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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the Aleph-function, the multivariable I-function defined
by Nambisan et al [2], a general class of multivariable polynomials and a generalized hypergeometric function which provide unification and
extension of numerous results. We will study the particular case concerning the multivariable H-function defined by Srivastava et al [8] and the
Srivastava-Daoust polynomial [5].
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1. Introduction

In this paper, we evaluate a general Eulerian integral concerning the product the multivariable I-functions defined by
Nambisan et al [2],the multivariable Aleph-function a generalized hypergeometric function and a class of multivariable
polynomials. We will give a serie expansion of a multivariable Aleph-function. The multivariable I-function is an
extension of the multivariable H-function defined by Srivastava et al [8]. We will given a contracted form.

The Aleph-function of several variables is a generalisation of G and H-functions of several variables defined by
Srivastava et al [8]. The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariable
Aleph-function throughout our present study and will be defined and represented as follows.
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(1.3)
) si)]

Suppose , as usual , that the parameters

a]?]: 17 7p7ijj: ]-7 » 45
k k .

()]_1 '7nk;c§i()k)7]:nk+1a"'7pi(k);

k k .
d.j=1,- 'amk;dgigkw]:mwrl,---,qim;
with k=1---,7mi=1,---,R itk) — 1, ,]{(k)

are complex numbers , and the a’s, 15} 's, ’yls and 0’ s are assumed to be positive real numbers for standardization
purpose such that

Nk D (k) mi
k k k
0 =3 35 e S S-S

j=n-+1 j=1 j=ng+1 j=1 j=1

a;(k)
k
—T;(k) Z ;,L()k) X (1.4)
Jj=mg+1

The reals numbers 7; are positives fort = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and run from 0 — 400 to 0 + 400 where O is a real number with loop , if
k k . .
necessary ,ensure that the poles of F(d§ ) 5; )Sk) with j =1 to my are separated from those of
T
'l —a; + E ag.k)sk) with 7 =1 to n and I'(1 — (k) +7 ( )s 1) with 5 =1 to ny to the left of the
=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

"

| < Az(.k)ﬂ', where

largzy,
N n qi Py(k)
k k k k
A =3 el Z o)~y B + Z ECEDY 7(z<)k>
Jj=1 J=n+1 J=1 J=ng+1
mi q;(k)
+3 6P = e Y0 >0 wim k=1 mi=1, R, =1, R® 5
j= j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(zy", 2 ) = 0C|4"|™ o [57%7) smaz(21"], -+ [20]) = 0
(=", 20) = 0|27, - |21y sman (2], |20"]) =
where k =1, -+, op = min[Re(d\") /61 )] j = 1,-++  my and
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_ (k) FNT 5 — 1 ...
/Bk - ma:c[Re((cj - 1)/7] )]7] - 17 ) N

Serie representation of Aleph-function of u—variables is given by

" "y
N(Zl7"'7zv)_ Z ZZO(SQ Gl 5 G '¢1(nG1,g17"'7nGv,gv)

X E1(NGyg1)  Co(N,g, )21 T 1 e 2y 1O (1.6)

Where (., -+ ,.),0;(.),i =1, - ,7 are given respectively in (1.2), (1.3) and

_dy) + Gy dy) + @,

NGi,91 = W’ » NGy,g0 = T
which is valid under the conditions 557? [d; + pi] # 5'§.i)[dgi + G (1.7)
fOI‘j 7é myg, my; = 17"'77Gi,gi;pi7ni = 0a1>2>"' 1 Yi 7& 032 - 1> , U (18)

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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i=1
where ¢(s1,- - ,8,),0;(s;),i=1,---,rare givenby:
"TA (1 —aj+ Z_ als;
(51, ,8r) = Hjlr ( 2t ]) — (1.11)
§:n+1 FA] (a’j - Zz 1 Oé ) Hq (1 - b] + Zi:l 5j S])
/ ) O , ,
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(i) i 4 (%) 4 7
Hf nl+1 PC (C;) - ’VJ(' )si> H?;mfi-‘rl FD] (1 - dg) + 6J( )81‘)

For more details, see Nambisan et al [2].
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Following the result of Braaksma [1] the I-function of r variables is analytic if :

