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Eulerian integral associated with product of two multivariable I-functions, a class
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FY. AYANT?

1 Teacher in High School , France

ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable I-functions defined by Prasad [1] a
generalized Lauricella function , a class of multivariable polynomials and Multivariable I-function defined by Nambisan [2] with general arguments .
We will study the case concerning the multivariable H-function defined by Srivastava et al [7] and Srivastava-Daoust polynomial [4].
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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable I-functions defined by Prasad [1], a expansion serie of multivariable I-function defined by Nambisan et al
[2] and a class of polynomials with general arguments.
First time, we define the multivariable I -function by :
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where ¢1(s1,+ -+ ,8y),&.(8;),i=1,--- v are given by :
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This result can be proved on computing the residues at the poles :

dh\" + k;
Si = 17,(]7‘1:1, 7mi7ki 2071,2,"')f07"i: Leeoyv (16)
5h\D
We may establish the the asymptotic expansion in the following convenient form :
T " n Iy 11 1
I(z)", 5 2,) = 0(|"1" - 121 ) max (217, -+, [2)7]) = 0
n " /l/ avem 1 "
I(2)", 20 ) = 0( |17 - 2 1P ) (2], - 2] ) = o0
. k k .
wherek = 1,--- ,v: 0y :mzn[Re(d§ )/5§ ))],g =1,---,myand
k k .
Br = max[Re((cg ) _ 1)/fy§ ))]7] =1, ,my
dh\" + k;

We will note np,, ,, = Z(S% J(hiy=1,--- ,my,k;=0,1,2,--)fori=1,--- v (1.7)

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largz;| < §Qi7r’ where
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wherei=1,--- ,r

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :
I(z1, 05 20) = 0( 22| oo 2] *) ymaz ([, 2] ) =0

I(z1, o z) =0l o |zl ) omin( |- 2] ) = 00

where k=1,--+ ,r:a) = min[Re(b§k)/ﬁ§k))],j =1,---,myand
B = mazRe((aj” —1)/af)].j =1, i

Condider a second multivariable I-function defined by Prasad [1]
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
where |argz]| < 59;71',

n!/(® p’(®) m/(® q'®

nlz p/2
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k=1 k=1 k=1

n’, P az qs q.
k=1 k=1 k=1 k=1

k=n/+1
wherei =1, ---,s

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I ) = O™ o 40 ) cmaa( 3] oo [24]) = 0

I(4,- -, 2) = 0(|2417 o J2)% ) smin( |21 |2l ) = 00

wherek =1,--- ,2:a) = min[Re(b‘;(k)/B‘;(k))],j =1,---,mjand
¢ = maz[Re((af" —1)/af)] . j =1,

wherek =1,--- ,2:a) = min[Re(b;(k)/B;(k))],j =1,---,mj)and
Bl = max[Re((a;(k) — 1)/04;-(’“))},]' =1,---,np

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

hiRy+--hy Ry <L ZRI ZRu
haye h ‘ Ri ok
SLl [zlv to 7zu]: Z (_L)hlR1+"'+}L1J,R71,B(E’ R17 te aRU)W (1.14)
Ry
Ry, Ry=0
The coefficients are B[E'; Ry, . . ., R, arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]
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where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A; + s1 + -+ - + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculatmg the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k
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WhEFea,bER(CL<b),0{,ﬁ,fug“0l.7']7h7 E(C7)\/ €R+(Z: 1, 7k,]: 17 7[)

Lo
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1:1,-
and F7. 0, 070’ 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[3,page
454] given by
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[Ir(spat - oaitaly oo 2 dsy - dsigp (2.3)

Here the contour Ls are defined by Lj = Lu¢;0(Re((;) = vj) starting at the point v; — woo and terminating at the
point v ' + woo w1th v € R(j =1,---,1) and each of the remaining contour Li+1, - - - , Li4+% run from —wo0 to woo

l

Y
(2.2) can be easily established by expanding H [1 —7j(t — a)’“] ’ by means of the formula :
o] J=1
_ Q)
-2 =3 Do <y .4

