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I. INTRODUCTION

One of the most important and basic topics in the
theory of classical point set topology and several
branches of mathematics, which has been investigated
by many authors, is the continuity of functions. This
concept has been extended to the setting of
multifunctions. Multifunction or multivalued mapping
has many applications in mathematical programming,
probability, statistics, differential inclusions, fixed
point theorems and even in economics.

In 1979 S.N. Maheshwari et al. [14] defined feebly
open sets and showed that feebly open and a-open sets
are equivalent. In 1986 G. Chae et al. [6] defined a
function f:X—Y to be na continuous if the inverse
image of each feebly open sets is 8-open. In 1989
Mahmoud et al. [16] defined a function f:X—Y to be
strongly na continuous if the inverse image of every
semiopen set is &-open. In the present paper we
extended these functions to multifunctions and named
as semi strong na continuous multifunctions and
investigated the characterizations and properties of it.

I1. PRELIMINARIES

Let (X,7) be a topological space and A a subset of
X. The closure (resp. the interior) of A is denoted by
A~ (resp. A°). A subset A is defined to be regular open
[20] (resp. regular closed) if A= A™° (resp. A=A°").
The d-interior [21] of a subset A of X is the union of
all regular open sets of X contained in A and is
denoted by A A subset A is called 8-open [21] if
A=Ay, i.e, a set is 3-open, if it is the union of regular
open sets. The complement of a d-open set is called 6-
closed. Alternatively, a subset A is called d-closed
[21] if A=Ag, where Ag={XeEX:ANU°#@,U€eT and
xeU} . A subset A is defined to be semi-open [9] (a-
open [10], preopen [17]) if AcA°” (AcA°°,
ACA™). The complement of a semi-open (o-open,
preopen) set is called semi-closed (o-closed,
preclosed). The family of all regular open (8-open,
semi-open, a-open) sets of X containing a point xeX
is denoted by RO(X,x) (80(X,x), SO(X,x), aO(X,x)).
The intersection of all semi-closed (resp. d-closed)

sets of X containing A is called the semi-closure (3-
closure) of A and is denoted by A (resp. Ag).

For a space (X,t), the collection of all d-open sets
of (X,1) forms a topology for X which is usually
called the semiregularization of t and is denoted by .
In general 7,1t and if T,=1 then (X,1) is called a
semiregular space.

By a multifunction F:X—Y, we mean a point-to-set
correspondence from X into Y and assume that
F(x) =@ for all xeX. For a multifunction F:X—Y,
following [4, 5] we shall denote the upper and lower
inverse of a set B of Y, F*(B)={xeX:F(x)=B} and
F~(B)={x € X:F(x) n B = @}, respectively. For each
AcX, F(A)=U,ecaF(x). F is defined to be a surjection
if F(X)=Y or equivalently if for each yeY there exists
a point xeX such that yeF(x). Moreover F:(X,t)—
(Y,9) is called upper semi continuous [18] (renamed
upper continuous [13] ) (resp. lower semi continuous
[18] (renamed lower continuous [13] )) if
F*(V)(resp.F~(V)) is open in X for each open set V of
Y.

111.CHARACTERIZATIONS

Definition 3.1:
A multifunction F:(X,t)—(Y,9) is called to be:
1) upper semi-strong na continuous
u.s.st.na.c.) if for
each xeX and each semi-open set V of Y such that
X€F*(V), there exists UERO(X,x) such that UCF*(V),

(briefly

2) lower semi-strong na continuous (briefly l.s.st.na.c.)
if for

each xeX and each semi-open set V of Y such that
X€F~(V), there exists UERO(X,x) such that USF~(V),

3) semi-strong na continuous if it is both upper semi
strong na continuous and lower semi strong na
continuos..

Definition 3.2 [2]:
A multifunction F:(X,1)—(Y,9) is defined to be:

1) upper strongly continuous if F*(V) is clopen in X
for each subset V of Y,

2) lower strongly continuous if F~(V) is clopen in X
for each subset V of Y,
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3) strongly continuous if it is both upper strongly
continuous and lower strongly continuous.

Definition 3.3:
A multifunction F:(X,t)—(Y,9) is defined to be:

1) upper pre strong na continuous (briefly
u.p.st.na.c.)[23] (upper na continuous [22], upper
super continuous [1]) if for each xeX and each
preopen (a-open, open) set V of Y such that xeF*(V),
there exists Ue3O(X,x) such that UCF*(V),

2) lower pre strong na continuous (briefly
I.p.st.na.c.)[23] (lower na continuous [22], lower super
continuous [1]) if for each xeX and each preopen (a-
open, open) set V of Y such that xeF~(V), there exists
UedO(X,x) such that US F~(V),

3) pre strong na continuous (briefly p.st.na.c.)[23]
(na continuous [22], super continuous [1]) if it is both
u.s.st.na.c. (na continuous, super continuous) and
I.s.st.na.c. (na continuous, super continuous).

