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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the Aleph-function, the multivariable I-function defined
by Prasad [1], a general class of multivariable polynomials and a generalized hypergeometric function which provide unification and extension of
numerous results. We will study the particular case concerning the multivariable H-function defined by Srivastava et al [8] and the Srivastava-Daoust
polynomial [5].
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1.Introduction

In this paper, we evaluate a general Eulerian integral concerning the product of the multivariable Aleph-function, the
multivariable I-function defined by Prasad [1], a generalized hypergeometric function and a class of multivariable
polynomials. We will give a serie expansion of a Aleph-function.

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [4] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [8]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.
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Suppose , as usual , that the parameters

(1.3)
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()]—1 -,nk;cé.i()k),g:nk-i-l,-",pwe);

,j=1,- -mk,d(z()m,j mg+ 1, ;

d
with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

D;(k) m
U =3 e 3 a3 3 ol n D=3
j=n+1 j=ni+1 71=1 71=1
4q;(k)
ik Z 6(k()k)\ (1.4)
Jj=mr+1

The reals numbers 7; are positives for ¢ = 1 to R, T, (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where ¢ is a real number with loop , if

5(’f)

necessary ,ensure that the poles of F(d ) with 7 =1 to my are separated from those of

I'(l—a;+ Zaj sp) with 5 =1 to n and T(1 — ™ + 94" s.) with j =1 to n to the left of the
i=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(Y, o 2l) = O o a1 ) maa ('] - |22 = 0
R(21", oo 20) = 011721 man (247, [2)]) = o0
where k =1,--- r:qp = min[Re(dg-k)/5j(-k))],j =1,---,myand
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_ (k) ON T
B = maz[Re((c;” — 1)/ )], j = Lo+, m

Serie representation of Aleph-function of w—variables is given by
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Where (., -+ ,.),0;(.),i =1, , T are given respectively in (1.2), (1.3) and
4 + Gy 4 +a,
NG1,91 = Ta v NGy,g0 = T
591 591}
. . N g ) 4i
which is valid under the conditions 5!(12) 5 +pil #6;°[dy, + G (1.7)
forj #mi,m; =1,--ng, g.:0i,m =0,1,2,--+ 5y, #0,i=1,--- v (1.8)
The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of

the corresponding conditions for multivariable H-function given by as :
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Ps q2 ds
(o= 3 o) (S 3o)
k=1 k=1

k=n,+1

wherei=1,--- ,r

(1.11)

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence

conditions of the multivariable I-function.
We may establish the the asymptotic expansion in the following convenient form :

Iz, 5 20) = 0( 2| oo [z )  maz (2, 2] ) = O

I(zr, - yz) =0l oo |2l ) omin( |- 2] ) = 00

where k=1, -+ ,r:a) = min[Re(b_gk)/ﬁék))],j =1,---,myand

k
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We will use these following notations in this section :
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The multivariable I-function of r-variables write :
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Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

hiRi+ hyRy<L

Sy, ) > (=L By +th iy B(E; Ry, -+
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The coefficients are B[E; Ry, ..., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]

—IIJ;21 I( 197-)PFQ [(Ap); (Bg); —(21 + -+ + )]
— j
+< ++ (s
L J 1 —&-:1-1— +z ;F(—sl)-~-F(—s,.)mi1 ceayrdsy - - dsy 2.1)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A4; + s1 + - - + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

E

b l k
/(ta) P =mt—a)™] Hfjt+gj )7dt = (b—a)*** ' B(a, B) [ [ (af; + 9;)
a j=1

j=1 j=1

(w:hy, -+ hy, Lo 1) (A1), (N i 1) (=010 1), (—og 0 1)
(a+6:hla"' 7hl717"' 71):_7"' y Ty Ty T

-a)fi (b= a)fk

;Tl(b_a)hl"“ ’Tl(b_a)hl afi + g1’ " oafi+ gk

(2.2)

wherea,bER(a<b),a,ﬁ,fhgi,oi,rﬁhj 6@7)\‘7' ERJr(i: 1, 7k,j: ].7 ,Z)

bet,
17"7 71

and F' 11::0,,‘., 7 70’ 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :

(b—a)fi
afi + g;

min(Rete) Re() > 0. e ([0~ |} < 1, ma, {
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Here the contour L;s are defined by Lj = Lu¢;00(Re((j) = vf) starting at the point v; — woo and terminating at the
point v + woo w1th vy € R(j =1,---,1) and each of the remaining contour Li 1, - - - , Li1x run from —woo to woo