’

p q Dy q;
=407 =3 BAY + 30 N D e <0i=1, 0 (1.13)
j=1 j=1

j=1 j=1

The integral (2.1) converges absolutely if
1
larg(z)| < §Akﬂ'7k =1,---,r where

Z A0 — ZB]B(k)+ZD(k)6/ i D +Zc<k> " _ Z CF2 ) = 0 (1.14)

j=n+1 j=mj +1 j=n}+1

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

hiRi1+--hyR,<L ZRI R,
h 5"'7h'u e
SL1 [’Zl?H' ’ZU]: § : <_L)h1R1+"'+huRuB(E; Rl?"' aR )ﬁ (1.15)
Ry, ,Ry=0 : e

The coefficients are B[E; Ry, . .., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]

P—lr Aj
%PFQ [(Ap); (B@); —(21 + -+ + zv)]
_ ﬁ/L / HJ 1 izi I .. IzT; F(*Sl) . ..F(fsr)lvil . ..xfjdsl e dST (21)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A4; + s1 +--- + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k
/ (t—a)*” H 1—74( (t—a) H fit+g;)7dt = (b—a)**" ' B(a H afj+9;)”
a j=1 7j=1

j=1

(w:hy, - hy, Lo 1) (A1), (N i 1) (=012 1), (—op = 1)

(()é+,83h1,"' 7hl717"' 71):_7"' y Ty Ty T

)hl,___ ,Tl(b—a)hl7—(b_a)fl _(b_a’)fk

5 5 2.2
afi+ g1 afr + gk 22)
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Wherea’7beR(a<b)7a76>flvgz7o-z77-]7h) €C7)\7 GRJ’_(Z: 1, ,k,]: 1, 7[)

bet,

1:1,---,1;1---,1 . . . . . . .
and F! 1:0,--- ,0:0,-- ,0 is @ particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page

454] given by :

(b-a)fi
afi + gi

min(Re(a), Re(3)) > 0, 112";.2([ HTJ (b o a ‘} <1 1<J<k {

(a:hla"' 7hl717"' 11):()‘1:1)7"' 7()‘l:1);(_01:1)7"' 7(_O-k:1)
(CY+/BZ}L1,"' 7hl717':"7'1):_7"' Ty Ty T
(b—a)fs (b—a)fk T(o+ f)

A R TR CAiL) £ U =
;omb—a), afi+91° 7 afu+ gk () T2 TOG) [Ty T(=0;)

oz—i—zj 1 hj w3+23 1 Wigj ! k
(2rw l+k/L /L ) [Irey +w) [TT (=05 +wiry)

l+kF 04+5+ZJ L hyw; + 305 1wl+g) j=1 j=1
I+k
[Irw)ep 22t dwy - - dwygg 2.3)
j=1

Here the contour Ls are defined by Lj = Lu¢;00(Re((;) = v7) starting at the point v; — woo and terminating at the
point v ' + woo wlth v € R(j =1,---,1) and each of the remaining contour Li+1, - - , Li4+% run from —wo0 to woo

. . . hi1 =N
(2.2) can be easily established by expanding H [1 —7i(t—a) ’] by means of the formula :

[e's) j=1
(1-2)" Z

2"(|z] < 1) (2.4)
r=0

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of the multivariable Aleph-function, the
multivariable I-function defined by Nambisan et al [2], a class of multivariable polynomials and generalized
hypergeometric function. We note

—L B(E; ”
( )h1R1+ +hyRy ( 7R17 7R) G.1)

B, =
Rl - R,

>

v / / u . X X v 11 _ u "R, Y
and By, = (b— a)Zizl(ai+bi)nc,~i,gi+Zi:1(ab+bl)m H af; +g;)" S A ggn =i MR (3.2)

Where GU = w(TIG17917 T ,’7G’U7g’U) X 61 (nGl)gl) e §U (nGv7gv) (33)

Y1,&,1=1,--- v are defined respectively by (1.2) and (1.3)
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! W ! @
H L=ri(t=a)"] ™ (s 0= 1 )0 =] L=t —a)™] 7 (P> 06i=1,,5)

J=1

l _A11(d) .
92/:1_‘[ [I_Tj(t_a)hz} Cj 7C;'/(Z) >0(Z:1, ,U)
7':