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we note :

l
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Y =pW gM;o i p) ¢ g/ /M) g(9) 0 15.0.:0,1;0,1;--- 50, 1 (3.5)
2 1 2 r—1 1 2

A= (a'2k7 a;k)aagk)) ce ;(a(r—l)k; agr)—l)k’agr)—l)k’ T 7agr—1gk) 3 (aék;a/z(k)a /2(k))7 )

oW o @ o/ =D
(a(s Dk Xs-1)k Ys—1)k " F(s— 1);;) (3.6)

1 2 2 2 r—1
;( ékaﬂé(k)a ;(k;))a B = <b2k762k7 ék)) (b(r 1)kaﬁ(r 1)k75((r)—1)k"“ 7/8((7"—1))k)

/(1) "(2) /(s—1)
( (s— 1)kaﬁ (s— 1)k’5(s Dk aﬁ(sfl)k) (3.7)
A:(aﬂ“k;ai}g)’ f«k)v T 1(n7];)70 0 0--- 70303"' 70) (3.8)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 21



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 1- January 2017


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 21



International Journal of Mathematics Trends and Technology (IJMTT)

- Volume 41 Number 1- January 2017

A =(aly; 0, 0,0 o/ 0 /) 0, 0,0,--,0) (3.9)
( Tkaﬂ(l) /B'E'i)7 7BT('?];)707 ?0707' 70707 : 70) (3.10)
B’ ( /sk§ 7075;(13)7 :(kZ)ﬂ 75;(1;9)70 ;0,0,--- ,0) 3.11)
1 T s s
A = (a,g) a,(c ))1,p<1);“~ (CL§C ),oz/,(€ ))1p(r),(ak( ) Oé](cl))l,p(l);“' ,(ag )704;5 ))1,1)/(5);
(1,0);---3(1,0); (1.0);--- 5 (1.0) (3.12)
1 1 r T 1 1 s s
(b( )7 ( )) RSO R ;(bz(g )7 Ii))1,q<r>;(b;g( )» 1;( ))1,q/(1>;"' ;(b;;( )7 ;/g( ))1,q/<s>;
(0,1);---;(0,1);(0,1);---;(0,1) (3.13)
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h
P, = (b — CL)CH_B_l {H(af] + gj)aj } (3.21)
j=1
h
By, = (b — a)zf:l(a;—i_bli)nGbgi'i_E?:l (a;+bi) Ri H(afj + gj)_ S A Mg ng =20 A R (3.22)
=1
g - CDmRitesn,r, BE Ry, -, Ru) (323)
v Ri! - R,! '
A=A,A:8=08,8 (3.24)

We have the general Eulerian integral.
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~

’ /. 111(v)
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’ (™
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’ / ’(1)
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dt
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v \k; u
6;(Z>)k 'Zgllnh'“k'iH ZHRkBuBu,U[(bl (nhl,k‘17 T ’/r]hmkr)]j#hi
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zl(b—a)“1+p1
NO)
Hk—l (af; +93) 3

A ) Kl,KQ,Kj,K‘;,Q[ A

zr(b_a)ll«r‘f'Pr
(r)
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/(1)

[T5_, (af+g;)

Vi0,n,+nl+H+k+2;X /o
IU:pr+p;+l+k+2,qr+q;+l+k+1;y 2y (b—a)#sFPs (3.25)
3 NG
’7'1 (b — a) ha

Tl(b—a)hl
(b—a)fi
afi+g1 )

B ; Ll,Lj,L; : Dl,% : B’
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afrktgr

We obtain the I-function of 7" + s + k + [ variables. The quantities U, V, X, Y, A, B, K1, K», K, K;, A, 2, Ly, Lj, L;,

B, B, P1, By, By, and B, are defined above.

