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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable I-functions defined by Nambisan et al [2] a
generalized Lauricella function , a class of multivariable polynomials and a expansion of multivariable I-function defined by Nambisan et al [2] with
general arguments . We will study the case concerning the multivariable H-function defined by Srivastava et al [7] an d the Srivastava-Doust
polynomial.
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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable I-functions defined by nambisan et al [2] , a serie expansion of multivariable I-function defined by
Nambisan et al [2] and a class of polynomials with general arguments.

First time, we define the multivariable I -function by :
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where ¢1(s1,++ ,8,),&(8;),i=1,--- v are given by :
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This result can be proved on computing the residues at the poles :
dn\" + k;
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5h\D
We may establish the the asymptotic expansion in the following convenient form :
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wherek =1, -+ Jv:a = min[Re(Jgk)/gj(.k))],j =1,---,myand
k k .
B = maz[Re((c)” = 1)/7))].j = 1.+ my
dh\? + k;

We will note 7y, ,, = % J(hi =1, my,k; =0,1,2,---)fori=1,--- v (1.7)

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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where ¢(s1,- - ,8,),0;(s;),i=1,---,raregivenby:
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j=n;+1 I (Cj - Sz) j=mi+1 gl (1 —d; + 5j Sl)

For more details, see Nambisan et al [2].
Following the result of Braaksma [1] the I-function of r variables is analytic if :
p .
U= 4 ZBjﬁ + ZC“ () ZD U650 <0i=1, (1.12)
j=1 Jj=1

The integral (2.1) converges absolutely if
1
larg(z)| < §Ak7r,k =1,---,r where
Z Ajalf ZBB(‘“+ZD Jo Z D 5<k>+20 7 Z Oy > 0 (1.13)
j=n+1 Jj=mp+1 Jj=nx+1
Consider the second multivariable I-function.
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where ¥(t1,- - ,ts),&(s;),i=1,---,sare given by :
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For more details, see Nambisan et al [2].

Following the result of Braaksma [1] the I-function of r variables is analytic if :

/

q;

ZA/ 7 ( ZB/ /()+ZC/(2) 7( —ZZD;-(i)(S;(i) <0i=1,-,5 (1.18)

j=1

The integral (2.1) converges absolutely if

1
where |arg(z},)| < §A§€77,k =1,--,s

’

p

q my,
Ap=— 3 A ® N pigr® 43 piPge - Z DM k>+Zc i ®) — Z iy ® > 0 (1.19)

Jj=n'+1 J=1 Jj=1 j=my+1 j=nj+1

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

hiRy+--hy R, <L ZRl SR
hl:"'zhu . _ _ . “ e 71
ST [z, zu]= > (=L)hi Ryt r, B(E; Ry, -+ Ry )R1- R 020
Ry, ,R,=0
The coefficients are B[E; Ry, . . ., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

P
A
wPFQ [(Ap); (Bq); —(x1 + - + xp)]
[19.,1(B;))
_(27r1w)/f / HJ v i?:“:T;F(51)~~-F(sr)w‘il-"xi’"dslmdsr (2.1)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of T'(4; +s1 + -+ + s;.)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/(t— a)* b —1)P H 1—7i(t—a)™ Hfjt—l—gj sidt = (b—a)*"P"1B(a Hafj—i—gj
a j=1 j=1 =1

ISSN: 2231-5373 http://www.ijmttjournal.org Page 50



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 1- January 2017


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 50



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 1- January 2017

(w:hy, - hy, Lo 1) (A : 1), (N i )5 (=012 1), (—og 2 1)
(a—f—ﬁ:hla“' 7hl717"' 71):_7"' s Ty Ty T

O ) SO )

T b—ahl,---,T b— , , .
i ) d afi + g1 afr + gk

(2.2)

Wherea7b6R(a<b)7a7ﬂ7fiagivgi77-j7hj E(C,)\J €R+(Z: 1, ,k,]: 1, ,l)

} <1
TS

and F: 1: 0 070, 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[3,page
454] given by:

(b—a)fi
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1<5<k

(w:hy,-+- hy, Lo 1) (A1), (N i 1) (=012 1), (—og 2 1)

(a+/6:h17"' 7hl717"' 71):_7"' s Ty Ty T

mb—a)t, o mp—ayn, PN (b=afi) I(a+ )

afi+91° 7 afu+ gk L(a) [Tjy T 15— T(—0)

Q+Z]1hé]+2j1.§l+J) l k
2w ,+k/ /L [T + ) [T T (=05 + sies)

l+kr O/+/8+EJ 1h53+2_19l+3)J:l Jj=1
I+k
[T 0(sp)zr e eeaiay o 2 sy - - s 23)
=1

Here the contour L;s are defined by Lj = Lu¢,00(Re(Cj) = vf) starting at the point v — woo and terminating at the

point 11 " + woo w1th v €R(j=1,---,1) and each of the remaining contour L; {1, - - , L;+k run from —woo to woo
l
Y
(2.2) can be easily established by expanding H [1 =7t — a)}”] by means of the formula :
o0 J=1
()é
1=z = ra"(lel < 1) 2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we note :

l

! (4) . ) )
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We have the general Eulerian integral.
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where ma%acwDaXa Kl,K27Kj7K;'7L17Lj>L; ,iB,EB/’PhPu,Bu and %l are defined above.

