles 

are shown for different values of A. Fig. 2(a) 

shown that fluid velocity is found to decrease up to 

the crossing over point with the increase in A but 

after the crossing over point it increases with 

increasing A. In Fig. 2(b) velocity field is found 

decay with increasing value of  for all values of A 

considered. The combined effects of heat source 

and permeability parameter, in absence of thermal 
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Grashof number and Cassan parameter at infinity 

are considered in this case. Fig.3 shown 

temperature distribution for several values of 

viscosity variation parameter A in case of Grashof 

number at zero and Cassan parameter at infinity 

with non-porous medium and absence of heat 

source/sink.In this case temperature decrease with 

increase of A. Now we concentrate on velocity and 

temperature distribution for the variation of 

permeability parameter k1 of the porous medium 

without heat generation or absorption with Pr = 0.5, 

GT = 0, 1= . Fig. 4(a) and 4(b) demonstrate the 

effects of permeability parameter k1 on velocity 

field in the absence (A = 0) and presence (A = 1) of 

temperature dependent fluid viscosity parameter A 

respectively with increasing k1, fluid velocity is 

found to decrease [fig. 4(a) and 4(b)] is the porosity 

of the medium increases, the value of k1 decreases. 

For decreasing k1 fluid gets more space to flow as a 

consequence its velocity increases. Fig. 5(a) and 

5(b) exhibit that ( ) is boundary layer increases 

with increasing permeability parameter k1 in both 

the cases the thermal boundary layer thickness 

becomes thinner with the decreasing the  

permeability parameter k1. The effect of increasing 

values of k1 opposes the flow in the boundary layer 

region, which results in more heat transfer from the 

sheet to the fluid. This is because of presence of the 

porous medium  to increase the resistance to the 

fluid motion, this causes the fluid velocity to 

decrease (Fig. 4(a) and Fig. 4(b)) and due to which 

there is rise in the temperature in the boundary 

layer (Fig. 5(a) and 5(b)). In Fig. 6, effects of heat 

source/sink on the temperature field is shown, 

taking fixed values for the parameters A = 2, k1 = 

0.1, Pr = 0.5, 1 =  and GT = 0 and various values 

for internal heat generation/absorption parameter . 

In this case, temperature field increasing with the 

increase of heat source parameter . It is observed 

that the thermal boundary layer generates energy, 

which ceases the temperature profiles to increase 

with the increasing values of . The internal heat 

generation/absorption enhances/damps the heat 

transport. The heat generation source leads to a 

larger thermal diffusion layer that may increase 

thermal boundary layer thickness, on the contrary, 

the thermal boundary layer thickness decreases for 

heat absorption sink. Fig.7 and Fig.8 depict the 

velocity and temperature profiles for the effects of 

Prandtl number Pr on momentum and heat transfer. 

Fluid velocity decreases with increasing Prandtl 

number. An increase in Prandtl number reduces the 

thermal boundary layer thickness. Prandtl number 

signifies the ratio of momentum diffusivity to 

thermal diffusivity. It can be noticed that as Pr 

decrease the thickness of the thermal boundary 

layer becomes greater than the thickness of the 

velocity boundary layer according to the well-

known relation 
Pr

1T
 where T is the 

thickness of the velocity boundary layer and  is 

the thickness of the velocity boundary layer, so the 

thickness of the thermal boundary layer increases 

as Prandtl number Pr decreases, and hence 

temperature profile decreases with increase of 

Prandtl number Pr. Fig. 8 implies that the increase 

of Prandtl number Pr results in a decrease of 

temperature distribution at a particular point. This 

is due to the fact that there would be a decrease of 

thermal boundary layer thickness with increasing 

values of Prandtl number Pr. Temperature 

distribution asymptotically approaches to zero in 

the free streum region. In heat transfer problems, 

the Prandtl number Pr controls the relative 

thickening of momentum and thermal boundary 

layers when Prandtl number Pr is small, it means 

that heat diffuses quickly compared to the velocity 

(momentum), which means that for liquid metals, 

the thickness of the thermal boundary layer is much 

bigger than the momentum boundary layer. Fluids 

with lower Prandtl number will passes higher 

thermal conductivities (and thicker thermal 

boundary layer structures) so that heat can diffuse 

from the sheet faster than for higher Pr fluids 

(thinner boundary layers). Hence Prandtl number 

can be used to increase the rate of cooling in 

conducting flows. In Fig. 9(b) it is observed that an 

increase in thermal Grashof number cause a 

decrease in the thermal boundary layer thickness 

and consequently the fluid temperature decreases 

due to buoyancy effect. However, opposite true in 

velocity profiles.The influence of the Cassan 

parameter on the velocity and temperature profiles 

is shown in Fig. 10(a) and Fig. 10(b) when a = 1; A 

= 1; k1 = 0.1;  = 0.1; GT = 0 and Pr = 0.5. The 

magnitude of the velocity is greater in the case of a 

Casson fluid when compared with a viscous fluid. 

Hence in general, with an increase in 1, the 

velocity of the fluid decreases for a stretching 

sheet. However, for a stretching sheet the opposite 

is true in temperature profiles case. 

 
Table 1: Values of skin-friction [ f''(0)] and wall temperature gradient [ '(0)]for values of k1 with a = 1; 

A = 0;  = 0, Pr = 1, 1=  and GT = 0. 

 

K1 [ f''(0)]  

[37] Swati 

Present  

study 
[ '(0)] 

[37] Swati 

Present 

study 

1.0 1.414213 1.414209 0.500001 0.500003 

2.0 1.732051 1.732050 0.447553 0.447555 
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