. . . h;1 A
(2.2) can be easily established by expanding H [1 —7j(t—a) ] by means of the formula :

- =1
Oé)»,- T
S (2] < 1) (2.4)

(1—2)"=

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [4, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of the multivariable Aleph-function, the
multivariable I-function of Prasad, a class of multivariable polynomials and generalized hypergeometric function. We
note

(_L)}L1R1+--~+h R B(E7 Rlv' o 7Ru)
Bu = u- 3.1
Ryl - R, G0

h
and By, = (b— a)ZLl(aHb;)nGi,gi+Z$:1(ai+bi)Ri H af; +g;)" Yo A Mgy h =i A Ry G, (32)

where Gy = Y (1NG1,915 7+ 1G.g,) X §1(0G1,01) & (NG9, ) (3.3)
¥1,&,1=1,--- v are defined respectively by (1.2) and (1.3)
l C/(i)

! o _ ,
H Lt =] (> 0i=10 0 =[[ - mt -] 7 (P >0i=1, )

j=1

C//(i)

l
=l -me-a]™ GO >06 =1 u)
j=1

! @ .
0;// - H [1 _Tj(t - a)hi] “ 7CJ/'//(Z) > O(i = 1?' o 7U) B4
j=1
U=p2,42:p3,93;"** ;Pr-1,4¢-1;0,0;---;0,0;0,0;---;0,0;0,0;---;0,0 (35)
V =0,n2;0,n3;---:;0,n,-1;0,0;---;0,0;0,0;---;0,0;0,05--- ;0,0 (3.6)
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X=mW n®.... ;m(r),n(’");l,();--- :1,0;1,0;-++:1,0;1,0;--- 51,0 (3.7)
Y =pWqWp™ g0, 150,10, 150,150,150, (38)
1 2 r—1
A= (a’2k7agk:)7oék)) ;(a(r—l)k;agr)—l)k’agr)—l)k’.” ’agr—lgk> (3.9)
1 2 r—1
B = (bax; ék)7 ()) =5 (b 1)k’ﬁ(r 1)k’ﬁ(r NI 75((7171))1@) (3.10)
A=(am; a0 o a0 0,0---,0,0,--- ,0) (3.11)
:(7 76(1) 67(33)7 ﬁf«??o 007070770) (3~12)
1 T T
2 = (a5 (07 0)) 1 pes(1,0); -5 (1,0)3(1,0)5 -+ 5 (1, 0);
(1,0);---:(1,0); (3.13)
By = (0, B g s (00 B ) 1903 (0,1);-++ 5 (0,1):(0, 1); - 5(0, 1);
(0,1);---;(0,1) (3.14)
Kl = (1 —a— ZRzal - ZnGi,gia;;,ula' o 7:“/7“7:“’/1"" 7:u/sahla"' ahhl?"' 71) (3.15)
=1 =1
_Zszz _ZT]Gi,gib;;plv"' 7p7”7p/17"' 7p;707"' 7070"' 70) (3-16)
i=1 =1
KP:[l_Aj;Ov"'aou]w"'71707"'70707"'70]1,P (3.17)
(4 (2 1 r /(1 /(s
i=1 =1
07' : 7]-7"' 7070 70]1,l (3.18)
J
1(i) 2@ () (r) /(1) /(s)
[L+oj— ZRA 277 Gingihj A A ATT AT
07' 7070 717' 70]1,k (3.19)
J
Ly=(1-a—=B8=Y Ri(ai+b)—> (a] +b)0G,g: 0 + P15 s e + Prs pth + 01y o iy + )
i=1 =1
h17 7hl7]-7"' 71) (320)
LQ:[]-_B]7077071771>0>7O7O 70]1,Q (3.21)
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i=1 i=1
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We have the general Eulerian integral
b l a k
/(t Hlf'rjtfa "1t + 9
a j=1 j=1

17(1)
2007 (t — a)™ (b— )" TT5_, (fit +95) ™

5217'“ 7hu
. 17(w)
200t —a)* (b — )" TT_y (fit +95) ™

/ ’ 117(1)
A0 (t — )™ (b — O T (it +9) 7

N
A0t = a) (b= ) TL (it +0)
1 o TTE AW
2101 (t — ) (b — )™ Hj:l(fjt +9;)7
I
R NG
2,0, (t — ) (b— )P [Ty (fit + )™
s k
I3 (Ap Zzﬂ t—a“lb—t Hf]t—i-g] A
=1 Jj=1
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. 7@’,(3),0’... ,0,0---,0]1, (3.22)

7>\;'(S)707"' 7O7Ov”' 70]17k (3.23)