! U )
Q;I/ZH[l—Tj(t—CL)hi] Cj ’C;/I(Z)>O(i:1’...’v) (3.4)
j=1
X =ml,nl;-- smpn;1,05-31,0;1,05- - 51,0; 1,05+ 51,0 (3.5)
Y =pl,q; 50,450,154+ 30,150,15---50,1;0,1;- -+ 50,1 (3.6)
(a0 g e 0 A.
A - (ajaoé_j 9 aa‘j 707 707 07 707 07 705 A])l,p (3-7)
B=(b:8Y ... 8 0... 0.0---.0.0--.0: B,
(jaﬁj ) 7ﬁj ) y Uy y Yy ) Yy j)l,q (3.8)

C = (AN oMy s (@A )L s(1,051) 5 (1,051)

J

(1,051);- -5 (1,0;1); (1,05 1); -+ 5(1,051) (3.9)

=5, 850 DI g (0,850 D) (0,1 0)s - 5(0,3:1);

(0,1;1);+++5(0,151); (0, 15 1);- -+ 5 (0, 1; 1) (3.10)
Kl:(l_a_ZRiai_Zﬁngl Q5 1, hu?”v,ulla"'7M;7h17"'7hl717"'71;1) (3.11)
1_ﬁ ZRb _ZnGz,gz zapl,"'vp’rwpllf"ap/saoa"'a()?O""O;l) (3.12)

KP:[l_Ajﬂov 30717"' 71707"' aovoa"' 30;1]1,}3 (3.13)

[1—X; — ZR C//(z) Z” GiraiC w(z)7<(1 . aCJ(-T),C;(D-" ,gJ’(s),

05”'717"'7070"'50;]—]1l (3.14)

)

- [1 + 05 — Z R; )‘//( ) 277 Gi,gi ;”(Z )‘(1) o 7/\§‘T)7 )‘;(1) T 7)‘;'(5)7

0)"'7070"'717"'10;1]1]@' (315)
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v
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Ll :(1_a_B_ZRi(ai+bi)_Z(a;+b§)nGi7gi;M1+p17"' 7,U/T+p7’7/1’,1+p/17"' 7:UJ;*+lO;~-,

=1

h17"' 7hla]-7”' 71a1)

LQ:[l_B]>07 70317”' 71707"' 3070"' 70;1]1,Q

Lj = [1 - )\J - Z RzCJII(l) - Z Cj/'//(i)nGugi; CJ('l)a ’ C(T C,(l) o 76]/'(8)7 0,---
i=1 i=1

Li=[+0; =Y RN Z)\"' RPN VLD VR PRID VAN e

17917377]73 Ay B ]
i=1

We have the general Eulerian integral
b l L
/(ta Hlijtfa JHth+gj
a j=1 j=1

3 (1)
20 (t — a)® (b — ) n§:1< fit+g;) 7

i, hay
SL

‘ 11(w)
207 (t = a)™ (b — ) TGy (fit +g5) ™

y , i _ r_//(l)
207" (t — )1 (b — )" [Tj_ (ft +95) ™

N
200 (¢ = ) (b= O Ty (St + 99) ™
k _)\('1)
2101(t — a)!* (b — t)" Hj:l(fjt ;)7
1

' NG
200, (¢ — @) (b— )7 [Tj_y (S5t +g;) ™

S

k
PFQ (Ap) (BQ) Z H(t—a“l —t Hfjt—l-gj AJ' dt =
=1

1=1

my hiRi+hy Ru<L

(3.16)
(3.17)

707 0--- ,0, ]-]l,l (318)

707 07 e 70a 1]1,]6(3.19)

Q ,
T S S e

i=1 G,=09g1=0 9v=0 Ry, ,R i=
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zl(b—a)“l‘“’l
(1)
AL

zr(b_a)ﬂr‘ﬂ’r

(r)
Al
zi (b—a)“ll +o]
(1)
[T%_, (afj+g;)"

0,n+P+l+k+2; X / /

L P ikt 2.01QiithiLy 2! (b—a)HstPs
k NAG)

j=1(afi+g;)

T1 (b — a)hl

Tl (b — a)hl
(b—a)f1
afi+g1

\ (b—a)fk
afr+gr

This result is an extansion the formula given by Saxena et al [4].

