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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the A-function defined by Gautam et al [1], the
multivariable Aleph-function , a general class of multivariable polynomials and a generalized hypergeometric function which provide unification and
extension of numerous results. We will study the particular case concerning the multivariable H-function defined by Srivastava et al [7] and the
Srivastava-Daoust polynomial [4].
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1. Introduction

In this paper, we evaluate a general Eulerian integral concerning the product the multivariable A-functions defined by
Gautam et al [1], the multivariable Aleph-function a generalized hypergeometric function and a class of multivariable
polynomials. We will give a serie expansion of a multivariable Aleph-function. The multivariable A-function is an
extension of the multivariable H-function defined by Srivastava et al [7]. We will given a contracted form.

The Aleph-function of several variables is a generalisation of G and H-functions of several variables defined by
Srivastava et al [7]. The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariable
Aleph-function throughout our present study and will be defined and represented as follows.
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Suppose , as usual , that the parameters

aj?j: 17 7p7ijj: ]-7 » 45
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()J_l '7nk;c‘§~i()k)7]:nk:+la"'api(k);

e )

,j=1,- -mk,d((k>,j mg+ 1, g

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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q;(k)
—Tik) Z ;,Lk()k) X (1.4)
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The reals numbers 7; are positives for ¢ = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where 0 is a real number with loop , if

5(’f)

necessary ,ensure that the poles of F(d ) with 7 =1 to my are separated from those of

I'(l—a;+ Zaj sp) with 5 =1 to n and (1 — ™ + 94" s.) with j =1 to n to the left of the
=1

contour Lj, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(Y, o 2l) = O o a1 ) maa ('] - |22 = 0
R(21", oo 20) = 011721 man (247, [2)]) = o0
where k =1,--- | r:qp = min[Re(dg-k)/5j(-k))],j =1,---,myand
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Serie representation of Aleph-function of u—variables is given by

mi Ty G1+ 4Gy
N(Ziﬂv"' 724;/,) = Z Z Z(S G 5 G |77/}1(77G17917"' 777Gm.%)
—0g1= =0 1 Vg, Y-
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X fl (nthl) &y (nGmgv)Zl cron.. R G (1.6)

Where (., -+ ,.),0;(.),i =1, - |7 are given respectively in (1.2), (1.3) and

) d + Gy : d¥ + G,

Gig1 = 7 1) va_—

S T

which is valid under the conditions 55? [d; + pi] # 550 [d;i + G 1.7
forj 7& mg, MG = 17"'77G¢,g¢;pi7ni - 071327"' y oy Yi 7& O,Z - 15 y U (1.8)

The A-function of r—variables is defined and represented in the following manner.
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where ¢(s1,- - ,8;),0:(8;),i=1,---,r are given by :
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The multiple integral defining the A-function of r variables converges absolutely if :
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larg($2i)z| < %Ulﬂﬂf* =0,17>0 (1.13)
H{A“)}A“H{B }-B“H{D ’}D“H{c b =1, (1.14)
Jj=1
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j=1 j=n+1 j=1 j=m+1 j=1 Jj=m/+1 j=ni+1
1y (1.16)

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

h1Ri+--hy R, <L ZRI . ZRu
Slzl""’hu[zly"' ) Zu)= Z (—L)hyRy+thyr, B(E; Ry, -+ Ry, )ﬁ (1.17)
Rl:"'zRu:O ’ v

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

1, T(4))
e e F A ; B y r
T (3, " o [(ApP); (Bg); —(z1 + -+ +ar)]
H 1 +51+...+87ﬂ) 51 P
o A / R ey T Tt airdsy s, @D

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- ,r. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

=

b l k
/(ta) H 177'thah’ Hfjt+gj )7idt = (b—a)*** 7' B(a Hafl+gj
a j=1 j=1

Jj=1

(w:hy,--  hy, oo 1) (A1), (N i 1) (=0 2 1), (—og 2 1)
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ISSN: 2231-5373 http://www.ijmttjournal.org Page 359


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 4- January 2017 

vts-6
Text Box
ISSN: 2231-5373                            http://www.ijmttjournal.org                                 Page 359


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 4- January 2017

sTi(b—a) - ,n(b—a)hl,_w o b=a)fk

vt 2.2
afi + g1 afr + gk 22)

where a,b € R(a < b),q, 8, fi, gi,0i,7j, hj € C, N e RY (i =1, ks =1,---,1)

} <1
1,--,151- 1

and F’ 1:0,--- ,0:0,--- ,0 is @ particular case of the generalized Lauricella function introduced by Srivastava-Daoust[4,page
454] given by :

(b—a)fi

min(Re(a), Re(8)) > 0, max {’Tj(b —a) ‘} <1, 1<_7<k { of. - g

1<5<!
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oz—i—EJ 1 hj wj—&—zj 1wl+j) l k
(21w l+k/L /L 1Ty +w) [[T(=0; +wiry)

