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Abstract — Its origins in the theory of Lie algebras
are introduced, and then an axiomatic definition is
provided. Simple roots, Bases, Weyl groups, and the
transitive action of the latter on the former are
explained and proven, respectively.
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INTRODUCTION

This chapter brings the structure of the roots and
Weyl group.Baker studied Matrix Groups: An
Introduction to Lie Group Theory. Bourbaki studied
Lie Groups and Lie Algebras. Erdmann and Wildon
discussed an introduction to Lie algebras, Hall
studied Lie Groups, Lie Algebras, and
Representations, An Elementary Introduction.
Humphrey studied Introduction to Lie Algebras and
Representation Theory. Jacobson studied Lie
Algebras. Rossmann studied Lie Groups: An
Introduction through Linear Groups. Simon have
studied Representations of Finite and Compact
Groups.

Definition:

Let @ denote a root system of rank £ in a Euclidean
space E, with weyl group . A subset A of @ is
called a base if A is a linear basis of E and each root
of B can be written as B = X ko (xed) with
integral coefficients. & all non-negative or all non-
positive. The roots in the base A are called simple
roots.

Example:
A root having multiplicity n=1 is called simple
root. f(z}) =(z — 1){z — 2) has a simple root at
z, =1, but g = (z — 1)* has a root of multiplicity 2
atzy = 1, which is therefore not a simple root.
Lemma:
Let @ be a simple root. Then o, permutes the
positive roots other than .
Proof:
Given  is simple. Letf € & + {a}.
L p= Zk77 where k, = 0

7eA
# # a. Both S o are positive.
R I
-k, = 0forsomey #
For, if k,=0vyEe Ay Eathenf =k o

- £ o because the only multiple of a root is
te.
But & = L. This is contradiction.
<. there exists ¥ such that k, = 0.
g8 =Ff—{Fala
The coefficient of ¥ in o,(8) is the same as the
coefficient of ¥ in f.
Since o permutes the roots, o (£} is also a root.
But the coefficient of ¥ in o, (8) is k, which is great
than 0.
~. all the coefficient in o, (8} must be positive
. a5 (#) is a positive root.
gl—a)l =a&f = —ua
Lo () % a.
". o permutes the positive roots other thanc:.
Definition:
A subset @ of all Euclidean space E is called a root
system in E if the following axioms are satisfied
i) @ spanskE, finite, 0 g &
ii) Ifa e <, the only multiplies of & in & are
to
iii) If @ % , the reflexion g, leaves @
invariance. Also if @ €% then
(B.a) ez
Definition:
Let @ be a root system in E. Let W denote the
subgroup of GL(EJ} (group of all invertible
endomorphism of E) generated by the reflexion g,
o €%$. Then any w € W is a finite product of
reflexion of the form o , o,, - o, Where

g
Oy, fg,=====-- I:ti’!E‘j:l'

o € @ = g, leaves @ invariance.
.. w leaves @ invariance.

.. w is a permutation of @.

By (i) @ is a finite set, spanning E.

Hence W is a subgroup of the symmetric group on
O,

Hence T is finite.
This W is called a weyl group of @.
Note:

T is a normal subgroup of Aut ®(automorphism of
D).
Any element of T is a permutation of @.
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.. any element of W is an automorphism of ®.

.. W is a subgroup of Aut ®@.

Let w € Aut @, Then w :$ — 2 is an isomorphism.
Let & & W,

Consider the map &,: W — W defined by
Hw{cs:] = o go y L

Then &, is an isomorphism of W onto W

Lowe oo e W,

This true for all ¥ € Aut &,

.. W is a normal subgroup of Aut ®@.

Lemma:

For all ce W, £(c) =nlc) where #(c) is the
length of @ and n{c) is the number os positive roots
a for which ola} < 0.

Proof:

We prove this result using induction on £{=.
Suppose £(c) = 0. Then s =1.

nls) = number of positive roots & for which

cle) = 0.

= number of positive roots o« for which
1) = 0.