A

dt =

m1 my, hiR1+hy RugL

(b— )(H_ﬁ_lH;JlF(B') H( £t ) Z Z Z z H e kH ”K"B B
a 71_[5:1“14]) afj+ g 1 2 z uw

i=1 Gu=0g1=0  g,=0 Ry, R
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21 (b—a)“l +p1
NE)
_1(af; +9J) J

ZT(b_a)ur—Fpr

(r)

AL

H?:l (afj+g;)d
2] (b—a)“,1+p/1

(1)
H] 1(af3‘|'9])>\

V0,0, +PHI4+k+2;X " +p!
IU:pr+P+l+k+2,qT+Q+l+k+1;Y Z’ (b_a)“‘#ps
>\ (s)
(afj +gj)

7'1<b— )h1

Tl (b — a)hl
(b—a)f1
afi+91

\ (b—a) f&
afr+gk

This result is an extansion the formula given by Saxena et al [3].

Provided that

@A) a,be R(a < b); pi, pis A\ by € R, fir g5 70,05, A €C (i =

(B) a17,blk7€(C(Z:17 77“7']:1, ’pl’kzl7 7Ql>,a(]l),b5k) EC
(i=1,-,rj=1,---,pDik=1,---,¢")
Ef)vﬂk) €R+ (7/_1 7j:17"' 7piak:17"' ar);ay)aﬁi(i) €R+(i:15"' ,T;jzl,-“

(b_a)fi R
RS 1 . — J
o s {[ G} < mmihe-arn <
v d(z T b(z)
(D) Re[a—k ;a 1<I§1g71n 5(Z) Zu 1<?2¢Irlb(l> ﬁ( )} > (0 and
b
/ o 0
5+Zb r% 5() Zp ] >0
j
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v u T l v u T
(E) Re (Oé + Z nchgia; + Z R;a; + Z,uisi + Z hiwi> > 0;Re (,8 + chi’gib; + Z R;b; + Z Pi3i> >0
=1 =1 =1 =1 i=1 =1 =1
v
Re (Aj+znchg7xg“ )+ZR \/@ +Zszg< >> 0G=1,--,1)

=1

e (—O'j + ZT/Gi,giAm(i) + ZRZ)\;/(L) + ZSZA§Z)> > 0(] — 1’ . 7]{)
1=1 i=1 i=1

() p® m () q® ng D2
F) Q; = Zag) — Z oz,(;) + Z ﬁ,iz) = Z 5,(;) + Zozglk) — Z agl,j +--+
k=1 k=n()4+1 k=1 k=m(9) 41 k=1 k=no+1
) o~ 400) (i) o~ 400)
S0 35 )= (Sl S 350 -
k=ns+1 k=1 k=1
k .
—Z)xl(z)>0 (i=1,--+,7)
1=1
: By =¢S5 u A 1
(G) |arg zlJI;[l[l—T](t—a) L] g jl;[l(fjt—i—gj) g <§QZ7T (a<t<bi=1, ,T)

(H) P < @ + 1. The equality holds, when , in addition,

I TP
. ¢ 1(4)
either P > () and ZZ 1—7i(t —a)l Hfjt—kgj e <l(a<t<h)
=1 j=1
) ! oo k @
or P< Qand max z 1—7- t—a t+ j <1l (a<g<t<h
@ 1<i<k Z; i E[f] 9) (a<t<b)

I The multiple series occuring on the right-hand side of (324) is absolutely and lll'lifOl‘H‘lly convergent.
Proof

To prove (3.24), first, we express in serie the multivariable Aleph-function with the help of (1.6), a class of
multivariable polynomials defined by Srivastava et al [6] Szl sl [] in serie with the help of (1.19), the I-functions
of r-variables defined by Prasad [1] and in terms of Mellin-Barnes type contour integral with the help of (1.10), the
generalized hypergeometric function pF Q () in Mellin-Barnes contour integral with the help of (2.1).Now collect the
power of [1 —7i(t — a)hi] with (i =1,-+-,7;5=1,--+,1) and collect the power of (f;t+ g;) with
j=1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour integral. Interpreting
the (r + s + k + 1) dimensional Mellin-Barnes integral to multivariable I-function, we obtain the equation (3.24).

4. Particular cases
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a) f U=V =A=B=0 , the multivariable I-function defined by Prasad [1] reduces to multivariable H-function
defined by Srivastava et al [8].