HkF O[+B+Z 1 hjw; +Z 1wl+j) =1 =1
+k
I (wp)eir -zt w)f dwy - - dwiy g (2.3)
j=1

Here the contour Ls are defined by L;j = L, (Re((;) = v}) starting at the point vj — woo and terminating at the
point v} +woo with v € R(j = 1,---,1) and each of the remaining contour Liy 1, - , Ly 4 run from —woo to woo

l N
2.2) can be easily established by expandin [1 —T7i(t - a)hi] ’ by means of the formula :
( y y expanding y

Jj=1

1-z=Y i! 12| < 1) (2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2 page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [4, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of the multivariable Aleph-function, the
multivariable A-function defined by Gautam et al [1], a class of multivariable polynomials and generalized
hypergeometric function. We note

<_L)h1R1++huRuB(E7 R17 e 7RU)

Bu -
R R,!

(3.1)

h
v / / u X X X v " _Nu "
and Byy = (b — a) 2= (@ FbOne o R (0 tb) R S T fy 4 )= Bl Mmoo R MR L G, (3.2)
Jj=1
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Where GU = w(nGlnql? T 7T]Gv,gv) X é-l (nGl »gl) T §'U (nGvagv)

Y1,&,1=1,--- v are defined respectively by (1.2) and (1.3)
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v
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=1

h17"' 7hl717"' 71)
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=1 =1

—[lto- Z Ri)\;'l(i) _ Z A;//(i)nGi,giQ /\51)7 ) )\(r) VO /\/'(5),07 .
=1 =1

VA [

We have the general Eulerian integral
b l L
/(ta Hlijtfa JHth+gj
a j=1 j=1

11(1)

20 (t — a)® (b — ) n§:1< fit+g;) 7
Szh... ha

‘ 11(w)
207 (t = a)™ (b — ) TGy (fit +g5) ™

y , i _ r_//(l)
207" (t — )1 (b — )" [Tj_ (ft +95) ™

)\///(v)

200y (t — a)™ (b — )" [Tj_y (fyt + 9;) ™

(D)
2101(t — a) (b — )P [T5_ (fit + ;)

' NG
200, (¢ = @) (b= 1) [Tj_y (ft +g;) ™

S

k
PFQ (Ap) (BQ) Z H(t—a“l —t Hfjt—l-gj AJ' dt =
=1

1=1

my hiRi+hy Ru<L

(3.16)
(3.17)

7070' te 70}1,l (3.18)

707 07 T 70]1,k(3.19)

Q@ ,
(b a)a+ﬂ—1LF<(j]; H(afj +9j) Z Z Z Z HZ///m e H SERp e

[, r :
j=1 7/ j=1 Gy=0g91=0 9v=0 Ry, R =
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zl(b—a)“l"'pl
(1)

1(af3+93)
A 5 KlaKQ)K?)?Kj?K‘;' : C

zr(b_a)ﬂr‘HJr

(r)
AN
2 (b—a)“llﬂ)/l
/( )

H —1(af]‘|‘gj)

mn+P+I+k+2;X / /
A P k2,01 Q4L k 1Y 2 (b—a)#s™Ps ’ (3:20)
3 A (9)
’7'1 (b — a)hl

T (b — a)hl
(b—a)f1
afi+g1

B Ll,Lg,L L, :D

K (b—a)fk
afr+gr
This result is an extansion the formula given by Saxena et al [3].

Provided that
(A) avb S R(a < b);,u’iaufluaphpua)\51)7>\7(U)7hv S R+:fi7.gj:7—v70-j7)\v S C (Z = 1a" : ,T;j = 17' o ak7

U:]., 78;0:17”' 71)7ai7bi7>\‘/j/(i)7g;'/(i) ER+7(,L.:17"" ,U,j:]., 7k)

ap, b, XSO G € RY (i =1, uj =100 k)

B) m,n,p,m;,n;,pi,q. EN*i=1,---,r; aj,bj,c 2 d’ 2 Az) B’ @) C’(Z JecC
b—a)f;
1<k (| afi + gi

v d(l) r d’(i)
(D) Re[aJr;a 1<r§1g71m 5(’) Z“%iﬁ% D( )] > 0 and

v d(l) r d/-(i)
/ J , : J
Rl 2, m0n, o+ 2 B, pl 7
1= 7

=1

(E) Re (a—l—ZnG“gl ,—I—ZRaz—l—ZulS,—l—Zhwz) > 0:Re <B+ZI7G g7b/+ZRb +szsz>
i=1
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e</\j+znghg7Ag” )+ZR A/@ +Z g(”> 0G=1,--,1)
=1
Re (_Uj + ani’gi/\m(i) + ZRi)\;/(i) + ZSiAg-i)) > 0(] =1, 7k)
i=1 i=1