= number of positive roots @ for which & = 0.
=0=£(c)

. nle) = £(c) when £(c) = 0.

. the result is true when £(z) = 0.

Next, we assume that the lemma is true for all
T & W for which £(z) = #(z).

Let o, , Opy, - o, be the reduced expression
for o
Let & = &,.

Then we have oz} = 0.

nlee, ) = number of positive roots § for which
oo (f) < 0.

= number of positive roots £ for which

o f) = 0,

Since o is simple, we have o permutes with the
roots other than a.

nlee,) =nla) =1
#oo,) = fl::r:sn,i, gy — — — O, o)
:f{r:sﬁ,i, Tppr — — —csﬁ,r_i}: t—1
s oo, ) =8 -1
Now £(ze, ) < £(c)
o oo, ) =nloo,)ie #lc) — 1 = nic) — 1.
- #(g) =nla)

.. By induction the result is true for all values of
£(a).

Lemma:

Let @ be a root system in E, with weyl group . If
o € GL(E), leaves ® invariant, then

=000 " ¥ oce@ & (fa)={cs(f) ola)) for
o ffed

Proof:

o leaves @ invariance.

fed=>dpled

e GL(E) = sisinvertible.

ie ¢is 1-1.

As B runs over &, (5} runs over €.

Take o £ €. By (iii) o leaves @ invariant.

If 8 € @then c,(f) ed

Forf € &, (o o0 )(oA) = o o (o))
—oo(fled

oo, (8)) = o8 (B ade) = (B) — (8 a)ler).

- (oot W) = o(B) — (B adola).

;. As B runs over @, o(f) runs over € and
de) e@vacd

co,ot leaves @ invariant.
Consider the hyper plane o{F,).
Suppose x £ F,. Then x € o) for some 8 € F,.
Bel,=0Ba =0
(co,o')x) = (o EFE-EF_l:I{EF{;E:]}

TLACR )

= oo (B)

= o c(8))

=olf — (fala)

= o(f) —(f a)ola)

= o(f) - 222 ofa)

= o(f) =x (= (B.a) = 0)
Negetix) =x
. oo, fixes the hyper plane o{F,) point wise.
(o oo Nola)) = coxla) = ol—a)

. oo,o ' leaves @ invariant, fixes olFJ point
wise and stands ola) to -cle)
Lo r:sr_,r:s'1 = O m
(o oz~ ) o)) = oo (B)

= ol — (f ala)

= o(B) — ( a)ola) 1)
& Oy 5_1{5{-.3:]} = 5...—'::3{5{:3:]}

=olg) — (oB) dallcla)  (2)

By (1) & (2)
{cp) ola)) = (f a)
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Bases and weyl chambers:

Definition:

Let A be a base of root system®. Let B be any root.
Let 8 = X ky a. Then the height of B relative to A

denoted by ht(B) is defined by ht(f) = Zk
ael
B is called a positive root if k; = 0. B is called a

negative root if k, = 0.
Lemma:

Let a, BeE we can say that foca if only if either a-f
is the sum of positive roots or o=f. This relation o
defined above is a partial order on E.

Proof:
(i) Forall ae®, a=a. .. aoco.
~.oc isec reflexive.
(if) Let aoccP and Poca
aocf = either (B-a) is the sum of positive
roots or =o.
Boca = either (a -PB) is the sum of positive
roots or a=p.
. 0=(B-a)+ (a -P) is the sum of positive
roots.
. (B-a)=0 & (a -p)=0 is the sum of positive
roots.
ie f=o & a=-f.
oc is antisymmetric.
(iii) Let Let aocP and Pocy.
aocff = either (B-o) is the sum of positive
roots or =a.
Bocy = either (y -B) is the sum of positive
roots or y=p.
case (i): Suppose B-a & y-P are sum of positive roots
Then (B-a)+ (y-P) is also a sum of positive
roots.
ie y- o is a sum of positive root. .. a ocy.
case(ii): Suppose B-a is a sum of positive root and
v=B, then y - a is a sum of positive root.
S0 ocy.
case(iii):Suppose =0 & y-B are sum of positive root,
then y- a is a sum of positive root. .".a ocy.
case(iv): Suppose f=a & y=, then y=a. .".a ocy.
oc is transitive. .. oc is a partial order of E.
Note:
Any positive root is a linear combination of simple
roots with nonnegative coefficient. Hence sum
positive roots are also sum of simple roots with
nonnegative coefficient. Therefore the above
definition of partial order can be replaced by the
following definition.
Definition:
For any two elements a, BeE we can say that foca if
only if either a-B is the sum of simple root or a=.
Lemma Il:

