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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable Aleph-functions , the multivariable [ —
function defined by Nambisan et al [1] and a class of multivariable polynomials with general arguments . We will study the cases concerning the
multivariable I-function defined by Sharma et al [2] and Srivastava-Doust polynomial [4].

Keywords: Eulerian integral, multivariable I-function, generalized Lauricella function of several variables, multivariable Aleph-function, generalized
hypergeometric function, class of polynomials, Srivastava-Daoust polynomial

Classification. 33C99, 33C60, 44A202010 Mathematics Subject

1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable Aleph-functions, the I-function of several variables defined by Nambisan et al [1] and a class of
polynomials with general arguments.

First time, we define the multivariable I -function by :
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This result can be proved on computing the residues at the poles :
dn’? + k;
s; = %,(hi =1, ,my ki =0,1,2,--)fori=1,-- v (1.6)
oh;
We may establish the the asymptotic expansion in the following convenient form :
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We will note 7y, ,, = % J(hi =1, my,k; =0,1,2,---)fori=1,--- v 1.7)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [2] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [7]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.
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Suppose , as usual , that the parameters

and Oy (sx) = (1.10)
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with k=1--- ,ri=1,---,R,i® =1... R®

are complex numbers , and the O/S, 153 /S, ’y’s and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

N D;(k) qi M
k k k k k
(A YRR SR TS S R SR S S SO
j=n+1 7j=1 j=nr+1 j=1 j=1
q;(k)
—T;(k) Z ](f()k) X (1.11)
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The reals numbers T; are positives for ¢ = 1 to 2, T,(x) are positives for i*) =11 R%

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of P(d;(k) — 53(k)8k) with 7 =1 to my are separated from those of
T

. k k .
I'l—aj;+ Za§k)sk) with 7 =1 to n and I'(1 — c§. ) +v§- )sk) with j = 1 to ny to the left of the
=1
contour I.j, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where

n P,(k)
k k
A =S 35l eSS 3o
j=1 j=n+1 j=1 Jj=nk+1
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ri=1,-,R,i® =1,... .R® (13

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1, -+ 2r) =0([z] -,
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We will use these following notations in this paper
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Suppose , as usual , that the parameters

/

uj,j =1, ,phv50 =14
k) . k ;
ag) :17"'7n;€;a§'i()k)7]:nk+17."7p{i(k);

k . k) .
b;i()k>,j :WL;C-FL"' ,q;(m;b;- )a] =1, am;g;

with k=1---,84=1,--- 7/ ,i® =1,... pF

are complex numbers , and the O/S, 5/8, ’)//S and 'S are assumed to be positive real numbers for standardization
purpose such that
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my,
/(k k k k k k
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Jj=n'+1 j=nj+1 j=1

(k)
k
L Z BJ(,L()k) X (1.23)
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The reals numbers 7; are positives forz = 1,--+ | S , ¢;(x) are positives for i*) =1...p0)

The contour Ly, is in the fx-p lane and run from 0 — 100 to 0 + 100 where 0 is a real number with loop , if
necessary ensure that the poles of F(b( 5(k)tk) with j =1 to m;c are separated from those of

'l —wu; + Z;Lj )tk with j =1 to N and T'(1 — algk) + algk)tk) with j =1 to nj, to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
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mj, ()
+Zﬁ§-k) = Lik) Z B;?()k)> 0, with k=1,---,8i=1-,r,i®=1... K (124
j=1 jzm;c—&—l