Remark 3.1:
For a multifunction F:(X,t)—(Y,9) the following
implications hold:

u.st.c. —~u.s.st.na.c. — u.na.c. —~u.sup.c—>Uu.c.
N /
u.p.st.na.c.

I.st.c. —~l.s.st.na.c. = l.na.c. —l.sup.c—l.c.
N /
I.p.st.na.c.

In general the converses are not true.

Example 3.1:
Let X={a,b,c},Y={1,2,3}, T
={0.X,{a},{b} {a,b}.{b,c}},

9 ={0,Y {1},{1,2}}. Define a multifunction F:(X,t)—
(Y,9) as follows:

F(a)={1,2}, F(b)={3}, F(c)={2,3}. Then Fis
u.s.st.na.c. but not upper strongly continuous.

Example 3.2:

Let X={a,b,c},Y={0,1,2}, T ={0,X,{a},{b}.{a.b}},
9 ={@,Y {1}.{2,3}}. Define a multifunction F:(X,t)—
(Y,9) as follows:

F(a)={1,2}, F(b)={2,3}, F(c)={1,3}. Then F is
upper na continuous but not u.s.st.na.c.

Theorem 3.1:
The following conditions are equivalent for a

multifunction F:(X,7)—(Y,9):
1. Fis u.s.st.na.c.,

2. For each xeX and each VeSO(Y) such that
XEF*(V), there exists Ued0O(X,x) such that USF*(V),

3. F*(V) €30(X) for each VeSO(Y),

4. F7(F)edC(X) for each FESC(Y),

5. F(Ag) S[F(A)] s for any subset A of X,

6. [F"(B)] s < F~(Bg) for any subset B of Y.

Proof:

1) = 2) Let xeX and VESO(Y) such that xeF*(V).
By (1), there exists U,eRO(X,x) such that U,SF*(V).
Set U=u{U,: U,eRO(X,x)} for each xeX. Then U is a
3-open set in X and UCSF*(V).

2) = 3) Obvious.
3) = 4) Obvious.

4) = 5) For any subset A of X, [F(A)] ; is a semi-
closed set in Y. AC F ([F(A)]s) and by (4),
F ([F(A)]s) is &-closed. Hence Ag S F ([F(A)]s)
and F(Ag) € [F(A)] .

5) = 6) Let BEY. Then F (V) &X. By using (5)
we obtain F([F"(B)] ) & Bs . Hence [F(B)]s) S
F~(Bs).

6) = 1) Let VESO(Y) such that xeF*(V). Then Y-
V is a semi-closed set. By (6), [F(Y—V)]s S
F~((Y — V);. Hence F*(V) is a 8-open set in X and
there exists UERO(X,x) such that U, €F*(V). This
shows that F is u.s.st.na.c.

Theorem 3.2:
The following conditions are equivalent for a

multifunction F:(X,7)—(Y,9):

1. Fisls.st.na.c.,

2. For each xeX and each VeSO(Y) such that
XE F~ (V),
there exists Ued0(X,x) such that USF~ (V),

3. F7 (V)ed0(X) for each VeSO(Y),

4. F*(F)edC(X) for each FESC(Y),

5. F(Ag) S[F(A)] ¢ for any subset A of X,
6. [F*(B)] s € F*(B,) for any subset B of Y.

Definition 3.4:

Let D be a directed set. A net (x3);ep in X is
defined to be §-converges [6] to a point x in X if the
net is eventually in each regular open set containing x.
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Theorem 3.3:

F is u.s.st.na.c (I.s.st.na.c.) if and only if for each
X€EX and each net (x;) &-converging to x, F(x;) is
eventually in each semi-open set of Y containing F(x).

Proof:

Neccesity. Let F be u.s.st.na.c, (x;) 6-converges to
a point xeX and VeSO(Y) such that F(x)SV. Since F
is u.s.st.na.c. there exists UERO(X,x) such that Uc
F*(V). Since (x;) 6-converges to X, (x;) is eventually
in U. Hence F(x;) is eventually in V.

Sufficiency. Suppose that F is not an u.s.st.na.c.
multifunction. Then, there exists a point x and a semi-
open set V with xe F*(V) such that UZF*(V) for each
UeRO(X,x). Let x,, €U and x,, €F*(V). Then for the
regular open neighbourhood net (x,), (x,) is 6-
convergent to x but F(x,,) is not eventually in V. This
is a contradiction. Hence F is u.s.st.na.c.

The proof for I.s.st.na.c. multifunctions is similar.