Let A be a base of®.

Let a, BeA be such that o=p.

Then (i) (o -B)<0 and (ii) (o -B) is not a root.

Proof:

Suppose (a -B)>0. Then A is a base of @ and a, BeA.

. o &P are linearly independent.

LoaE-P.

.. a &P are non-proportional roots with (a -3)>0.

". (a0 -P) is a root.

- o +(-1)B is a root. Which is contradiction to each
root of P can be written as f = L ko (ael) with
integral coefficients.

. our assumption that (o -B)>0 is wrong.
ie (a-B)<0 and (o -B) is not a root.

Definition:

For each vector veE, we define
&*i(y) ={a € & /(a.y) = 0}. The set of all roots
lying in the positive side of the hyper plane
orthogonal to y.

Theorem:

Let yeE be regular then the set Aly) of all
indecomposable roots in &% (y} is a base of ® and
every base is obtained in this way.

Proof:

Let y be regular and 4ly) be the set of all
indecomposable roots in &* (y].

Step I:

We claim that each root in @™ {3} is a non negative
=-linear combination of elements of A(y)

Suppose not

Then there exists an o« € ©*{y}, which cannot be
written as a non negative =-linear combination of
elements of Aly)

Choose an o such that (ya) is as small as possible.
Supposemedly). Then a=I1.a is a non negative =
linear combination of elements of Aly)

This is a contradiction. .. « & Aly)

", & is decomposable.

Let & = By + £, where .8, € ©@*(y)

ad=0 B+B)=0U )+& B)

By B, € @ (y)implies (v B =0, (y ) =0
Alsoly Bl =(yrealandy F) <y al

. by the choice of , §; & 8; must be non-negative
%-linear combination of elements of A(y)

. By + B; is a non-negative % -linear combination
of elements of 4ly) ie « is a non-negative =-linear
combination of elements of Aly).

This is a contradiction.

. each root of @*(y) is a non-negative = -linear
combination of elements of Aly).

Hence our claim.
Step II:
If c, @ € Aly) then @ — 8 = 0 unlessa = 3.
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Suppose @. f € Aly), o = B.

Suppose (.8} =0 . Then Let @B be non-
proportional roots. If (.5} =0 (ie if the angle
between @, f is acute) then &« —§ is a root. If
{e.f) =0 thena + B isaroot) & — f is aroot.
Suppose f§ = —u.
Then (e, f) = (a.—a) = —{a,a) = 0.
Which is contradiction to (e, 5) = 0.
S B #E —a
s either f —eorm— fisin @+ ().
case (i) Suppose & — 8 £ &* ().
Then e = 8 + (e — £).
*. @ is decomposable.
- a & &% (). This is contradiction.
case(ii) Suppose 8 — a £ #* (y).
Thenf =8 + (o — B).

. B is decomposable. .. § g ®*(y).
This is contradiction.
a—F=0
Thus if & 8 € Aly) then & — 8 = 0 unless
a=f

Step I:
Aly) is linearly independent.
Suppose Ly = Owherex e Aly) &1 e R

Separate the indices & for which 7 = 0 and those
for whichr, = 0.

Then we can write this as £ a = Ztg8 where

= 0&t; =0.