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

/ 7
N(Zb'" 728):0(|21|a15"' 7|ZS %),max( |Z1|7"' ) |z8|)_>0

R(z1, -5 26) = 0(121)%, [z %) omin( |21, 24| ) — 00

where k =1,--- ,2:a) = min[Re(b'g-k)/ﬁlg.k))],j =1,---,mj)and

Bt = maz(Re((af” —1)/af?)],j =1, nj

We will use these following notations in this paper

U =pi,q,u;r'; Vi=mli,nl;- yml,n) (1.25)
W= play, dhs b ™M Dl oy Lo 3 7) (1.26)
A= {(Uj;/i_g-l), e ,ths))l,n/}, {ei(ugi M%)a o ’/’Lg‘j))’n’—l-l,p;} (1.27)
B = {ui(vj; Uﬁ)a e 7U§'j))m’+1,q;} (1.28)
C" = (a5 0 )iy i (@530l Yngan e (@508 )i st (@l S s (1129

1 1 1 1 s s s s
D/ :(bg )’BJ( ))Lm/l y Li() (bgi()l) ; ;i()l) )m/1+1,q;(1)7 cee ,(b§ ), 53( ))1,m’37 Li(s) (5;1()5) ) ’Bj('i()s) )m;—‘—l,q;(S) (1.30)

The multivariable Aleph-function write :

L A C
N(z1,-,2) = Neir |7 | L (1.31)
B D’

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

hiRi+--hy R, <L Ry R
Shl,"',hu I B(E-R R Zl ...Zuu
L [Zl?"‘ 7Zu]: E (_ )h1R1+"'+huRu ( y ALy T, u) ] ] (1.32)
R % R{!---R,!
17...7 u:

The coefficients are B[E; Ry, .. ., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]
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T, T(A))
T2 oo [(Ar): (Bo)i—(a1 + -+
=1
] 1 +sl+"'+ST)F(f31)~HF(7ST)~Ti1"'«Ifardsl..'dST 2.1)
+51 + - +3r)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A4; + s1 +--- + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k
/ (t—a)™" H 1—75( t—a H fit+g;)7dt = (b~ )a+ﬁ 'B(a H afj+9;)°
a j=1 =1

j=1
(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 2 1), (—og 2 1)
(a+/3:h17"' 7hl717"' 71):_7"' y Ty Ty T

(b—a)fy  (b—a)f

T b—ahl,---,T b—ahl,— , ,
i ) l( ) afi+ g1 afr + gk

(2.2)

WhEFea,bER(CL<b),0{,ﬁ,fug“0l.7']7h7 E(C7)\/ €R+(Z: 1, 7k,]: 17 7[)

Lo
,1;1-

1:1,-
and F7. 0, 070’ 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] and [6] given by :

(b-a)f;
afi + gi

min(Re(), Re(8)) > 0, max {lrib—a)™} <1 1<J<k{

(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 2 1), (—og 2 1)

((1+6:h1,"‘ 7hl717"' 71):_7'“ y Ty Ty T

b—a)fi (b—a)fr T(a+8)
: h— h17,,,7 b— hl7_(7’..-,— =
7—1( a’) Tl( CL) afl + g1 afk + 9k I'(a) Hé‘:l F()‘j) II,I;Zl P(_Oj)

T a+§l»_ h9+§k_9 ; l k
1 / / ( j=1 "534 j=1Sl+]
- - L(Xxj + sy —0j + 5
(2rw)i*k Jp Ll\kr( H (Aj H Y +i)

l k
at B+ hisi+ 3 Sz+j) j=1 =1
+k
[Irspz -z s - dsig (2.3)
j=1
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Here the contour Ls are defined by Lj = Lu¢;0(Re((;) = vj) starting at the point v; — woo and terminating at the
point v} + woo w1th vy € R(j =1,---,1) and each of the remaining contour L1, - - , Li 4+ run from —woo to woo

l

=
2.2) can be easily established by expandin [1 —7j(t — a)hq’] ’ by means of the formula :
( y y expanding y
i=1
— (a)’F r
e (Jz] < 1)

(1—2)“=
r=0

(2.4)

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the

definition of the generalized Lauricella function [3, page 454].

