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ABSTRACT

In the present paper we evaluate the modified Selberg integral involving the product of two multivariable I-functions defined by Nambisan et al [3], a
extension of the Hurwitz-Lerch Zeta function and a general class of polynomials of several variables. The importance of the result established in this
paper lies in the fact they involve the I-function of several variables which is sufficiently general in nature and capable to yielding a large of results
merely by specializating the parameters their in.We will study two particular cases.
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1.Introduction

First time, we define the multivariable I -function by : ( see Nambisan et al [3])
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where ¢1(S1,--- ,8p),0;(8;),i=1,---,r are given by :
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Serie representation
If z£0;i=1,---,r
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This result can be proved on computing the residues at the poles :

Al ok

i = e J(hi=1, ,mi ki =0,1,2,--Vfori=1,--- ,r (1.6)

We may establish the the asymptotic expansion in the following convenient form :
I(Z17"' 7ZT) :0( |Zl|a17"' 7|Zr|ar)’mam( |Z1|7"' 7|Z7" ) — 0
I(z1,- - 2) = 0( |21y 2|7 ) omin( |z, - f2] ) = 00

wherek =1,--- jr:ay = min[Re(dg.k)/(S;k))],j =1,---,mgand

B = maz[Re((c)” = 1)/7))]j = 1.+ my

dhD 4 k;

7y y(hi =1, ,my, ki =0,1,2,-- ) fori=1,---,r (1.7)

We will note np,, 1, =

The I-function is defined and represented in the following manner.
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= (27rw)5// L/qa(tl,--- ,ts)H 0;(t;)z;" dty - - - dt (1.9)

where @(t1,- - ,ts),0;(t;),i=1,--- s aregivenby:
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For more details, see Nambisan et al [3].
Following the result of Braaksma [2] the I-function of r variables is analytic if
P’ _ q _ P; o q; o
Uy =Y A @ =S Bia 0 43" o0yt N g0 o= 1,0 s (1.12)
j=1 Jj=1 Jj=1 Jj=1
The integral (2.1) converges absolutely if
, 1
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Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

h1iRi+--ht Ry <L el ot
h yo 7h . 1 A t
Syt ey )= > (=L)hs ottt R, BB Byy oo Re)py—py (121)
e Ry
Ry, ,R+=0
the coefficients B(FE; Ry,--- , Ry) are arbitrary constants, real or complex.

2. Extension of the Hurwitz-Lerch Zeta function

The extension of the Hurwitz-Lerch Zeta function ¢(z, s, a) is introduced by Srivastava et al ([7],eq.(6.2), page 503) as
follows :

o
. . A j Zn
¢(p1, ,pp,al, oq) (2;5,0) J)”’”ﬂ w 2 (2.1)
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We denote these conditions the conditions (f).

3. Required integral

We note S(a, b, C), the Selberg integral , see Askey et al ([1], page 402) by :

(a,b,c) / /Hxa Y1 — ) H |z; — 2p|*day -+ - dap=

1<j<k<n

1:[ (a4 7e)T'(b+jo) (14 (5 + 1)c) (3.1

Fla+b+(n—1+75)c)T'(1+c¢)

with Re(a) > 0, Re(b) > 0, Re(¢) > Maz {_1, Re(a)  Re(b) }

n n—1" n-—1

We consider the new integral , see Askey et al ([1], page 402) defined by :
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Lemme
/ /Hmznxf 1 1—:1:1) H |z — x| day -+ - dop=
1<j<k<n
k .
+ (n —1i)c)
= S(a,b )
71_[ a+b—|— 2n —i—1)c) (a,b, ) (3-2)

with Re(a) > 0, Re(b) > 0, Re(c) > Max {_l, _Re(a,) _Re(b)

n n—1" n-1

} andk < n

where S (a, b, C) is defined by (3.1). In this paper, we will denote the modified Selberg integral

4. Main integral

2w f;j 1()\ )n Pj
Let uvw: 1_[517 1_-172 H |xj_xk| bn’: ; and
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B, =
t Ry R

we have the following formula
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t T
a+m+@n—j—1)C,—2n—j-Dctmy+ > %R+ > ¢imc.q):

es + s+ (20— j = 1) 1], (46)

A, B, C and D are defined respectively by (1.16), (1.17), (1.18) and (1.19)

Provided that

a) min{avﬁavvaia6i7ﬁy’i75j7¢j7¢jaElanlagl} >077': ]-7 7t7j: 1a ,7",[: ]-7 y S,

r (’L) s d’(l)
WA= Relatrlot ) 0 pin S+ 6 min S >0
=1

d(l) d/(i)
B = }%w+nﬁ+§:%\§£lyw E:n min

1<j<m!, 5“”

]>0

n n—-1 n-1

4D s d“” 1 A B
d) C = Relc +n’y+§ ®i mm L +E ¢; min ]>Maa:{ - - }
j Lo

1
e) |0/I"g(Zk)| < EAkT‘—’k =1,---,s

f) The conditions (f) are satisfied

g) The series occuring on the right-hand side of (3.1) are absolutely and uniformly convergent.

Proof

first, expressing the extension of the Hurwitz-Lerch Zeta function in serie with the help of equation (2.1), I -function
of r-variables in series with the help of equation (1.5), the general class of polynomial of several variables
Szl e oha [.] with the help of equation (1.21) and the I-function of s variables defined by Nambisan et al [2] in Mellin-
Barnes contour integral with the help of equation (1.9), changing the order of integration ans summation (which is
easily seen to be justified due to the absolute convergence of the integral and the summations involved in the process).