Provided that

A) a,beR(a< b);ui,u;,pi,p;,)\(z) )\I(u) hy € RY, fi,95, 70,0, 0 €C (=1, ,r5j =1, k;

N@ D e R (=1, 455 =1, ,k)

’ZL:1,"' 75;U:17"' 7l)aai7bZ7 j

ap, b A D D eRY, (i =1, v j =1, k)
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(B) aijvbikae(c(i:17"' 7T;j:1,"' 7p17k:1~ ,ql)’GSZ)abgk) eC
(=1, ,rj=1,-- ,pDik=1,-. ¢

/
177 zk7

(7’:17 7T7.]:17 ,p/L),klil, *q/(Z))

k (k . % i . .
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/(k) 51] €R+((Z_1 7]:17,p;,k:l,78),(1;(L),57/(L)€R+(’L=1,75,]:1,7});)
(b—a)f;

Cc) max { [—| b+ <1, max {|m(b—a)¥]) <1

()1<j<k{ afi + gi ’1<j<l{| i 1y
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(H) (I)The multiple series occuring on the right-hand side of (3.25) is absolutely and uniformly convergent.
Proof

To prove (3.24), first, we express in serie the multivariable I-function defined by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava S fiysha [] in serie with the help of (1.14), the I-
functions of r-variables and s-variables defined by Prasad [1] in terms of Mellin-Barnes type contour integral with the
help of (1.8) and (1.11) respectively. Now collect the power of [1 — T (t — a)hi] with
(¢=1,--+,r;5=1,--+,1) and collect the power of (f;t+ g;) with j = 1,--- , k. Use the equations (2.2) and
(2.3) and express the result in Mellin-Barnes contour integral. Interpreting the (r 4+ s + k + ) dimensional Mellin-
Barnes integral in multivariable I-function defined by Prasad [1], we obtain the equation (3.24).

Remarks

If aypr=-,pr=py=--,p,=0;b) 1=+, ptp=p) =---,pu., =0, we obtain the similar formulas that
(3.25) with the corresponding simplifications.

4. Particular cases

a)lf U =V = A = B = 0, the multivariable I-function defined by Prasad reduces to multivariable H-function defined
by Srivastava et al [7] and we obtain :

b l k
/(t—a)“ Lb—t)P~ Hl—Tyt—a'“_ [t +9)7
a j=1 Jj=1

17(1)

207 (t = a)® (b — ) [Tj—, (f5t +9;)

)\//(u)

20" (t — a) (b — t)b H(;:1<fjt +g;)N

)\///(1)

207 (t — a)™ (b— )" TT5_y (fit+ ;)™

I
2000 (t— )™ (b— )% T, (ft +g;)
k AW
2101 (t — ) (b — )" T[T, (fit +g5)" "
H

. _y(m
200 (t — @) (b— )P [T5_ (fit + ;)™
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/9/ B Mll b_ p,l L . . 7)\/_(1)
2101 (t — a)'1 (b —t) Hj:l(f]t+gj) J

H . dt

ZL0L(t — a)e (b — )P TI5_ (fit + ;)%

” u
5h(z)k 'ZQ//nhivkiH Z//RkBu,Bu,,7)[¢1 (nhl,kla e 777h7“7k7°)]j¢hi
=1 0N "Ry k=1

zl(b—a)“ﬁ"pl
NG \

Kl,KQ,Kj,Ké,Q[ . A/

2 (b_a)HT+P'r’
(r)
AN
H?:l (afj+g;)" I
z'l(b—a)“/1+pi
1(1)
I15_.(af; +95)™

O,n7.—|—n;+l+k+2;X , /+ /
PrplHAk+2,qr 4L HAR+LY 2 (b—a)f'sTPs
1 (s)
k Al
Hj:1(afj‘|‘gj) J

(b —a)m

4.1)

(b — a)™
(b—a)f1

afi+g1 :
Ll,Lj,L;- . Dl,% . B/

e /

afr+gk

under the same notations and conditions that (3.25) withU =V =A=B =0

A B’ B . (u)
Hj:l(aj)R19;+...+Ru9§u) Hj:l(b;')lﬁqb; "'Hj=1 (bj )Ru¢§u>

b)If B(L,Rl, ,Ru): c D’ D(w) u
1) g Lz (@) iy - Tl (d ))Rwi’“

4.2)

then the general class of multivariable polynomial Sﬁl ol (21, , 2, reduces to generalized Lauricella function

defined by Srivastava et al [4]. We have
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b l k
/(t— al(p— )P Hl—Tjt—a Hfjt+gj
a : :

k _ /4/(1)
20 (t — a)* (b — 1) [T;—y (fit +g;)

