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On general Eulerian integral of certain products of two multivariable Aleph-functions
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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of two multivariable Aleph-functions, a class of
multivariable polynomials and a generalized hypergeometric function which provide unification and extension of numerous results. We will study the
particular cases concerning the multivariable I-function and the Srivastava-Daoust polynomial

Keywords: Eulerian integral, multivariable I-function, Lauricella function of several variables, multivariable Aleph-function, generalized
hypergeometric function, Srivastava-Daoust polynomial

2010 Mathematics Subject Classification. 33C60, 82C31
1. Introduction

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [2] ,
itself is an a generalisation of G and H-functions of several variables definned by Srivastava et al [7]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.
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Suppose , as usual , that the parameters

/

ay,j=1,---,p0,5=1,--,4}
c'g-k),jzl,--- mk,cg()k),j:nk—l—l,---,pi(k)
A G =1, s d G = 1 g
with k=1 ,8i=1,--,R,i® =1,... R¥

are complex numbers , and the O/S, I} /S, ’yls and 0’ s are assumed to be positive real numbers for standardization
purpose such that

Pl q, my,
k
U( ) fza/(k) . Z a(k)+z,y/(k) T Z ,y(f()k) zZB(k) Zég(k)
j=n’+1 Jj=n}+1 j=1 j=1
k)
— T Z 5515()@\ (14
j= m,+1

The reals numbers 7; are positives for ¢ = 1 to R, 7;(x) are positives for i*) =11 R®

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to 0 + 900 where 0 is a real number with loop , if
necessary ensure that the poles of F(d;-(k) - 5;-(k)8k) with j =1 to my are separated from those o

I'(1 - a + ZOL g)f with j =1ton and I'(1 — ’-(k) + ’y/-(k)sk) with 7 = 1 to n}, to the left of the

contour L k- The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largz,| < §A§k)7r, where

’
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my, q,(k)
DICAREE N 5(()k>>0 wih k=1---,s8i=1,--,R,i® =1,... R® (15
] j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(Zi,--- 722) = 0( |zi|o/1’__' 7|Z:

/
) smaz( |z, |2]) = 0

’ 1 3
N(Zi’ ,Z;) = 0(|Z”B17"' 7|ZS’BS)’m7'n( |Zi|a ,|Z;|)—> o0
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wherek = 1,--+ ,s:q) = min[Re(d;(k)/5;(k))],j =1,---,mjand
B = maz[Re((¢}” ~ 1) /)] i =1, )

We will use these following notations in this paper
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The multivariable Aleph-function write :
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with w = v/—1
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Suppose , as usual , that the parameters

U],]:l, aP;Uj>j:17"' vQ;

//(k)]_l Nka (()k)vj Nk—i_l,"'api(’f);
k k) .

b( ()k)7.7 _Mk+17 7Qi(k);b.§‘ )7.] = 17 7M1€7

with k:l... 7u’7;:17... ’r/’i(k)zl’... ,T(k)

are complex numbers , and the o/s, ﬁls, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that

P (k)
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Jj=N+1 j=Np+1 j=1
@;(x)
k
BZI) Z ﬁ(z()k) X (1.16)
Jj=Mr+1
The reals numbers 7; are positives for¢ = 1,--- ,u , ¢;) are positives for i*) =1...p()

The contour Ly is in the t5-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if
11 (k) (k) : P —
necessary ,ensure that the poles of F(bj — Bj tx) with j =1 to M} are separated from those o

(1 —uf + Zug-k)tk)f with j = 1 to N and T'(1 — a/® + /")) with j = 1 to Ny, to the left of the

=1
contour Lg . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzp)| < —Bz-(k)ﬂ' , where
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Q, (k)
—I—Zﬁ/,(k) — Lk Z (k()k) >0, wihk=1,---,5,1=1,---,u ik = 1,--- ,T(k) (1.17)
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
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We may establish the the asymptotic expansion in the following convenient form :
1’ 17

N(z1, o 20) = O([=177, - L 2™ ) s ma (2], -+ |24 ) = 0
1" " .