Provided that

(A) a,b € R(a < b); iy iy, pis Py AV NS by € RY, i Tus0ju Ay €C (i= 1,0 rij =1, 5k
— Coy — o (@ 1 (i + e L
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O‘y) €R+(j:17“' ap;i: 17 ar)aﬁj('i) €R+(j:17"' 7qaZ: 17 ar)77§i) €R+(j: 1; 7pi;i:1,"' alr‘)
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The eXpOS&HtSAj(j = 17 7p)7Bj(] = ]-7 ,Q),C]@(J = 17 ,p’ul = 17 7T)7DJ(1)(‘7 = ]-7 7%1 = ]-a
of various gamma function involved in (1.3) and (1.4) may take non integer values.

m;vngap;7q;<J = 17 7S)an/ap/aq/€ N* ;6;(L) €R+(J = 17 7q;7Z: 17 75)

a;<i)eR+(j:1,--~,p/;izl,---,s),ﬁ;(i)eR+(]’=1,~--,q';izl,--- r), /(1)6R+(j—1 cphi=1,
a;(j:1,~--,p’),b;(j:1,~-,q’),c;(i)(j:1,~--,p;,i:1,~-,s),d;(i)(j:1,~~,qé,izl,---,s)e(c
The exposants
A;(jzl,--~,p/),B;-(jzl,--~,q'),C’_;(i)(jzl,---,pg;i=1,~~-,s),D_;(i)(j:1,~~-,qg;izl,---,s)

of various gamma function involved in (1.9) and (1.10) may take non integer values.

(b — a’)fl hs
© i {[a |} <o mo -y <2
v d(]) r d(]) S d;g(J)
. ’ .
@ Rela+ Zla 1<k<M’ 5(3) ZMJ 1<k<mz 5(9) +Zlﬂi1<l££n; 5;(3')] >0
J= Jj=1 J=

v J(J) r d(J) s d/(])
R6[6+;bj 1<I2g}w 53) ij 1<k<m 5(3 Z J1<k<m 5/(9 } >0

(E) Re (05"‘277& g: @ +ZR al+z,ulsl+2tl,ul> >0
i=1
Re <6 + Z’I?Gi,gib; + ZszZ + Z’Uisz' + ZT”J;) >0
i=1 i=1 i=1 i=1
i=1 i=1 i=1 i=1

e (oj + 3 06,0 N+ DT RN D 43 s+ Zti/\;“)) >0 =1,---,k);
i=1 i=1 i=1 i=1

p
®) Ui=)_ A;af" - ZB[J’ +ZC (0 ZD)(W 0i=1,-,r
=1

’

q;

ZA/ z)_ZB/ /(z)+zcz)/ _Z )6’(‘ 0,i=1,-

Jj=1

() D = — Z A0 — ZB 5<k>+ZD(k>5<k) Z D(k)é(k)+ZC(k) (k) _ Z O

j=n+1 j=mE+1 j=nik+1
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k l
S DIV Y
=1 =1

/

Z A /(k ZB/ k)+ZD’(k)5/(k) Z D" k)(S'(k)—&—ZC/(k) (k) _ sz C]{(k)%_(k)

j=n'+1 j=1 j=mj+1 j=nl+1
k l
—ph ==Y N =D >0 (=1, 09
=1 =1
l ¢ £ KO 1
@) |arg |z [[1-mt—a)] 7 [[(fit+9)™ || <zAim (a<t<byi=1,---7)
Jj=1 j=1 2
! (0 k . 1
arg ZH[I—T (t —a) } N (R <§A;7T(a<t<b;i:17,,,,8)
j=1 e

( I )The multiple series occuring on the right-hand side of (3.25) is absolutely and uniformly convergent.
Proof

To prove (3.25), first, we express in serie the multivariable I-function defined by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava et al S]L“’"' o [.] in serie with the help of (1.20),
the I-functions of r-variables and s-variables defined by Nambisan et al [2] in terms of Mellin-Barnes type contour
integral with the help of (1.8) and (1.15) respectively. Now collect the power of [1 — T (t - a)hi] with
(i=1,---,r;75=1,--- 1) and collect the power of (f;t + g;) with j = 1,--- , k. Use the equations (2.2) and
(2.3) and express the result in Mellin-Barnes contour integral. Interpreting the (r 4+ s + k + ) dimensional Mellin-
Barnes integral in multivariable I-function defined by Nambisan et [2], we obtain the equation (3.20).

Remarks
If aypr=-,pr=py=-,p.=0;:b) g =+, ip =4, =---, 1. =0, we obtain the similar formulas that

(3.25) with the corresponding simplifications.