We the following generalized Eulerian integral concerning the multivariable H-function under the same notations and
conditions that (3.24) with U=V =A=B=0

b l k
/(t—a) H [1—7t—a)] Hf]t—&-g]
a Jj=1 Jj=1

17(1)
207 (t — a) (b — )" TTj_ (f5t +95) ™

)\//(u)

20" (t — a)® (b — t)b Hf;zl(fjt +g;)N

117(1)

A0 (= a) (b= ) T (fit + 95) ™

N
/ / 111(v)
2000 (t — @)™ (b — )% T, (fit + g;) ™
k AW
2101 (8 — a)+ (b —O) [ [, (fit +g;) "
H

()
200, (t — a)ir (b — )P [T5_, (fit +95) ™

S

k
7(%)
PFQ (AP);(BQ);_Z H(t—a‘“b—t Hf]t+gj N dt =
=1

=1

my, hiRi+hy Ry <L

(b— )a+ﬁ 1H 1;[1 afj+gj) Z Z Z Z }Iz///nh o HZ”K’“B Buw

HJ:l G1,,Gy=0g1=0 9v=0 Ry, ,Ry,=
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( z1(b—a)H1tr1

. (1)
Hj—l(afj‘f‘gj)

Kl,KQ,Kg,Kj,KJ{,QL;Q[l

2, (b_a)ur+pr

(r)
Al
H?:l(afj‘i’gj) J
zi(b—a)“llJ“p,l
>\ (1)

H 1(afj+gj)

0,n,-+P+l+k+2; X / /
VPt b+ 2,00+ Q+AHR+1Y 2zl (b—a)tsTPs . @.1)
& A ()

Tl(b — Cl)hl

Tl (b — a)hl
(b—a)f1
afi1+91

L17L27LjaL_/jv€B;%l

K (b—a) f
afr+gk

’ ) ()
[121 (@) g 8 § SN CATIVERS § P (D) I
b1t B(L: Ry, . Ry) = J R10 4+ R0, J j J Rug; 42)

C D(w) u
T PSRY | 7 PSR A e

then the general class of multivariable polynomial 521 RTEIN

defined by Srivastava et al [5]. We have

[zl, I zu] reduces to generalized Lauricella function

b l k
/(t—a)“ Yo — 1) H [1—7j(t —a)l Hfjt+gj

3 (1)
207 (t — a) (b — )" TT5_, (f5t + g;) ™

1+A:B’;-.- ;B
FC’:D’;--- ;D (w)

) 3 1(w)
200 (L — @)@ (b— )% [TV (fit + g5) ™

[(-L):Ra, -+, Ru][(a); 0, -+, 004)] : [(b’) @'l 5 [(00); 1]
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"t a’ b’ k A
2007 (t —a) (b — )" [[,=, (fit +9;) 7

N
A0t — a) (b= 0TI (fyt + )~
7101 (t — a)*1 (b —t)Pr H?:l(fjt i gj)f’\;l)

I

’ (M
2,00 (t — @)t (b— )P [T5_ (fit +gj)

s k
A D
PFo | (Ap); (Bg); — E:ze'(t—auzb—t Hfjt—{—gj A de =
Z]. :

™mi my h1Ri+-hy Ry <L

Q , 00
()| (EVOND SR I DRND oS | EE) | SR
Jj=1 G 1=0 =1

1/ 5=1 gv_o Rl, “,R =0

z1(b—a)1 +p1
&)

A

?:1 (afj+g;)"d

A ; K17K27K39Kj7K§a2[;2[1

(b . a.)H.'r"l'P'r
(r)
Hg 1(afj+93) J

z1 (b a)ul —I—p1

(1)
HJ 1(af3+93)/\

Vi0,np+P+I4+k+2;X r o
Uipy PHAk+2,0,+Q++h+1Y 2l (b—a)tstPs : (4.3)
>\ (s)
Hg 1(af.7 +g.7)h
T1(b—a)™

Tl (b — a)hl
(b—a)f1
afi+g1

B ) L17L27LjaL3a€B;%l

afrk+gr

\ (b—a)fi

ISSN: 2231-5373 http://www.ijmttjournal.org Page 101



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 1- January 2017


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 101



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 1- January 2017

under the same notations and conditions that (3.24)

(_L)h1R1+"'+huRuB(E; Rla T 7Ru)
Ryl Ry

[A—
where B,, =

,B[E;Ryq,...,R,]| is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable Aleph-
function, the multivariable I-function defined by Prasad [1], a class of multivariable polynomials and generalized
hypergeometric function with general arguments. The formulae established in this paper is very general nature. Thus,
the results established in this research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving the special functions of one and several variables can be obtained.
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