1V.SOME PROPERTIES OF SEMI-STRONG NA
CONTINUOUS MULTIFUNCTIONS

Lemma4.1[7]:

If A is a dense or open subset of (X,r) and
UeRO(X) then UNA is a regular open set in subspace
A.

Theorem 4.1:

If F:(X,t) = (Y,9) is an us.stna.c.(l.s.st.na.c.)
multifunction and A is an open subset of (X,t) then
the restriction Fp (A, t4) — (Y,9) is an u.s.st.na.c.
(I.s.st.na.c.) multifunction.

Proof: The proof is obvious by Lemma 4.1.

Theorem 4.2:

If F:(X,tr) =~ (Y,9 and G:i(Y,9) — (Z, o) are
u.s.st.na.c (l.s.st.na.c.) multifunctions then, GoF is an
u.s.st.na.c. (l.s.st.na.c.) multifunction.

Lemma 4.2:

Let {X;: 4 €D } be a family of spaces and U,, be a
subset of X, for each i=1,2,...,n. Then U=[]iL; U, x
[Taza, X3 is & - open[6] (resp. semi-open[l11]) in
[l1ep X, if and only if Uy, € 60 (X;,) (resp. Uy, €
SO(Xy,)) for each i=1,2,...,n.

Theorem 4.3:

Let F3:(X;, 1) — (Y, 9;) be a multifunction for
each A €D and F:[[X; =~ [1Y; be a multifunction
defined by F({x;})={F1(x3)} for each x; € [[X;. If F
is an u.s.st.na.c.

(I.s.st.na.c.) then F; is u.s.st.na.c. (l.s.st.na.c.) for each
A €D.

Proof: Let V; €SO(Y,). Then by Lemma 4.2, $%

V=V X [[12p Yp is semi-open in []Y; and since F
is usstnac. F(V)= F(Vy X112 Yp)= F (V) X
F+(H/1¢ﬁYﬁ): F+(VA) X Hﬂiﬁxﬁ ) -open in HX,‘{
From Lemma 4.2, F*(V;) € §O(X). Therefore F, is
u.s.st.na.c.

The proof for 1.s.st.na continuity is similar.

Theorem 4.4:

Suppose that (X,7) and (X,, t,) are topological
spaces for each a €J. Let F: X —[],qX, be a
multifunction from X to product space [],¢; X, and let
Py [1ae Xo =X, be the projection for each a € J. If F
is u.s.st.na.c. (l.s.st.na.c.), then P, oF is u.s.st.na.c.
(I.s.st.na.c.) for each a €].

Proof: LetV, be a semi-open set in (Xg,, Tq,) for
any ao €J. Then (Py, oF)*( Vg, )= F*(P*q (Vg )=
F'( Vo X azagXa ) (( Pyy OF) = (0 Vg )=
F7(P™ 4 (Vay )= F~ (Vgy X [laay X ))- By Lemma
4.2, Vg X [1aza, Xo IS a semi-open set and since F is
us.st.na.c. (I.s.stna.c.), F* (Vg X [lazq, Xa)

(resp. F~ (Vg X [aza, X ) is 8-open in X. This
shows that P, oF is us.st.na.c. (l.s.st.na.c.). Hence,
P, OF is u.s.st.na.c. (I.s.st.na.c.) for each a €J.

Recall that for a multifunction F: X —Y, the graph
multifunction Gg: X —XXxY of F is defined as follows:
Gr (X)={x} x F(x) for every x € X and the subset
{{x}xF(x):xeX}=XxY is called the multigraph of F
and is denoted by G(F).

Lemma 4.3 [12]:
For a multifunction F: X —Y, the following holds:

1) Gg*(AxB)=AnF*(B)
2) Gz~ (AxB)=An F~ (B)
for any subset AcX and BCY.

Theorem 4.5:
Let F:(X,1)—(Y,9) be a multifunction. Then F is
u.s.st.na.c. if the graph multifunction Gg is u.s.st.na.c.

Proof: Let xeX and V be any semi-open set in Y
such that
F(x) €V. Then XXV is a semi-open set in XxY. Since
{GXF(X) €EXXV, Gp(X)S XxV. By the upper semi-
strong na continuity of Gg, there exists Ue 80O(X,x)
such that U< Gg*(XxV). By using Lemma 4.3, we
obtain U< F*(V). Therefore, F is u.s.st.na.c.

Theorem 4.6:

Let F:(X,1)—(Y,9) be a multifunction. Then F is
l.s.st.na.c. if the graph multifunction Gg is l.s.st.na.c.