F1+A:B/;~--;B(“)
C:D’;--- ;D)

’ _y/1(u)
Zi0(t — a)® (b— t)% [TV, (fit + g5)

(-L):Ra, -+, Ru][(a); 0, - 0] : [(b’) ¢ [(01); 0]
[(C);¢’, U ,Zb(“)] : [( )7 5/]7 ) [(d(u))a 5(u)]

"ot a A A
2707 (t —a)® (b —t)™ Hj:l(fjt +g;) 7

I
"o 4 b, 2@
Zy 91} (t_a)a (b_t) H —1(f]t+g.7) J
k ENEY
2101 (t — )+ (b— ) T, (fit +g5) 7
I
. ()
20, (t — @) (b— )7 TT5_y (fit +g;)
Y //'/ p/ k 7}\’_(1)
2101 (t —a) (b — ) [ (fit +95) 7
I dt

/ /. _y(8)
ZL04(t — a) (b — ) TN (fit + g5) ™

v kg u
5(h(1))k 'Z;//”])Li,kiH Z//RkB;Bu,U[(bl (nhl PEEE ’nhr:kr)]jqéhi
i i v k=1
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IV;O,nr+n;+l+k+2;X
Uiprt+p,+i+k+2,qr+g, +I+k+1Y

\

zl(b—a)“1+p1

(1)
A

Zr(b_a)ﬂr‘f'Pr

(r)
Al
H?:l (afj+g;)"7

2 (b—a)“/l +0]

A
H?:l (afj+g;)"7

z; (b_a)uls-l-pg

A (s)
?:1 (afj+g;)"7

’7'1<b — CL)hl

T (b — a)hl
(b—a)f1

afi+g1

(b—a) i

afr+9gr

under the same conditions and notations that (3.25)

(=L)n,Ri4-+h R, B(E; Ry, -, Ry)

|

A 3 Kl,KQ,Kj,Ké,Q[ . A/

(4.3)

B ; Ll,Lj,Lglpl,%iB/

[
where B, =

Remark:

Rl Ry

,B[E; Rl,..

., Ry] is defined by (4.2)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions defined by Prasad [1] and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable I-functions
defined by Prasad [1],a expansion of multivariable I-function defined by Nambisan et al [2] and a class of multivariable
polynomials defined by Srivastava et al [4] with general arguments. The formulae established in this paper is very
general nature. Thus, the results established in this research work would serve as a key formula from which, upon
specializing the parameters, as many as desired results involving the special functions of one and several variables can

be obtained.

REFERENCES

[1] Y.N. Prasad , Multivariable I-function , Vijnana Parishad Anusandhan Patrika 29 ( 1986 ) , page 231-237.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 29


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 1- January 2017


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 29



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 1- January 2017

[2] Prathima J. Nambisan V. and Kurumujji S.K. A Study of I-function of Several Complex Variables, International
Journalof Engineering Mathematics Vol(2014) , 2014 page 1-12

[3] Saigo M. and Saxena R.K. Unified fractional integral formulas for the multivariable H-function I. J.Fractional
Calculus 15 (1999), page 91-107.

[4] Srivastava H.M. and Daoust M.C. Certain generalized Neumann expansions associated with Kampé de Fériet
function. Nederl. Akad. Wetensch. Proc. Ser A72 = Indag Math 31(1969) page 449-457.

[5] Srivastava H.M. And Garg M. Some integral involving a general class of polynomials and multivariable H-function.
Rev. Roumaine Phys. 32(1987), page 685-692.

[6] Srivastava H.M. and Karlsson P.W. Multiple Gaussian Hypergeometric series. Ellis.Horwood. Limited. New-York,
Chichester. Brisbane. Toronto , 1985.

[7] H.M. Srivastava and R.Panda. Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24(1975), p.119-137.

Personal adress : 411 Avenue Joseph Raynaud
Le parc Fleuri , Bat B

83140, Six-Fours les plages

Tel : 06-83-12-49-68

Department : VAR

Country : FRANCE

ISSN: 2231-5373 http://www.ijmttjournal.org Page 30



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 1- January 2017


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 30





