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Abstract

In this paper we prove the strong convergence of a new iteration scheme to a common fixed point of a finite family
of Lipschitz strongly pseudocontractive mappings in a real Banach space. Result proved in this paper represents an
extension and refinement of the previously known results in this area.
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|. Introduction

Let E be a real Banach space and C  E a non empty subset. A mapping T: C—> C is said to be strongly pseudo-
contractive if there exists t > 1 such that the inequality

OX—yEKI@Q+t)(x—y)—tr(Tx—-Ty) (1.1)
holds for all X, ye C and r > 0. If t=1, then T is called pseudocontractive.

A mapping T: C—> C is called L- Lipschitzian , if there exists L > 0 such that

OTx—Ty[K LOXx—y[ (1.2)
for all x, yeC.

In 2000, Noor [4] gave the following three-step iterative scheme (or Noor iteration) for solving nonlinear operator
equations in uniformly smooth Banach spaces.

Let C be a nonempty convex subset of E and let T: C— C be a mapping. For a given x,€ C, compute the sequence

{x,}._, by the iterative schemes
Xn+l = (1_ a'n)xn + anTyn ’
y, =(@-b)x, +b,Tz,, n>0 (1.3)
z,=(1-c)x,+¢,TX,,
where{a }” ,{b,}"_ and {c,}  are three real sequences in [0,1] satisfying some conditions.
If ¢, =0, then (1.3) reduces to:
X, =0-a)x +aTy,
n+l ( n) n n yn nZO (1,4)
Y, = (1_ bn)xn + bnTXn’
where {a,}" and {b,}" are two real sequence in [0,1] satisfying some conditions. Equation (1.4) is called the
two-step (or Ishikawa iterative process) introduced by Ishikawa [8].
If ¢, =0 and b, =0, then (1.3) reduces to:
{Xp1 = (@—a,)x, +a,Tx,, n>0 (1.5)
which is called Mann iterative scheme introduced by Mann [5].
In 2004, Rhoades and Soltuz [9], introduced a multistep iterative algorithm by
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X, €C,

X, = L-a,)%, +a, Ty,

Yo = A= B)% + BTy,

V= @ A+ AT,
By taking k = 3 and k = 2 in (1.6) we obtain the well-known Noor [4] and Ishikawa[8] iterative schemes,
respectively.

In 2006, Rafiq [3] introduced the following modified three-step iterative scheme and used it to approximate the
unique common fixed point of a family of strongly pseudo contractive operators.

Let T,,T,,T,: C— C be three given mappings. For a given X, € C, compute the sequence {xn}::o by the iterative
scheme

n>0 (1.6)

X, =@-a)x, +a,Ty,,
y, =(@-b)x, +bT,z, n>0 .7
z,=(-c)x,+C,T,X,,
Observe thatif T, =T, =T, =T ,then (1.7) reduces to (1.3).
In this paper, we shall employ the following iterative scheme, which is called a modified multi-step iterative
scheme:
X, € C,
Xo = A=0)%, + 2, T Vi,
Yin = (1_a(j+l)n)xn + a(j+1)nTj+1y(j+1)n’

y(k—l)n = (1_ akn)xn + aknTk Xn ’

n>0 (1.8)

where j=1,2,3,.....k-2and {«,}

Observe that if, T, =T, =T, =...=T, =T then (1.8) reduces to (1.6).
It may be noted that the iteration schemes (1.3)-(1.7) may be viewed as special cases of (1.8).

is a sequence in [0,1] for each i=1,2,... k.

I1. Preliminaries

We shall make use of following lemma

Lemma 1. [6] If o is a real number such that o € [0, 1), and {en}:: is a sequence of nonnegative numbers such

0

that lim_,, &, =0, then, for any sequence of positive numbers {u,}" = satisfying
u,, =ou, +¢,,Vnell,
we have lim _,_u, =0 .

Remark 1 We observe that inequality (1.1) is equivalent to the following one:
T is strongly pseudocontractive with constant r € (0,1) if and only if for all x, y e C, the following inequality holds:

Ox—yOx—y+s[(1-T —=rl)x—(1 =T =rl)y]|0 forall s>0.

For rest of the paper, L; > 1 denotes the Lipschitz constant of T; and L=max,_;_, {L;} .