3. Eulerian integral

In this section , we note :

! (i)

! o _ ,
H 1—7']25—@ ] =G 7C](%)>0(,L':1’,..77«>;92 H[I_Tj<t—a)hi] ¢ 7(3,.(1)>0(i:1,"',8)

j=1
C//(i)

l
=l -me-a]™ P> 06 =10
j=1

C///(i)

0;”:1_[ 1 —75( t—a)h} J

,C]/'//(i) > O(Z _ 1’ ,U)

u v
K, = (1_04_2Riai—z7701,g1 Qs b1y aurnu/la"' 7:u/sahla"' 7hl717"' ,1)
KQ: (1—5—ZRibi—ZT]thib;;pl,“' 7p7“7p,17"' ap,saoa"' 7070"' 70)

A A 1 r 1 s
=1 =1

K 1+0;— ZR /\//() 277 3/ 7)\(1) .. ’/\ST)”\;‘(U'” ,)\;(s),

zagz J

]

Ly=(1—a—=B=) Ri(ai+b) =Y (a;+0)0c. gt +pro-- e+ ppo iy + 05,
=1

i=1

h'17"' 7hl7]-7"' 71)

Lj = [1 - )\] - ZRZC;/(Z) - ZC;//(i)nGi,gi;Cj(l)v' o 7C§T)7C;(1) 7C;(8):05' o ,070"' 70
i=1 i=1
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‘|’O'] ZR )\/l Z/\/// Gi,gi J )-, t 7>\§T),>\;(1) o )A;‘(S)aof" 70707"' 70]1,k (3.8)

h
P =(b-a)* " S T (afs + 9)™ (3.9)
j=1
h
By = (b— a)Xim(@ttinc o+ (@b B § TT (af; 4 g;)7 Zims M oon m Rl MR (3.10)
j=1

(=L)hi Ryt 4huR.B(E; Ry, -+ Ry)
Ril--- Ry

B, = (3.11)

Vi=ViV51,0;-- 51,001,050+ :1,0 s Wy = W W'50,1;-- 50,150, 15+ 50,1 (3.12)
C, =C;C’;(1,0),---,(1,0);(1,0),---,(1,0) ; Dy = D; D";(0,1),---,(0,1); (0,1),---,(0,1) (3.13)

We have the general Eulerian integral
b ! L
/(ta Hl*Tthah JHth+gJ
a j=1 j=1
A0t = ay (b= 1) Ty (St +95)
171 j=1\Jit T gj

h17"' >hu
SL

' (W)
zifu(t — a)® (b — )« TT5_, (fit +g;)

711(1)

207 (t — a)™ (b — 1) Ty (f5t +95) ™

I
20 (t— ) (b— )% TTE (fyt +9,) 7
k —A
st a) (b 09 TTEL, (5t + 7)™
R

. ()
200, (t — @) (b— )P [T5_ (fit+g5)
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/9/ B Mll b_ p,l L . . 7)\/_(1)
2101 (t — a)'1 (b —t) Hj:l(f]t+gj) J

’ /. _y/(s)
ZL00(t — a)Ps (b — )P TI5_  (fit +g;) ™

M, M, oo o0 hiRi+--hyRu<L () u
)" o R
SLOIEC YD IRTD DR DR | P =t | B CTUNRSR ) Y
hi=1  hy=1k;=0  ky=0 Ry, ,R,=0 =177 ™ k=1

A 5 A 5 K17K27Kj7K§:Cl

Zr (b_a).ur‘l'Pr

NG

H?:l (afj+g;)
21 (b—a)“/1+p{l

A (1)
[T5_ (afj+g;)"

0,n+n'+1+k+2:V; A :
RO U 14kt 2,4kt 1: W 2! (b—a)HsTPs (3.14)
NAG) )
m1(b—a)™

T (b — a)hl
(b—a)f1

afi+91 :
B ;B’; Ll,Lj,L;- . Dl

\ (b—a) f
afr+9gx

We obtain the Aleph-function of r + s + k + [ variables. The quantities A, A’, B, B’,C,C’,Cy, D1,V; and Wy are
defined above.