Provided that

(A) a,b € R(a < b); uis il pis s AV NS by € RY, i g7 0, Ay € C (i =

U:]., 78;0:17”' 71)7ai7bi7>\‘/j/(i)7g;'/(i) ER+7(,L.:17"" ,U,j:]., 7k)

ap, b, XSO G € RY (i =1, uj =100 k)

19 Y1

(B) mlﬂn,?’p/??q;(] = 17 ar)anvpvqe N* ’5;(1) GR-F(] =1, 7q“Z: 1,-- ’
(Z GR-‘,-(.] _1 7paZ: la 77')’551) eR-‘r(]:l) 7q7Z: 17 ,,r)7,)/§’b)
aj(j7=1,,p)bj(j=1,-- ,q),c;.”(j: 1, ,pii=1,--- ,r),d;“)(j: 1,

The exposants AJ(] = ]-7" : 7p)7Bj(j = ]-a e aQ)aCJ(”(] = 1; e ,pwl = 17' T
of various gamma function involved in (1.3) and (1.4) may take non integer values.

(b—a)fi
afi + g

b

v (1) T d/(i)
D) Re [a + Z a; lglg}n (1) Z i 1<r§lg¢ln 5,(1)] > 0 and
=1

(C) max {
1<k
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v d(l) T d’(@)
/ J ) J
Relp+ 2 b ain, S + 2, i ] > 0

=1

v u T l v u r
(E) Re <a +) g+ Y Riai + Y pisi+ Y hiwi> > 0;Re (5 +) negbi+ > Ribi+ Y pisi> >0
=1 =1 =1 =1 i=1 =1 i=1
Re (Aﬁin@,gix”’ )+ZR A7) +291C(Z> >0 =1,---,1)
1=1
(—aj + Z nG.a N0 + Z RN/ Z sy ) 0Gj=1,--,k)

P q Pi
® U= 408 =SB0 + 5 ¢4 Z DY <0i=1,--,r

j=1 j=1 =1 j=1
@ P
(G) Ay = Z A; a(k) ZB 5(k) + ZD(k)5/ Z D;k)(;; T Zc(k) (k) _ Z C(k) (k)
j=n+1 j=mre+1 j=nr+1
k

—li — P — Z)\(l) >0 (@i=1,---,7r)

=1

l Nk 1
(H) |arg ZIH 1—T]t—a Hfjt—l—gj A5 <§Ai7r (a<t<bi=1,---,71)
(I) P < @ + 1. The equality holds, when , in addition,
l iy b , T

either P > Q and || 2/ Z [1 -7t — a)hi] =G H(fjt + gj>—/\j(l) A(a<t<h)

i=1 j=1

’ l n1—¢ k PYA
or P < Qand max, 2y [L-mt—-a™] ™[]t +g)™ <1 (a<t<b)
7 . L
j=1 J=1

(J ) The multiple series occuring on the right-hand side of (3.20) is absolutely and uniformly convergent.
Proof

To prove (3.20), first, we express in serie the multivariable Aleph-function with the help of (1.6), a class of
multivariable polynomials defined by Srivastava et al [6] Sgl oo [] in serie with the help of (1.15), the I-functions
of r-variables defined by Nambisan et al [2] and in terms of Mellin-Barnes type contour integral with the help of (1.10),
the generalized hypergeometric function pFg () in Mellin-Barnes contour integral with the help of (2.1).Now collect
the power of [1 — 7 (t — a)hi] with (¢ =1,--- ,r;5=1,---,1) and collect the power of (f;t+ g;) with
7 =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour integral. Interpreting
the (r + s + k + 1) dimensional Mellin-Barnes integral to multivariable I-function, we obtain the equation (3.20).

4. Particular cases

a) f A; =B, = C](i) = DJ(Z) =1, the multivariable I-function defined by Nambisan et al [2] reduces to multivariable

H-function defined by Srivastava et al [8]. We have the following result.

b l
/ (t—a)*(b- t)P=t H [1 —7(t — hl - H fit+9;)”
a Jj=1
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11(1)

A0 (t = a) (b= )" [T (fit +95) ™

5217 7hu
. 71(w)
Znf(t — a)™ (b — ) TTj_ (fit + ;)

o a, b 1Tk N " o TTF _am

2107 (t — )" (b— )" TL; (fit +95) ™™ 2101 (t — a)' (b — )" T, (fit +95)
N H

’ /. 111(v) ' (r)
28 (t = a)™ (b — )" TI_y (ft +95) 7 20, (t = a)r (b — 1) TIh_y (fit + ;)™

my hiRi+-hy Ry <L,

Q ,
(b—q)*t8! W H(afj +g;)7 Z Z Z Z H s H Z"KeB B, .,

5., T(4,) 3
j=11\45) j=1 Gi,,Gy=09g1=0  g,=0 Ry, ,R,=0 =1

( zl(b—a)“1+p1
N

Hg 1(“f1+91) i
A ; K17K27K37Kj7K§ : C

(b;a:)ﬂ'r‘Fpr
NG
HJ 1(af; ‘|'93)

(b a)“l ‘|‘P1

(1)
IT5, (af;+9,)7

0,04 P+1+k+2;X .