R(zts- -y z0) = O([|7r, - 2% ) omin( |27, -, |2y ) = o0

where k=1,--+,2:0) = min[Re(b;l(k)/B;I(k))],j =1,---, Mjand

¢ =maz[Re((a]"™ —1)/af)],j = 1,--- N

We will use these following notations in this paper

U/:Pi,Qi,Li;T/;VIZMl,Nl;"';Mu,Nu (1.18)
1

W' = Py, Qi i it Py, Qi Ly 7 (1.19)

A" = {(uy; M§ ). ,ug N d {us(ugis M;), : ;Mgz))N—H,Pi} (1.20)
1 u
= {0 o) (1.21)
1 1 1 1
Vol :(a;/( );a;’( ))l,Nl s Li(1) (“;i()l)?a.g'igl))NlJrl,Pi(l),"' ,
(w), (u) (w) . (u)

(aj 3 O )1,Nu y Li(w) (aj,i('u,) ; ajl'(u) )Nu—i—l,Pi(u) (1.22)

/ (1), (1
D :(b] ( )’/6] ( ))1 My 5 Li(1) (bjz(l) ) 6]1(1))M1+1 Q1" ">

(u). p(u) (u)
(bj ; Bj )1,Mu, Li(u) (/BJ’L(“) ; B z(“)) My+1,Q  (u) (1.23)
The multivariable Aleph-function write :

“1 A C
N(z{, -, 2l) = RGN oL (1.24)
Zyu B’ N D7
Srivastava and Garg [4] introduced and defined a general class of multivariable polynomials as follows
hiRi+hy Ry <L ZRI ZR“
hi,shy . 1
SLLl ! [Zl,--~ ,Zu]: Z (_L)h1R1+A..+huRuB(E, Rl,"' ,Ru)ﬁ (1.25)
Ry
Ry, ,R4=0

The coefficients are B[E; Ry, . . ., R,] arbitrary constants, real or complex.
2. Integral representation of Lauricella function of several variables
The Lauricella function Fgc) is defined as , see Srivastava et al [5]

*) I(c) G+Zg 1@) D(br+¢1)y - Db + Cr)
FD [a7b1,"',bk;C;.’L'l,"',(Ek]: A 2 / /

T(a) [}, T(b;)(27w)* i, Ly (chZJ 1@)
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k
H —z;) C' d¢y -+ - ddg

where max [|arg(—xz1)],- -, larg(—zy)|] < m,e#0, -1, -2, .
In order to evaluate a number of integrals of multivariable I-functions, we first establish the formula

b k k
/ (t—a)*~ H (fit + g;)%dt= (b— a)*T?~ ' B(a H (afj +9;)”
a j=1 j=1

wl o b-ah O —a>fk}
><‘FD |:O[, 01, ’ 0k7a+ﬂv afl+gl7 9 afk+gl~c

where a,b € R(a < b),«, 3, fi,gi,0: € C,(i =1,--- k) ; min(Re(a), Re(8)) > 0 and

b

Fl()k) is a Lauricella's function of k-variables, see Srivastava et al ([6], page60)

(b—a)fi
afi + gi

max
1<5<k

k

The formula (2.2) can be establish by expanding H(f it +9;)°’ by means of the formula :
j=1

— (a),
(1—2)" Z 2"(]z] < 1)

r!
r=0

.1)

(2.2)

(2.3)

integrating term by term with the help of the integral given by Saigo and Saxena [1, page 93, eq.(3.2)] and applying the

definition of the Lauricella function Fjgk) [6, page 60].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of two multivariable Aleph-functions and a

class of multivariable polynomials. We given the expansion serie concerning the last function.

We note

Kl :(1_&_ZR'L(:U’Z+:U’;))M13 a,usa/l’/b”' 7/L/ual?"' alavlv"' avl)
i=1

K2: (1—5_ZR1(P1+P;),P1, 7p87p117"' 7p2u01"' aOaTla"' 7Tl)
i=1

KP:[l_Ajaov 70507"' 7070a'“ a0717"' 31]1,]3

(3.1)

(3.2)

(3.3)

Kj=[+0;— ZR A £ XA A9 VL N o 0, O )

Ll:(1_Q_B_ZRI(MI—F:U’;_{—/OZ—FPQ)?MI + p1, 7,us+psa//’/1+p/17"' 7ILI';L+IOZI,7

=1

]-a"' 7]-7U1 +7_17"' 7Ul+7_l)
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LQ:[l_Bj;Oa'”aoaoa'”70707"'7071"'71]1,Q (3.6)