(A) a7b€R(a<b);:uia:uiupiapiuAlgi)vA;(U)ahv €R+:fi7gj77-vvaj’)\v eC (7’: 17 ’r;j:1>"' 7k’
— cy) — "% 1% + (s L
u_17"'7s7v_17"'7l>7ai7bi7)\j()7<j()eR a(Z_lv"':ua]_l7"'7k)

al, b, 'O D e RY, (i =1, 055 =1, k)
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(B) See the section 1

b—a)f;
1<k ] afi + g

}<1 1I£a§l{|7'] (b—a) j‘}<1

d(J) r d’(]) S b](f])
(D) fee OHLZG 1<k:LM 5(3) Z,u] 1<k<m 5’(3) Zull<k<m ﬁl(cj)] >0

j=1

d(J) T d’(]) s bl(cj)
e+ Zb 1, 5<a> t2_ e, in 53 T 297 i 5] >0

Jj=1 J=

(E) Re (044‘277@ g; @ Z—&—ZR al—l—Zuzsz—}—Ztl,uZ) >0
i=1

" (ﬁ *Z”vawbé+ZRibi+Zv¢si+znpz) >0
=t =1 i=1

i=1

Re <>‘j+inngﬂ\;’/ )—&-ZR)\”( —&-Zslc(z —I—Zt( ) >0(j=1,---,1);
i=1

Re <o—j +3 06,6 N E ST RN 13 a0 4 3 tiA;@) S0(G=1,,k);
=1 1=1 i=1 i=1

D,(k) qi my

Nk
k k k k k
RCEE WUEED oRCES INARSTID DIRCE o ot
j=n+1 Jj=1 j=ng+1 j=1 j=1
q,(k)
—Ti(k) Z 5(5()1@)\
Jj=mr+1
i p; P’ (k) m),
/ k k
G5 TS RS DUV o I WY
Jj=n'+1 j=nj+1 7=1
)
k
—L;(k) Z 6‘7(,&()16) X
j=mj +1
) n . N qs N Nk N Pi(k) .
CYREED LD o L0 S LR oy
j=1 j=n+1 j=1 j=1 j=np+1
mi q,(k) k
S SULTIRN Sl D SV o SR RS
j=1 j=mp+1 1=1 =1

i=1,---,R,i®=1... R®
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a; Pl
k k k k

=S 3 S o 3 ol

Jj=n’+1 j=1 j=n}+1

(k) l
+Zﬁ()_L7’(k) Z (k) Z)\/(Z) ZC;(l) _/J“;f_p;¢>0’ Withkzl,"',s,

j=m}+1 =1

1=1, , T ,z'(k)zl, ,T(k)

! G k i 1
@) Jarg (= TL1- -] Tt + 90 )| <5 AP 7 (@<t <miztee )

j=1 j=1 2
l (i) k
1 —C 1 1
arg | TL 1=t =a] 7 TLst 4™ )| <5 B7 (a<t<mi=1 )
Jj=1 j=1

I The multiple series occuring on the right-hand side of (314) is absolutely and uniforrnly convergent.
Proof

To prove (3.14), first, we express in serie the multivariable I-function deflned by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava S Lshy [.] in serie with the help of (1.32), the
Aleph-functions of r-variables and s-variables in terms of Mellin—Barnes type contour integral with the help of (1.8) and
(1.20) respectively. Now collect the power of [1 — T (t — a)hi] with (¢ =1,--- ,r;5 = 1,--- 1) and collect
the power of (f;t+ g;) with j =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes

contour integral. Interpreting the (r+ s+ k+1!) dimensional Mellin-Barnes integral in multivariable Aleph-
function ,we obtain the equation (3.14).

Remarks
If aypr=-,pr=py=-,p.=0;b) 1= ,pp =p) =, =0, we obtain the similar formulas that
(3.14) with the corresponding simplifications.