The set of &'s and §'s are distinct.

e F [V f

Lets = L

(e.e) =Ena. Enal
= {Eﬂam Zt8)

stepll)

0=lzel=0

gl =0=2>e=0,

0=0.a)=.Ena)

=Xn tﬁu{a,_ﬁ:] =0 (by

=¥ (ya)
Erla)=0 3)
aedly) - y.al=0vq

Also %, = 0 for each a.
L a) =0 4)
By (3) and (4) we get 0 = 0. This is contradiction.
Similarly t; = 0¥ B
- Aly) is linearly independent.
Step IV:
Aly) is a base of &
Now ¥ is regular.
Ed =t Gu—(at())

Be® Thenf#0& fed*lylorftedtly)
but not both,

Suppose 8 € €% (y)

Thembystep |, f = Xk, = where o € Alyl,
ky %, k>0,

Suppose § € —®*(y)

Then —f e @ (y)and so by step |, —=f = Et,
where & € Aly), £, €% £, = 0.

B =YXt,awhere t; €5, t; = 0.

Thus in either case, we have § = X k. & where
o € Aly) k; €% such that k, are all non- negative
or non-positive.

Each Fe@*(y) is a linear combination of
elements of Aly].

. Aly) spans &*(y)

2 spans E.

. every element of E is a linear combination of
elements of 2.

Letx € E. Then z r,a

aed

Zr a+ Ztﬁﬂ

aed’ (v) Bed (

Zraa+ Ztﬁﬁ

acd*(v) Be-0* (v)
= D ra+ Z( ﬂ)(—
acd*(v) —Bed” (
= a linear combination of elements of & (y)
&*(y) spans E
Aly) spans &% (y)
- Aly) spans E
. Ay} is a linear combination of elements of E
. Aly) is a base of @
So, & has a basis A(y)

Step V:
Each base & of €@ is of the form Aly)
Let A= {¥.¥2 — — — ¥ } be abase of @

Then &; be the projection of ¥; on the sub space E;
spanned by all basis vectors excepty;

=0y —— = VeV~~~ ¥a !
Each E; is a hyper plane of E containing &;.
Lety = End;,n =0

) = (En6:.%)

=En(suy) =0

Hence 2 ¥ € E such that (. ¥, ) = 0wi

Let 3 €@, Then S = ZKI V¥ €E A&k =0
i=1
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n
0.8 =|v. > kv,
fml

n
Z K, (v.¥:) = 0 if the k;s are positive
i=1

=2 0 if the k;’s are negative
LB 20y gB VRESD

Y E EI"-. U Pg
Fed
. ¥ is regular.

Let # € ©*. Then § is a positive root.

n
Let B = Zkivi where k; €%, k; = 0
i=1

vi=1l2,———-n
y.B) =Bk ) =Zky.%) =0
L Bedtly)
Bedt=>pedtiy)
Lt catly)

Let 8 € @*(y). Then (y. £) = 0.

Let § = X k;¥; where k;'s are all non- negative or
non-positive.

L@ Eky) =0

Suppose all the k;'s are non- positive
Thenfed* c —@*c —&*(y)
s Be—2*y) . This is
g e dty)

- all the k;'s are non- negative.
L BE @t
fed*ly)=ped

¢,+|:_]r,:] c ¢,+

Hence ®* = &% (y)

Let @ € A, Then @ = ¥; for some i.

=0y +0y+ ———+Ly+-—— -0

. w £ @ for the coefficient are all non-negative.
caedzaedt =% ()

oA @+ (y)

Let us suppose that = £ 4 & o is decomposable.
Then o = &, + a;, a0, € 7 (y)

R R
Letas = Xt %, @ =2 5%
fml fml

R
Then o = ZI::.‘:- +5:-J}q-, (t;+s5)=0

fml

contradiction for

. any element o of &4 is a linear combination of
other elements of A& which is a contradiction for 4
is a linearly independent.

.. a is indecomposable

o € Aly)

o edA=aceAly) - AcAly)
But Card & = n = Card Aly)

o A= Aly)
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