Li=[+0;— Y RO + Xy AW o A ND N 00, e 6)
=1

Vi=V;V'51,0;---31,0:1,0;--- 51,0 s Wy = W;W'50,1;---30,1;0,1; - 50,1 (3.8)

Cl :C;Cl;(LO)a"' 7(170);(170)7"' 7(170) ;Dl :D;D,;(07 1)7 7(071);(07 1)7 7(07 1) (3'9)

A, B, A’ and B’ are defined respectively by (1.8), (1.9), (1.20) and (1.21), and C, D, C’ and D’ are defined respectively
by (1.10), 1.11), (1.22) and (1.23)

—L B(E; Ry, , R,
Br:( )hi Ry + ;sl'Ré' Lo Ry (3.10)

We have the following result

b k
/(ta Hfjtqtgj

’ ’ (1) 7(1)
sa(t = a) (b — A TT, (fyt+g) ™

h17"' ,hr
SL

/ /. (r) ()
xp(t = )t (b — )t [0 (fyt 4 g5) 70

e = ap (01 T (ot + )™

N
' ERO)
2s(t — )P (b — )P TTE_ (fit + g;) ™
) , ()
2 (t— )P (b— )% TT5 (fit + 9;)
N

’ / . _y/(w)
2 (t — a)te (b —t)Pu H?:l(fjt +g;) 7N

k .
pFQ (Ap);(BQ);—ZZz/-,(t— UZ b—t H fjt-l-g] CJ('z) dt :(b—a)"ﬁﬁ*1
7j=1

=1
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hiRi+h,R.<L

" R , , HQ:1 F(Bj) k _ R @ R R
Z = a)Ei:l i(pitpitpitp;) Hi} o H(afj +g;)% —2im R+ )Br'zl 1L g
R, Rp=0 =1 T(45) i

( zl(b—a)“1+p1(1)
T (afi+9)™ A A Ky, Ky, Kp, K : C

Zs (b_a)us+ps

(s)

AN

H?:1(afj+gj) J

2] (b—a)“ll"'pll

>\ (1)
Hg—1(afj+gg)

2 (b_a)ﬁ*&‘l‘P;L

RO+ +N+h+2:V: K x5 () | i
UVl 2k W [ TT5 ) (afj494)77 . -

(b—a)f1
afi1+g1

(b—a) fx

afr+gr
zi’(b—a)Tl +v1
(1)

IT5-:(af; +g;)%

(b a)TH'”l B ;B’; Ll,Lj,LQ : Dl
\ HJ— (afj+gj)<(l)

Provided that

@A) a,bER(a<b);ui,pi,u;,p})\g);)\;“) ERY, fi,9;, 70,0, €C (i=1,-- 555 =1, suw=1,--- k)
g](Z) >O(L:17 alJ:L ak)

b

s /(1) u b”( i)
@ Refotd p, min, So 20 min, ) >0
=1

(B) Seel

1<ysk

afi + g;
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b/(z) U d//(l)
/ : J
B T Z’O% 1< < '(1) N 2/%‘ Klglggﬁ 5’-’(i)} =0
1= J
P;(k)
k:
(E)U( ) _Za/(k) 47 Z Oéjl _i_z,y/( )_|_7-(k> Z z(k) —le ( )_ Zél(k)
i1 j=ng+1 Jj=1

4;(k)

e X <0
j:mk+1
) P, (k) i L My,
/
0 ZM e 30 a8 +Za”(k) m Y ol —qu( -3 A
j=N+1 Jj=Ng+1 =1
Q, (k)
k
_Lz(k) Z ﬁj(@()k) ~ O
J=Mp+1
h NG Ltk
(F) arg Z;H(pjt+Q7) J < §AZ 7T,Ai is defmedby (112) and
Jj=1

i 1
7 (i k
arg | 2 [] (st + a5)5" <§Bf )7t B® is defined by (1.24)
j=1

(H) P < @ + 1. The equality holds, when , in addition,

Q-pP
. @)
either P > @ and |2/ H Fit+g5)"% <1 (a<t<b)
=1
| b 0
or P<Qand max ATt +9)7 <1 (a<t<b)
1<i<k P