Now evaluating the resulting modified Selberg integral with the help of equation (3.2). Use the following relations
T(a)(@)n = T(a+n) and a= %

with the Mellin-barnes contour integral, we arrive at the desired result.

several times with Re(a) > 0. Finally interpreting the result thus obtained

5. Particular cases

) If Ay =B =Cj @ = Dg(i) =1, The multivariable I-functions defined by Nambisan reduces to multivariable H-
function defined by Srivastava et al [6]. We have.

Corollary 1

n

a— c (P17 ,Pp,01, 7 ,0q) .
/ /H%Hw M=)t T ey — a0 (2 X g 38, @)

1<j<k<n
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" b Y1X041,51,’71 Z1X517¢17¢1 Z1X617771,C1
Sy I . H dzy---dx, =
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Z > Z Z D D 1 Ok )]y, b 1;[1551?221277

n'=0 hi=1 hr=1k1=0 k=0

’
n

Y . Rt O +3n+2k; X
o U p'+3n-+2k,q’ +2n-+2k;W

[1-&—11704 - 22:1 Riai - 2221 nGi,gi(Si - ](C + r)/R + 22:1 %KZ + Z::l (binGi,gi); €1+ j(l; R P st]O,nfl

(—c—n”y - ZE:I Rz% - Z;:l ¢inGi,gi;<—17 T 7Cs)7 ) (_C - TL/"\/ - 21;:1 Ri% - Z;:l ¢z‘77Gi,gi;C17 T 7Cs)

[l-b—n’ﬂ - 2221 Rif; - ZZ 1 NG, g,% ( + 'VIR + Z@ 1%K + Zz 1 <l5ﬂ7G1,gz) M+ 3C, 4 Ms ‘|‘j<s]0,n—1

BlaB2aB3 :

[-GHD)(ctn™y + X ViR + Yy inGe )i G+ DG, 2 (G + 1) Don—t, A2, A3 : C

C (5.1
D
under the same notations and conditions that (4.1) with A} = B} = C}) = D) =1
A B’ B® . (1)
Hj:l(a .)R19/+-“+R g(t) HJ:l(b;)Rl¢; o HJ 1 (b] )Rt¢§t)
1f B(L; Ry, ,Ry) = = / IOPO) (5.2
[T (e 3 s e I (dj)Rl(s; T (d) )Rt5§f)
then the general class of multivariable polynomial 521 b [21, -+, 2¢] reduces to generalized Lauricella function
defined by Srivastava et al [4].
Z1
1+A:B';-- ;B S A R 2 5 IR 2 0 YU 5y : ) R )
P ® [(-L):R R[(a); 0, 0] - [(V); '] [(6®)); 0] G3)
eip® | ] (@) [(d0);50) '
Z
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We have the following formula

Corollary 2

n
1 2 P1, " Ppy01, "0 ) .
[ R 1| R | PR S e S
~ ~

F1+A:B’;~- B Y1Xa1,81m [(—L);R1, . ,Rt][(a); 9/, . 79(t)] . [(b'); ¢/] e [(b(t)); gb(t)]

— . Y b
AR N A ()t - O] ¢ [(@): ;- - 3 [(d); 5
_ Z1X61,¢1,¢1 ZlX€1,771,<1 h1R1+"’hth<L
I I dzy ---dx, = >
ZTX(Sr,l/JT,d)T ZsXes,nS,CS Ry, ,R¢=0
') [e'e) . ks
Z Z Z Z Z (A1 (N keys - 777hr,kr)]j7,ghiB;5bn’ Hé(h(i))k 'Z?”M"‘
=0 hi=1  hy=1ki=0 k.= i=1 0N "R
/ Zl A ,
yTL

1., R IO ,n +3n+2k X
P} hn Yoo L p3nt2k,g +n+2k+1;Y

Zs |B,

[l-a-n’e — 2221 Rioi =Y 016,00 — jlc+7 R+ 2521 ViKY Oilcig )i €1+ 5C s €s + 5Csi oot

('C'H’V - 22:1 R — 22:1 (mei,gi; CTERRIN S n),

[1'b'n7ﬁ - 25:1 Rzﬂz - Z 17]Gl,glwz - (C + 7/R + Z 1%K + Ez 1 ¢ﬂ7G1,gz) m ‘|‘]<17 s +st; 1]O,n—]

B17327B3 :

[-GHD) ey + X iR + i 6inGsg); G+ DGy (G + 1)ss Dlon—1, A2, A3 : C

C. (5.4)
D
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under the same conditions and notations that (4.1)

(_L)h1R1+"'+hthB(E; R17 e 7Rt)

’_
and B, = Rl R,

; B(L;Ry,---, Ry) is defined by (5.2)

6. Conclusion

In this paper we have evaluated a modified Selberg integral involving the product of the multivariable 7-function
defined by nambisan et al [3], the multivariable I-function defined by Nambisan et al [3], a extension of the Hurwitz-
Lerch Zeta function and a general class of polynomials of several variables. The integral established in this paper is of
very general nature as it contains multivariable I-function, which is a general function of several variables studied so
far. Thus, the integral established in this research work would serve as a key formula from which, upon specializing the
parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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