Proof: Let xeX and V be any semi-open set in Y
such that

ISSN: 2231-5373

http://www.ijettjournal.org

Page 172



http://www.ijettjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 40 Number 2- December2016

F(X) NV @. Then XXV is a semi-open set in XxY.
Ge (X)) N ( X X V)=({x} x F(X)) N (XX V) =x x (
F(X) nV)# @. Since Gg is l.s.st.na.c. there exists Ue
80(X,x) such that US Gg~ (XxV). By Lemma 4.3,
we obtain US F~ (V). This shows that F is I.s.st.na.c.

Definition 4.1 [1]:

For a multifunction F:(X,t)—(Y,9) the multigraph
G(F)={(x,y):yeF(x), xeX} is defined to be 8-closed in
Xx Y if for each (x,y) eXxY-G(F), there exist Ue
S80(X,x) and an open set V of Y containing y such that
(UxV)n G(F)=0.

Definition 4.2:

A space X is defined to be nearly compact [19]
(semi-compakt [8]) if every regular open (semi-open)
cover of X has a finite subcover.

Theorem 4.7:

If F:(X,t) — (Y,9) is an u.s.st.na.c. multifunction
such that F(x) is semi compact for each xeX and (Y,9)
is a Hausdorff space, then G(F) is 8-closed in XxY.

Proof: Let (x,y) eEXXY-G(F) then yeY-F(x). Since
Yisa
Hausdorff space for each seF(x), there exist disjoint
open sets Ug and V of Y such that se U and ye V.
Since every open set is a semi-open set, {Us : sSEF(X)}
is a semi-open cover of F(x) and since F(x) is semi-
compact for each xeX, there exist
finite number points s;, s,, ..., s, in F(x) such that
F(x) cu{Uy, :i=1,2, ... ,n}. Use U=U{U,, : i=1,2, ...
,n}and V=U{V,, :i=1,2, ... ,n}. Then U is a semi-open
and V is an open set in Y such that F(x)SU and yeV,
UnV=@. Since F is an u.s.st.na.c. multifunction,
Ff(U) € & O(X)x). Hence we have, (F'(
U) xV))NG(F)=0.

Theorem 4.8:

Let F:(X,t) —(Y,9) be an u.s.st.na.c. surjective
multifunction such that F(x) is semi-compact for each
xeX. If X is a nearly compact space then, Y is semi-
compact.

Proof: Let {S;: 1 € A} be a semi-open cover of Y.
Since F(x) is semi-compact for each xeX, there exists
a finite subset A, of A such that F(X) SUjea, S;. Use
Sx =Uzen, Sz- Since F is an u.s.st.na.c. multifunction,
there exists R, ERO(X,X) such that F(R,) <S,. The
family {R,: xeX} is a regular open cover of X and
since X is a nearly compact space, there exist finite
number of points x,, X,, ., X, in X such that
X=UJ; Ry,

Hence we have, Y=F(X)=F(Uj_; Ry,) =UiL; F(Ry,)
C UL Sy, = Uiy Udeny, Sa; - This shows that Y is
semi-compact.

Definition 4.3:

A topological space X is defined to be a semi-
Normal space [15] if for any disjoint closed subsets K

and F of X there exist two disjoint semi-open sets U
and V such that K€U, Fc V.

Recall that a multifunction F:(X,7)—(Y,9) is said to
be point closed if for each xeX, F(x) is closed.

Theorem 4.9:

Let F and G be u.s.stna.c and point closed
multifunctions
from a topological space (X,t) to a semi-Normal space
(Y,9). Then the set K={xeX: F(X)NG(x)# @} is 6-
closed in X.

Proof: Let xeX-K. Then F(x)NG(x)=@. Since F
and G are point closed multifunctions, F(x) and G(x)
are closed sets and Y is a semi-Normal space, there
exist disjoint semi-open sets U and V containing F(x)
and G(x) respectively. Since F and G are u.s.st.na.c.
multifunctions, F*(U) and G*(V) are 5-open
sets containing x. Use H= F*(U)u G*(V). Then H is a
§-open set containing x and HNK=@. Hence K is 6 -
closed in X.

Theorem 4.10:

Let F:(X,tr) — (Y,9) be an u.s.st.na.c. and point
closed multifunction from a topological space X to a
semi-Normal space Y and F(x) nF(y)= @ for each
distinct pair x,yeX. Then X is a 6-Hausdorff space.

Proof: Let x and y be any two distinct points in X.
Then F(x) NF(y)= @. Since F is point closed, F(x) and
F(y) are closed sets and since Y is a semi-Normal
space, there exist disjoint semi-open sets S and T
containing F(x) and F(y), respectively. Since F is
u.s.st.na.c, F*(S) and F*(T) are disjoint 8-open sets
containing x and y, respectively. This shows that X is
a 8-Hausdorff space.
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