4. Particular cases

Q) If T, Ty, 0 Ty s biy by, -+ 4, Li(s) — 1, the multivariable Aleph-functions of r and s-variables reduces
to multivariable I-functions of r and s-variables defined by Sharma and al [3] respectively and we have

b l k
/(t—a)a Yo —t)P- H 1—7(t —a)t AJHthjugj
a :

j=1

a k _)\/-/(1)
207 (t —a)* (b —t)™ Hj:l(fjt + ;)

' 11(w)
2000t — a)@ (b— )% TI5_ (fit +g5) ™
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20 (t — a) (b— )P [Ty (ft +g5) ™

n ///(
Z?] 9’0

"9 (t— a)M (b — YA TTE . =AY
2101 (t — a)"1(b—1) Hj:l(fjt+g]) !

2505 (t —

7% n+n’+1+k+2:V)
U;U14+-k+2,l+k+1:W
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under the same conditions and notations that (3.14) with 75, T; (1), * =, Ti(r) 5 Ly Ly(1) 5 = =+ 5 Lis) —* 1

A / ) g (w)
1) gy gt Hil<b'->R o Ty (05 o
byIf B(L: Ry, Ry) = J R10)4+Ry0; J 1 J Rud; (4.2)

C D), (u
Y IPE | T CARTRER | vt (s

then the general class of multivariable polynomial Sﬁl o h

defined by Srivastava et al [4]. We have

[21, JEIE zu] reduces to generalized Lauricella function

b l k
/(t—a Hl—T]t—CL Hfjt—l—gj
a j=1

11(1)
207 (t — a)a (b— 1) TT5_, (fit + g;)

14+ A:B’;--;B(W
FCD’ D<u>

' oy /1(u)
Z0001(¢ — @) (b — )% [T5_, (ft + ;)™

[(-L);Ra1, -, Ry][(a); 0, - - ,g(u)] GO IS [(b(u)); Qf)(u)]
[(c))!, - W] [(d);0'];- -+ 5 [(dW); (W]

111(1)

207 (t — a)™ (b — 1) TT)y (S5t +95) ™

I
20 (E— ) (b— )% TTE (fyt +9,) 7
k —A
ni(t =y (b — ) T, (ft + 9) ™
N
. NG,
2,0, (t — ) (b— ) TSy (f5t + ;)™
10l wh o k v
Zlgl(t_a) 1<b_t) lnjzl(fjt—ng) J
R dt

’ /. 1(s)
20,8 — a)"s (b — )P TTE (fit + g5) ™
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:Plz...z ii

NO,n+n'+l+k+2:V1
U; U1+ k+2,1+k+1:W

k

(

\

hiRi+--hyRySL

21 (b—a)H1 +r1

(1)
Al
H?:l (afj+g;)"7

zr(b_a)ﬂr+0r
(r)
AN

2 (b_a)u’ﬁ—p’l

T ()"

»=0 Rl7"'7 u:O i=1 g

s [T 25 By Buo[d1 (s -+

A (D)

zi, (b—a)’“‘/s+p/s

1 (s)
Hé?:l (afj+9j)>\7
T1 (b — a)hl

T (b — a)’”
(b—a)f1
afi+g1

(b—a) fi
aft+9k

under the same notations and conditions that (3.14)

(=L)niRy+th R BE; Ry, Ry)

[
where B, =

Remark:

Ryl - R,

,B[E; Ry, ..

k=1

A ; A ; K17K27Kj7K;’ : CYl

BB’ Ly, Lj, L) : Dy

., R,] is defined by (4.2)

|

i nhrykr)]];éhl

(4.3)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
function, a expansion of multivariable I-function defined by Nambisan et al [1] and a class of multivariable polynomials
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defined by Srivastava et al [5] with general arguments. The formulae established in this paper is very general nature.
Thus, the results established in this research work would serve as a key formula from which, upon specializing the
parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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