i=1

1
(F) [arg(Q)zi| < 5771'%5* =0,m,>0

D q q; D}
)1 A0 i)y —B® i) DM )—c® .
o = [y [Ty [Ty Ty & si= 1
j=1 j=1 j=1 j=1

’

q

P
&= ZA@ ZB +ZD(Z Sei=1, 0

j=1 j=1

n P m P;
=Re|> AW - % A§“+ZB Z B(Z)+ZD Z D”+ZC S oo

Jj=1 Jj=n+1 j=m+1 j=mi+1 j=nl+1

k
o= A >050=1
=1

! (i) k (i) 1
(G) |arg le 1—’7'j (t—a) ] 5 H(fjt—i—gj)*)‘f <§77z'77 (a<t<bi=1,---,71)
j=1 j=1

(H) P < @ + 1. The equality holds, when , in addition,

1 W K o-p
. A 1(3)
either P > Qand | [ 23" [1—7;(t—a)™] ™Y [[(ft+95) 7 <1(a<t<b)
i=1 j=1
) ! oo k @
or P < @ and max z 1—7’ t—a t+ i <1 (a<t<b
@ 1<i<k Z; i E[f] 9) (a<t<b)

I ) The multiple series occuring on the right-hand side of (320) is absolutely and lll'lifOl‘lTlly convergent.
Proof

To prove (3.20), first, we express in serie the multivariable Aleph-function with the help of (1.6), a class of
multivariable polynomials defined by Srivastava et al [6] .S Zl oo [.] in serie with the help of (1.17), the A-functions
of r-variables defined by Gautam et al [1] and in terms of Mellin-Barnes type contour integral with the help of (1.10),
the generalized hypergeometric function pFq Q () in Mellin-Barnes contour integral with the help of (2.1).Now collect

the power of [1 — 7 (t — a)hi] with (¢ =1,--- ,r;j7=1,-+-,1) and collect the power of (f;t+ g;) with
j=1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour integral. Interpreting
the (r + s + k + 1) dimensional Mellin-Barnes integral to multivariable A-function, we obtain the equation (3.20).

4. Particular cases

a)lf A(Z @) C’ ? D(Z) € R and m = 0 , the multivariable A-functions reduces to multivariable H-functions defined
by Srlvastava et al [7], we obtain the followmg integral

b l k
-
/(t—a)a "o—tf T It —mt—a) ] Y [ [(fit+9)7
a j=1 7=1
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11(1)

A0 (t = a) (b= )" [T (fit +95) ™

S’gl’ N
’ 11(w)
Zabi(t — a)™ (b — )" T, (fit + 95) ™

1 a’ b TTR A w1 o1 TTE —AW

207" (t — a) (b= )" [, (fit +g5) 7" 2101t — a)"* (b — ) T (fit + 95)
N H

a /. k _ "”(U) ' k _ (.7‘)
20 (t — a)® (b — t)% TT,_, (f5t +g5) 2.0, (t — @) (b— 1) [Ty (ft + ;)™

S

k
PFg |(Ap); (Bo)i =) 2 0t —a)"i (b—t)° Hfng] | ae =
; e

My hiRi+-hy Ry <L

(b )a+5_1H§J:1F(Bj) H( Fit ;)% Z Z Z Z HZ///nh kH "KxpB B
R VTV = i

j=1 G,=0g1=0 9»=0 Ry, ,R i=

( zl(b—a)“ﬁ'pl

k A(l)
y:l(a’fj—l_gj) 7
A : Kl,KQ,Kg,Kj,K;- : C

zr(b—a)“”+p7’

A(”)
H] 1 (a“fj —I_g.])
zl(b a)ul-l-pl

(1)
15, (af;+9,)

m,n+P+l+k+2;X ’ /
H by 1y k4 2.0+ Qirks1:y 2 (b—a)tstPs : @.1)
,\ (s)
HJ 1(a’f.7 -I_g])h
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(b—a)f1
afi+g1

B 5 L]_,LQ,LJ',L;- : D

\ (b—a)fx
afr+gk

ISSN: 2231-5373 http://www.ijmttjournal.org Page 365


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 4- January 2017 

vts-6
Text Box
ISSN: 2231-5373                            http://www.ijmttjournal.org                                 Page 365


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 4- January 2017

under the same notations and validity conditions that (3.20) withAy), B j@7 C 3(2) , D(l eR,m=0,
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then the general class of multivariable polynomial Szl el (21, -+, 2y, reduces to generalized Lauricella function
defined by Srivastava et al [4]. We have
y1
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and we have the two following formulas
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: C

(4.4)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [5].
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5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable Aleph-
function, the multivariable A-function defined by Gautam et al [1], a class of multivariable polynomials and
generalized hypergeometric function with general arguments. The formulae established in this paper is very general
nature. Thus, the results established in this research work would serve as a key formula from which, upon specializing
the parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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