4. Particular cases

a) If A; = B, C( Y= D(Z A, =B, =} =D} =1, the multivariable I-function defined by Nambisan et
al [2] reduces to multlvarlable H- flll‘lCthI‘l deflned by Srlvastava etal [7].

We the following generalized Eulerian integral concerning the multivariable H-function :

b l k
/(t—a)" Lb—t)P~ H 1—T]t—a’“_ l_Ith—&—g7
a j=1 Jj=1

11(1)
207 (t — a)a (b— )" TT5_, (fit + g;)

My, My
Nla"' 7Nu

)\//(u)

Z0y(t — a)® (b — )% TIL_  (fit + g5)
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’ ’ 117(1)
20 (t — a)™ (b — )% TT5_, (5t +g5) ™
I .
2007t = ) (b — ) TTy (gt +9) ™"
k AW
2101 (8 — ) (b —O) [ [, (fit +g;) 7
H .
' ()
200, (t — a)r (b — t)Pr [T5_y (fit+ g;)
Iy / / k 7)\((1)
2101 (t — a)1 (b —t)" Hj:1(fjt+9j) !
H dt
Y “/ p/. k _>\/.(S)
Zses(t_a) S(b_t) SHj:l(fjt—i_gj) !

M I, oo ul y

00 ki
Y- Yy Y Y
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u
Z;Nnhi’kiH ZIIKkBuBu,U[¢1 (77/1171917 . 7nhr7kr)]j7fhi
k=1
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[Tty (afi+9,)
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(r)
AL
IT5_ (afj+g;)"9

zﬁ (b,a)u'1+9’1

. A (1
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HO,n+n’+l+k+2;X Lo ‘,+,
P+ H+k+2,q+q" HAk+1Y z,(b—a)"s™Ps :
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under the same notations and conditions that (3.25) with A; = B; = C;i) = Dy) =A, =B, =C/ =D/® =1

A B’ BM) . (u)
Hj:l(a’ ')ngf+...+Ru9<u> Hj:l(b/')R1¢; "'Hj—l (bju )Ru¢§u>

c D(w) [
=10 gy tm, w“”H (@) rys - TLLY () ))Ruéﬁ“)

b)If B(L;Ry, -+ ,Ry)= (4.2)

then the general class of multivariable polynomial Szl ol

defined by Srivastava et al [4]. We have

“ [zl, LI zu] reduces to generalized Lauricella function

b l k
/(ta)o‘ Lb—t)s~ H 177'Jt—ah HthJrgJ
a j=1

Jj=1

a L k _ /_/(1)
207 (t = a)™ (b— )" TIj_y (fit +95) ™

14+A:B’;-- ;B
FC_':D’;--- ;D (w)

2101 ( — ) (b — )% TT°_, (it +g5)

[((L)iRa, - Ru]l(a);: 07, - - ,9(u>] )]s [(b(U)); <Z5(u)]
()5t ] 2 [(d);8']; -+ 5 [(d™)); 609

1" a’ b, 1Tk P
2'07"(t — a)® (b —t)n Hj:l(fjt +g;) "

)\///(v)

2000 (t — ) (b — )% T (fit + ;)™

. _(m
2,0, (t — ) (b— ) [I_y (f5t + ;)

’ ’ /(1)
2,0, (t — a) (b — 1) [T5_, (fit +95) ™

dt

(s
>\j

[ 20 (t — a)" (b— 1) TTE, (fyt + )N

2,00t — a) (b— )7 TI5_, (fit +g5)”
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M M, oo

- P Z i

hi1=1 hy=1ki=

SO 2 [ 2B Buol @1 (s g b oo,
=1 ) (A k=1

o
=
I
o
=
2
I
(=)
=
I
o
<

zl(b—a)“lﬂ’l
k A(,l)
[Tj=:(afj+g;)"7

ZT(b_a)Hr+Pr

(r)
AN .
[T, (afj+g;)"
zi (b—a)“/1+p/1
/(1) °
TT%_, (af;+g;)

0,n+n’'+l+k+2;X T,

L i k2, k15 2 (b—a)¥s s . @3)
AL (s)

H§:1(afj+gj) J

Tl(b — a)hl

(b — a)hl

(b—a)f1 ! .
afi+g1 % 3 L]-’L.]’L] . D

(b—a)fi

afr+gr

under the same conditions and notations that (3.25)

(=L)ni Ryt th R, B(E; Ryy -, Ry,)
R R,

I
where B, =

,B[E; Ry, ..., R,] is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable I-functions
defined by Nambisan et al [2], a expansion of multivariable I-function defined by Nambisan et al [2] and a class of
multivariable polynomials defined by Srivastava [5] with general arguments. The formulae established in this paper is
very general nature. Thus, the results established in this research work would serve as a key formula from which, upon
specializing the parameters, as many as desired results involving the special functions of one and several variables can
be obtained.
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