) pA+PHI+k42,g+Q+H+E+1;Y ! (b—a)“s+ps - (4.1)
>\ (s)

H] 1(afi+g;)

Tl(b )hl

Tl (b — a)hl
(b—a)f1
afi+g1

B y Ll,LQ,Lj,L9 : D

\ (b—a)fr
afr+gr
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under the same notations and conditions that (3.20) with A; = B; = C;i) = Dgi) =1

A B’ B . (r)
Hj:l(“')319'+ A+ R0 Hj:l(b/‘)l"h(b; "‘Hj:1 (bjr )erﬁr)

b)If B(L; Ry, - ,Ry) = 5 G 4.2)
[1520 () gy sy T s (@) sy -+ T (857 g0
then the general class of multivariable polynomial Sgl’m o (21, -+, 2, reduces to generalized Lauricella function
defined by Srivastava et al [5]. We have
Y1
prrassp [ (LR, - Ry [(a); 0, - O] [( ),¢'] ,[( (u)) (W] w3
C:D’;--- ;D(w) o [(C);wl, . ’¢(u)] . [(d/)§ 5/] : [(d u))’ §u ] :
y'lL

and we have the two following formulas

b l k
/(t—a)“ Yot [ = mt—a)] Hf7t+g7
a j=1 j=1

3 1(1)
2007 (¢ — )t (b = 0" T, (it +97) ™

1+A:B’;-. ;B
Felpr piw

11(w)

2007t — ) (b — )% TI5_ (fit+g;) ™

[(-L):Ra, -+ Ru][(a); 0, 0] [(1); ] -+ 5 [(0()); ()]
(), W] [(d); 65+ 5 [(dW)); 6]

) , 117(1)
297 (8 — ) (b — )" T (Ft +95) ™

N
2000 (t = a)®e(b— ) TTE_, (fyt +g;)
k AWM
2161 (t — a)r (b — ) TL=, (fit +g5) 7
I

. (™
200, (t — )i (b — )P [T5_ (fit +95) ™
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S

k
’ ’ /@)
PFG [(Ap); (Bg)i =Y zibi(t—a)i(b—t) [[(fit +9;)7 % |dt =
j=1

1=1

my thl‘l' h RugL

(b* )aJrﬁ,lH?:l F(Bj) H( fitg; Z Z Z Z H M, i, H S'Kip' B
a HP A;) afj+g;)” uwPu,v

j:lr( Jj) j=1 G, ,Gy=0g1=0 gv=0 Ry, ,R

zl(b—a)“1+p1
(1)
H] 1(af; "’93)

A ; Kl,KQ,Kg,Kj,KJI- s C

2 (b_a)MT+PT
NQ

H —1<afj+gj> J

zl(b a)uﬁ-pl

H —1(afj+g,7)>\ .

0,n+P+i+k+2; X I 45!
Loy Pk 2,01 Qb 1Y zy(b—a)tsrs ' (4.4
>\ (s)
H] 1(afitgi)
h
T (b - ) !

71(b —a)
(b—a)f1
afi+ag1

B 5 Ll,LQ,Lj,L; : D

\ (b—a)
afr+gk

under the same notations and conditions that (3.20)

(_L)h1R1+"'+huRuB(E; Rla T 7Ru)
Ry!'---R,!

where B!, = ,B[E; Ry, ..., R, is defined by (4.2)

Remark:
By the following similar procedure, the results of this document can be extented to product of any finite number of

multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion
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In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable Aleph-
function, the multivariable I-function defined by Nambisan et al [2], a class of multivariable polynomials and
generalized hypergeometric function with general arguments. The formulae established in this paper is very general
nature. Thus, the results established in this research work would serve as a key formula from which, upon specializing
the parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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