I11. Main Results
Theorem 3.1. Let C be a nonempty closed convex subset of a real Banach space E. Let {T;:i=1,2....k}: C— Chea
finite family of Lipschitzian strongly pseudocontractive mappings with Lipschitz constant {L;:i=1,2,...,k}. Suppose

k
that F=(] Fix(T,) = @ . Let the sequence defined by (1.8) satisfying the condition:

i=1

O<a<a, <a, < r[2{(1+ L)(3-r+L)+ L}T
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Where L=maXx,, {Li } and a>0 is a constant. Then {x,} converges strongly to unique common fixed point of {T;:
i=1,2,....k}.
Proof. Assume that p EF=h Fix(T,) , using the fact the T;is strongly pseudocontractive for each i=1,2,....k, we
i=1
obtain F:h Fix(T,) =p= ® .
By (1.8), vlv_é have
DY ayn — PEEIA— a4, )(X, — P) + &, (T X, — P) U
<(l-a,)0x% - pl+e,, OT X, — pl
<[1+ea, (L-D)]0x, — pO
<LOXx,—pl
and
DYz — PEETA= a0 )X, = P) + X1y (T gy Yieayn — PIU
S(A-ay ) I% = PO+ 4, LOY gy — PO
< (L= yyn) 0%, = PO+, L2 0%, — pLI
<LP0x,—pl
By induction, we obtain
Oy, —pI=l-a,,) 0%, — pU+ea,, OT,Y,, — pU
<L'Ox, —pl (3.1)
It follows from (3.1) that
Ox, =Ty, X, —pd+0p-Ty, [KIx, —pU+LOy,, —pU
<@A+L9)0x, —pl (3.2)
and

DT1X leln (<LU X1~ Yin O

< I‘Dxn _yln +a1n(T1y1n _Xn)D
<LOx, -y, 0+Le, 0Ty, —X, U

<LOa,, (X, ~T,Y,,) 0+Ley, @+ L) 0x, — p0l (3.3
<a, LOX ~T,y,, O+ay, LA+ L) 0x, - p0
<a, LA+ L) 0x —pO+a, LA+ L) 0Ox —p0
By (1.8), we have
Xy =Xy T 00X, — 2, T Vi
=X, +20, X, — o, X, +rag X, —rog, X, — o, T, Yy,

n+l

+ alnTl Xnir — alnTlxml

=Xt 26lln [Xn+1 o X, — alnTl Yin ] - X, t I’-Olln X,

—ra, [Xn+1 +oy, — alnTl Yin ]
=0, T Yo + 00, T X — o, Xy
= (1+ aln)xml + aln(l _Tl —rl )Xn+1 - (1_ r-)O’IJ_an (3 4)
+(2_r)a12n(xn _leln)+aln (T1Xn+1_T1y1n) .
Observe that
p:(1+aln)p+a1n(| _Tl_rl)p_(l_r)alnp (35)

Together with (3.4) and (3.5), we obtain

ISSN: 2231-5373 http://www.ijmttjournal.org Page 207




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 41 Number 2- January 2017

Xn - p = (1+a1n)(xn+1 - p)+a1n[(| _Tl - rI)XnJrl
—(1=-T,—r)p]-A-r)ey,(x,— p)
+ (2 - r-)Ollzn (Xn _leln) + a, (T1Xn+1 _leln)
It follows from Remark 1 and (3.6) that

%, = U2 L+ @) (X, — P) +—

[(1-T,—rh)x

n+1
1n

-(I-T,-r)pl0-Q-r)ey, Ux,—pl
-2-nal 0x, -Ty, U-a,, 0T X, —T,y,,
2 (1+ea,) 0%, —p0-1-Ney, Ox, — pU
-(2-1nal 0x, =Ty, O—a, 0T, X, ,, = T,¥;, 0
This implies that

1 1-r
D)(nJrl_pDS( )DXnJrl_pD_*—ﬂDXn_pD
1n +a1ﬂ
(2_r)a2n N
+T0l1nlu Xy _leln u+1+10lln uTlxn+1 _leln u

We observe that
1Sl+0¢13n =1+ afn +a12n —alzn =1+a,)l-a, +a12n)
Using (3.8) in (3.7), we obtain
X, — PO< -0y, +a2) 0%, — pO+L—r)ay, 0%, —pl]
+(2-n)al 0x, =Ty, O+ay, 0T, — Ty, 0
Using (3.2) and (3.3) in (3.9), we obtain
Xy~ PO< -0y, + ) 0% — pO+L—r)ay, Ox, —pl

+(2-r)al A+ L) 0x, — pU+ay,a, LA+ L) 0x, —pl

+al L@+ L) 0x, - pO
<(L-ray,)0x, — pl+al[A+L)2-T1)

+1+ LA+ L] 0x, — pO+ay,a,, LA+ L) 0Ox, —pl

s(l—me)Dxn O+l [+ L)L +2-1)
+10x, — pU+ay,a,, LA+ L) 0x, — pl]

re;
——=0x,—p0
5 n P

< (1—%) 0% — pl+ay [a, {0+ L)E-r+L)+ L}

r
—-=]0x,—p0O
2] n p

ra
<{1-—|0x,—pU
(1-2)ox -

ra
Setu,,, =lIx,—pl & =0 and 0:1—?

Applying lemma 1, we obtain 0x, —pC0—0 as N —>o0.
This completes the proof.
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