Proof

First expressing the class of multivariable polynomials defined by Srivastava et al [4] in serie with the help of (1.25),
expressing the Aleph-function of s-variables and u-variables by the Mellin-Barnes contour integral with the help of
the equation (1.1) and (1.13) respectively, the generalized hypergeometric function pFy Q () in Mellin-Barnes contour
integral with the help of (2.1). Now collect the power of (f;t+ g;) with j = 1,--- , k and use the equations (2.1) and
(2.2) and we obtain k—Mellin-Barnes contour integral. Changing the order of integration and summation (which is
easily seen to be justified due to the absolute convergence of the integral and the summations involved in the process)
and interpreting (r + s + k + [)—Mellin-barnes contour integral to multivariable Aleph-function, we obtain the desired
result.

4. Particular case
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a)If 7,7a), - ,T(s), Ly L1y, ,Lwy — 1, the Aleph-function of s-variables and the Aleph-function of u-
variables reduces respectively to I-function of s-variables and I-function of u-variables defined by Sharma et al [2]. We
have the following integral under the same notations and conditions that (3.11) with :

ToT() st 3 T(s) s by L)y " 5 bw) —> 1

We have the following integral

b k
/ (t—a)* H(b—t)"" H(fjt +94)7

’ ’ (1) /(1)

Ghseshe

(r) _ /()
—>\j —Aj

s, (= @)t (b — )P+ T (fit + g5)

21(t — ay (b — 6y T (fyt + ;)™

2alt = aps (b = 1) Ty (fjt +95) ™

’ ’ /(1)
21(t —a)" (b— )" [T5_ (fit +95) ™

/ ’ . _y/(w)
2u(t — ) (b — )P TI5_ (fit +g5) ™

l k ‘
PR [(Ap)i (Bo)i— Y _ 2/ (t—a)*(b— )™ [ (fit + D

i=1 j=1
h1R1+"'hrRr<L Q k
(b— a)ZLl Ri(pitu;+pito;) Hj:1 ['(B;) (af; + g_)aj*Z{zl Ri(>\§i)+/\}(i))BTZ]Rl .. Zﬁ""
oty
Ry, ,Rr=0 J=1 17 5=1
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( 21 (b—a)”l"'pl
N
HJ—1(CLJCJ+93) J A A% Kl,KQ,KP,Kj - C1

2s (b a)us—l-ps
(s)
H —1(af3+ga) J

(b a)u1+p1

H —1(af3+93)>\ v

z' (b—a)“:f"pib
0+n'+N+1+k+2:V; :

IU (7/ l+k+2, l—|—k—|—11W1 HJ_ (afj—i—gg)/\ () 4.1)
(b—a)f1
afit+g1

(b a) fx
afk+ge
(b a>71+1)1
B (D
H —1(afg+gj) J

z{'(b.—o.b);l"‘“l B ;B’; Ll,Lj, LQ : D1
Q)

[15_, (afi+g;)

A B’ B r
Hj:l(aj)R 0+ +R.00" szl(b/')&% Rl § (b§ ))R7.¢(T)
b1t B(L; B, Br) = =5 PRI (4.2)
Hj=1 (@) py gy etr, w(”H (s TIZ () )R, 6"

then the general class of multivariable polynomial 521 e ohr [21,- -, 2] reduces to generalized Lauricella function
defined by Srivastava et al [3]. We have

b l
/(t—a Hl—Tjt—a Hfjt—kgj
a :

Jj=1

’ ’ (1) (1)
X1 (t — a)uﬁrul (b — t)p1+pl H?:l(fjt + gj)_>‘j1 A '

14+A:B';---;B(™
FC_':D’;--- ;D(T)

’ /. k _ (T)_ ’_("“)
X, (t— )t (b — 1)Prter TTE (fit +g5) ™
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under the same notations and conditions that (3.11)

(_L)h1R1+"'+hrRrB(E; Rl» T ’RT)
Ryl-- R,

where B, =

,B[E;Ry,...,R,]is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [4].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
function, a class of multivariable polynomials defined by Srivastava et al [4] and a generalized hypergeometric function
with general arguments. The formulae established in this paper is very general nature. Thus, the results established in
this research work would serve as a key formula from which, upon specializing the parameters, as many as desired
results involving the special functions of one and several variables can be obtained.
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